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PREFACE 


The first volume of this text-book was designed to meet the needs 
of the ordinary student and to supply a preliminary course for 
those who might afterwards become mathematical specialists. 
It includes all that is necessary for what is usually known as 
“additional mathematics” or “mathematics more advanced” 
in school certificate and matriculation examinations. 

This second volume deals comprehensively with higher certi¬ 
ficate work and covers many of the special requirements of 
distinction papers. It also contains the extensions required by 
physics and engineering students. Certain matters, such as the 
validity of some results in Chapter XIV, the transformation of 
integrals in Chapter XV, and the use of sign-conventions in 
Chapters XVI, XVII have been treated more carefully than has 
been usual in elementary text-books, and there is greater precision 
in the statements of some of the results, both in the text and the 
answers, than is usually demanded of an average student. 

The exercises are necessarily longer than those in Volume I. 
For the convenience of those teachers who require a short pre¬ 
liminary course a list of selected examples has been compiled. 
This will be found after the Table of Contents ; it is printed in 
two columns : the first contains a minimum course and some 
teachers will probably use the second column to supplement it; 
alternatively the second column may be used for revision. It is 
hoped that this innovation may be of assistance in securing that 
the work of the student is distributed fairly over the various 
parts of the subject. For the sake of those teachers who prefer 
to have a much larger number of questions at their disposal, an 
Appendix of supplementary examples has been drawn up on the 
same lines as that in Volume I. The exercises are given the 
same headings as the corresponding exercises in the main body 
of the text so that the teacher can easily pass on to the supple¬ 
mentary questions ; at the head of each appendix exercise a list 
of selected questions for a short course is given. 

For the convenience of students whose work is restricted to 
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the easier mathematical papers in the various higher certificate 
examinations, a suitable selection of the material in Volume II is 
published separately under the title Higher Certificate Calculus, 
in two parts. 

The authors have also in preparation an Advanced Calculus 
which will form a sequel to the Elementary Calculus. This will 
include a more rigorous treatment of the fundamentals, will 
provide for the extra practice necessary to develop the technique 
of the mathematician, and will deal with a few more advanced 
topics. 

The authors have again to thank Mr. J. C. Manisty for his 
valuable assistance in the correction of the proofs. 

C. V. D. 

A. R. 

November 1933. 
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CHAPTER XI 


TWO METHODS OP INTEGRATION 

Hitherto we have dealt only with integrals whose values can be 
written down in virtue of previous experience of differentiation. 
It is not possible to give a complete set of rules for integration 
like those given for differentiation in Chapter V. Before dis¬ 
cussing what functions can be integrated it is convenient to 
explain two methods which are often used to reduce a given 
integral to another which is already known. 

Integration by Substitution. 

Example 1. Evaluate \xy/(x + 1) dx. 

Denoting the integral by y , < £ c =*V(z +1). 

Put x + 1 =z 2 , (z > 0), then ^ = 2z ; 
dy _dy dx 

*• Tz = didz =xV{x + 1 >' 2z i 
*’* = ( z2 - !)z • 2z =2z 4 - 2z 2 . 

.\ y=f(2z*-2z*)dz = 'jzs-§z*+ci 

A W(* + 1 )dx =fy/{x +l) 5 -|V(i+l)3 +c 


Example 2. Evaluate J 


x 


dx. 


_ (3*-2) 3 

Denoting the integral by y, dy=x(3x - 2)~*dx. 
Put 3x - 2 =z, then 3 dx=dz; 
3dy=x(3x~ 2)' 3 dz ; 


9dy =(2 +z)z' 3 dz =(2z -3 + z" 2 )dz ; 

= J(2z- 3 + z~*)dz = - z- 2 - z- 1 +c ; 

. v= _ 1 _ 1 

9(3x - 2) 2 9(3* - 2) +c/ * 
241 
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The method used in these examples may be expressed in general 
terms as follows : 

If y = J/(x) dx, dy =f(x)dx. 

Put x = <J>(z), then dx = <f>'(z)dz. 
dy =f(x)<J>'(z)dz =f{<f>(z)}<j>'(z)dz. 

//(*) dx =y = $f{<J>(z)}<t>'(z)dz. 

This proves that the integral of f{x) with respect to x is equal 
to that, of another function /{c/>(z)}e//(z) with respect to z, where 
x=cf>(z) ; but it is conveniently remembered as follows : 

the indefinite integral ff(x)dx can bo transformed by writing 
</>(z) for x in f(x) and replacing dx by <p'(z)dz. 

The convenience is due to the similarity in form between this 
transformation and the properties of differentials, but it. must be 
realised that, in J . . . dx and J ... dz, dx and dz are not differ¬ 
entials and that these symbols are merely shorthand expressions 
for the phrases, integral with respect to x and integral with 

respect to z. . 

Experience is necessary to decide what substitution will lead 

to a function )}</*'(«) which can be integrated. Example 1 

illustrates the fact that the substitution ax +b =z 2 is useful when 
y/{ax +b) occurs in the integrand. On the other hand, it is not 
usually advisable to put ax 2 +bx +c=z 2 when y/(ax +bx + c) 

occurs. , , , 

Integrals involving y/(a 2 - x 2 ) are often evaluated by trigono¬ 
metrical substitutions. See also Example 4, p. 244. 


Example 3. Evaluate J\/(l — x 2 )dx. 

The form of the integrand implies that - 1 <x< 1, and hence 
an angle 6, between - and + A", exists such that x=sin V. 
Using this as the substitution, dx = cos Odd ; 

also, -v/U " x 2 ) = \/(l -sin 2 0)=cos since cos0 ^ P osltlve lor 

- \tt<6<\tt. Hence 

J v /(1 _ x 2 ) dx = Jcos 6 cos 0 dd = Jcos 2 6 dd. 

= JJ(1 +cos 26) dd 
= \(6 + }, sin 26) + c 
= £(0 + sin 6 cos 6) +c. 

But 5 is the principal value of Sin 1 * (i.e. the value between 

- W and + Jir). which we denote by sin 1 x. Hence 

jVO - x 2 )dx=}{sin 'x+xV(l-x 2 )}+C- 
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Use the given substitutions to find the integrals in Nos. 1-10 : 

f x dx 

!./*(*-3 ) s dx; £-3=2. 2. 


; 2x + 1 — z. 


' l 


x 2 dx 


; x+2 —z. 


(2£ +1) 3 

6. /£(1 +x 2 )*dx ; x 2 =z. 


(x+2)* 

5. $xy/(x + l)dx ; £ + 1 = 2 2 . 

7 - * 2 =“- 4 “+ 9 =*- 8 - jvfi^V 

9. f sin £ cos 3 £ dx ; cos£= 2 . 10. J tan 3 £ sec 2 x dx ; tan£=z. 

Evaluate the integrals in Nos. 11-14 : 

11. j£(£+2) 4 d£. 12. J(£ + 1)(£ - l) 5 dx. 

x dx 


13 


f x 2 dx 

• J (TT3p* 


14. 


V<4-£) 

Use the given substitutions to find the integrals in Nos. 15-18 : 


15. 


dx 


V(4 - 9£ 2 ) ’ 


£ 


= ? sin 6. 


16 


•I 


dx 


9 +4£ 2 


; £ = 4 tan 0. 


17 ■ JV (n^) dx ; *= si »* e - 18 - Jvlcl^) dx • cosx = A 


The method of substitution may also be applied to definite 
integrals. If, in Example 3, p. 242, the limits of Jy (l - £ 2 ) dx had 
been 0 and 1, we could still have used the substitution £=sin 0 
to show that 

JVU - * 2 ) dx=^sin _1 £ +xy/(l -£2)}+c, 

and then 

J^-vA 1 - £*)d£ =4^sin‘ l £ +xy/(l - £ 2 )J 

= £(sin _1 1 - sin’ 1 0) =£ . £tt = Jtt. 

It is, however, unnecessary to change back the primitive into a 
function of x. When £=sin0, the values of sin _1 £+£y'(l -.x 2 ) 
for £ =0, 1 are the same as the values of 0 + sin 0 cos 0 for 0 =0, in- 
(given by sin 0=0, 1) respectively, and therefore 

[sin- 1 £ +£V(1 - s 2 )]*"^ =[d +sin 0cos 0 J~ W \ 
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The work is therefore set out as follows : 

Put x =sin 6 , then dx =cos 6 dO ; 


i 


1 Cn/ 2 

\/(l ~x 2 )dx = cos 6 . cos 6dQ 
o Jo 

n */2 

6 + sin 0 cos 6 

Jo 

= £(£tt - 0) =\tt. 


fT/a 




(1 +cos 26) d6 


Note. The equation of the circle centre the origin and radius 1 
is x 2 +y 2 = 1, that is y = ± VU - x2 ) ; the upper half of it is given 

by y = \/(l ~ x 2 ). Hence y/{l - x 2 ) dx is the measure of the area 

J o 

of the quarter of this circle which is in the first quadrant. This 
verifies the value ^7r. 


Example 4. Evaluate 


dx 


o VU +x 2 ) 3 ' 

Let 6 be the acute angle such that x =tan 6 ; then as x increases 
from 0 to 1, 6 increases from 0 to 

Also, dx =sec 2 0 d6 and 1 + x 2 = 1 + tan 2 6 = sec 2 6, 

sec 2 6 dO 


r 1 dx r»/« 

JoV(l+* 2 ) 3 “Jo 

j; 


sec 3 6 


= | cos 6 dO 

o 

r/4 


”|w/4 

= sin 6 =sin Jtt =|-y/2. 

Jo 


If the substitution x=<f>( z ) is us ©d to transform the definite 

integral f{x) dx, and if z takes the values a, fi when x takes the 

values a, b respectively, the formula used in Example 4 may be 
written 


dx = ^JWz)W(z) dz. 


A general consideration of the conditions for the validity of this 
transformation is reserved for the advanced volume. For prac¬ 
tical purposes it is sufficient for the reader to satisfy himself that 
a; is an increasing (or decreasing) function of z for the interval 
from a to 0 ; this covers most ordinary cases, but sometimes it 
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may be necessary to express the given definite integral as the sum 
of two or more integrals by dividing up the range of integration. 


For example, the substitution x = - does not prove that 


+1 


x 2 dx 


- 1 


ri /2 i-i 

is equal to • — 3 - dz. The first integral is 3 and the second 

integral does not exist. The transformation is invalid because 
1 jz does not change continuously from — 1 to +2 as z increases 
from - 1 to i. In this example </»(z) = 1/z and <l>'(z) does not exist 
for z= 0 , nor even does </>(z). 

It is also sometimes necessary to exercise care in forming the 
transformed integrand. 

Thus using the substitution x=tanO, in Example 4, x would 
increase from 0 to 1 if 6 increased from - tt to - 3-/4 instead of 
from 0 to 7 t/4 ; but 

f 1 dx f-3rr/4 

——-is not equal to cos 6 dd. 

Jo\/d +* 2 ) 3 J -«r 

Here cos 6 is negative when 6 increases from - tt to - 3W4, 

y/( 1 + x 2 ) = \/(sec 2 6) = - sec 0 ; 


r 1 


dx 


(• - 3nl* 


( - cos 0) dd. 


„V(1 + * 2 ) 3 

For examples where careful examination of the transformation 
is required see Exercise XI b, Nos. 16-20. 

Sometimes a substitution which fails to evaluate the integral 
directly leads to a form which suggests a second substitution. 


Example 5. Evaluate 


dx. 


J VU + * 2 ) 

Put x 2 =u, then 2 xdx =du ; 


x 3 


J V(1 +* 2 ) 


dx = 


u 


Vd + u ) 


\du. 


Put 1 +u =z 2 , then du =2zdz ; 


I 


x 3 


V(1 +*-) 


dx = 


’z 2 - 1 


z dz. 


n 


= J(z 2 - 1 )dz=\z z -z +c. 

But z 2 = l + n=l + x 2 , :.z = y/( 1+x 2 ); 

f x 3 

•*• j^T ^) dx =W^ +^ 2 ){(l +a: 2 ) - 3} +c 

= ^(x 2 -2)V(l+x 2 )+c. 
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The substitutions in Example 5 are equivalent to the single one 
x 2 + 1 = z 2 or, more precisely, to x = \/(z 2 - 1). The reader should 
verify that this leads directly to the same result. 

If successive substitutions are made in the reduction of a 
definite integral, it is only necessary to use the limits of the last 
variable and to verify that the substitutions are legitimate. 

f 2 x 3 

Thus to evaluate ——-or dx we proceed as in Example 6 

.ov(l+n . . 

and note that x increases from 0 to 2 when u increases from 
0 to 4, and that u increases from 0 to 4 when z increases from 
1 to \/5. 

f2 x 3 fir fy/5 

Hence Lvar^rL 


EXERCISE XI b 


Evaluate the integrals in Nos. 1-4 

1 dx 


6 


1 . 


0 V(4 +5x) 


2 . 


x dx 


V(25 - 4x) 


3. f x\/{9 +x 2 )dx. 

J o 


f>/a 

sin 4 x 

J o 


cos x dx. 


Use the given substitutions to find the integrals in Nos. 6-9 

^ d x . x = tan 0, sin 9 =z. 


5. 


x 


dx 1 ■ n 

-s- ; x=-,u=s\nu. 

X “/ ( x 2 - 1) u 


7 . | f ; x 3 =u, u=tan9. 


1 +x' 


2 dx l-o 

Q I --—- ; X=—, 1 +U z =Z. 

1 :V(^+ 1 ) U 


• r- 

Jl*‘ 

r »/2 

J 3 


dx 


V( 6 x- x?) 


; x- 3 =U, u = 3 Bin 9. 
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Evaluate the integrals in Nos. 10-15 : 

1 dx 


10 . 


V(4 - x 2 )' 


11 . 


3 dx 

vTx 2 ' 


n 


fW* 

12 . cos 3 x sin 8 x dx. 

J o 

14. [ x 3 \/(l -x 2 )dx. 

J o 


j. j 

16. If x=tan0, prove that 2 T 2 = J(* +cos2 0)dB. 

, f 1 2 dx 

16 J 0 (TTP? equal 40 

fw/4 f6n/4 

J (l+cos20)d# or J (1 +co8 2 6)d0l 
What are the values of these definite integrals ? 

r+x 

17. What is the integral obtained from J x 2 dx by substituting 


x 2 =z ? What is its value ? 


[ 


The integral must be regarded as I x 2 dx + 




+1 -1 

x 2 dx. 

0 


18. If x = l/z, prove that 

f 2 dx 

tion applicable to --^ 

values of these integrals ? 


r dx r dz 
J T+x 2 = “ J TTz 2 ' 


and 


r+» dx 

J-ii + 


Is this substitu- 


? What are the 


19. What integrals are obtained from 


r»/* 


I dx and 


■/a 


1 dx by 


making the substitution sin x =z ? Verify that each of them 
equals W. 

20 . Verify that the value of J cos 2 x dx is ^ 7 r by making the 
substitution sina;=z. [Use the note on p. 244.] 


248 


ELEMENTARY CALCULUS 


[CH. 


Integration by Parts. The formula for differentiating a pro¬ 
duct is 

d du dv 


, (uv) =Vy +u,~ ; 
dx' dx dx 


by integration. 


uv = 


du f dv 

v =— dx + uj- dx 
dx dx 


(i) 


If either of the integrals in (i) is known, the other can be found. 
For example, if u =x, v = sin x, 

d 

y-(x sin x) —sin x + x cos x ; 
dx 

by integration, 

x sin x = J sin x dx + fx cos x dx 

= - cos x +c + fxcos xdx ; 

/. J x cos x dx = x sin x + cos x — c« 


LI U U. Is . , * • / • \ 

Denoting ^by * • v respectively in ( 1 ), 

uv = J vu dx + J uv 7 dx ; 

/. Juv'dx = uv — Jvu'dx . • • (u) 

This is called the formula for Integration by Parts. 

It is a formula for the integration of the product of the two 
functions w, v' ; but it is only successful in effecting the integra¬ 
tion if v, i.e. fv'dx, and fvu'dx can both be evaluated. 


d(^) 


Example 6. Evaluate Jx-sin xdx. 

Put u = x 2 , v' =sin x ; hence v = - cos x. 
the formula gives 

fx 2 sin x dx = x 2 ( - cos x) - J( - cos dx 

— - X 2 cos x + J2x cos x dx. 

But by repeating the process, or by the method above, 

fx cos xdx =xsin x +cos x +c 1 , 

/. fx 2 sin x dx = - j^cosx + 2(arsin a; +cos a;) +c 2 . 
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By using the formula for the change of the variable of an integral 
we may replace, in equation (i), p. 248, 


I- 


du 

v-j- dx by jv du and 

Q/X 



dx by Judy. 


Hence 


uv = Jv du + Judv ; 

Ju dv = uv — Jv du 



which is another way of expressing the formula for integration 
by parts. 

Many students find form (iii) easier to remember and apply than 
form (ii). 

Using it in Example 6, we write: 

Jx 2 sin x dx = Jx 2 d( - cos x) 

= x 2 ( - cos x) - J( - cos x) d(x 2 ) 

= - x 2 cos x + 2jx cos x dx. 


Example 7. Evaluate J sin -1 x dx. 

From (iii), putting u =sin _1 x, v =x, 

J sin -1 xdx—x sin -1 x - Jx d(sin _1 x) ; 


but casin' 1 x) = 
J sin -1 x dx = 


V( 1 - X 2 ) 


dx. 


x sin -1 x 


|* xdx 

"J V(i-*V 


but ~ **» = £ (1 - **)'*< - 2 *> =- 
.*. J sin -1 x dx 


V( 1 - * 2 )’ 

xsin' 1 x + y/(\ - x 2 ) +c. 


If formula (ii) is used for Example 7, we write: 

u=sin _1 x, t/ = l ; hence v=x. 


:. J sin' 1 x dx = x sin' 1 x - Jx (sin' 1 x) dx. 

We then continue as before. 

Those who use formula (ii) may find it easier to remember it 
in words as follows : 


The integral of a product of two functions 

= (lst function)(J 2nd) - J(J 2nd)(differential of 1st). 
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The method of integration by parts may also be used to calculate 
definite integrals. 


Example 8. Evaluate 


~W 2 


J 0 


x sin x dx. 


Jxsin x dx = Jx d( - cos x)=x{ - cos x) - J( - cos x)dx ; 

fW2 f" “l»/a 

/. I x sin x dx = I - x cos x + J cos x dx | 

rr/2 r n/2 


-[—-r*j 

= 0 + j^sin xj = 1. 


+ I cos x dx 
o Jo 


3. J"x 2 cosxdx. 
6 . Jx tan -1 xdx. 


x 2 sin x dx. 


’•j; 


9. | x 3 cos x dx. 

o 


EXERCISE XI c 

Evaluate the integrals in Nos. 1-9 : 

1. Jxsin 3x dx. 2. Jxcos2xdx. 

4. Jx sin 2 x dx. 5. J cos' 1 xdx. 

rn r "/2 

7. a: cos \xdx. 8. 

Jo Jo 

10. By writing J cos 3 0 d0 in the form J cos 2 0 cos 0 d0 or 
J cos 2 0 d( sin 0), prove that it equals 

cos 2 0sin0+2j(cos 0 - cos 3 0) d0 
and hence find its value. 

fjr/2 

11. Prove by the method of No. 10 that sin 3 0d0 =§. 

12. Evaluate Jx sin x cos 3x dx. 

frr/4 


13. Evaluate 


x cos x cos 3a: dx. 


o 


14. Draw the graph of y=x sin 2x from x = 0 to x -tt, and prove 
that one of the areas bounded by the curve and Ox is 3 times 

the other. 

[.Additional examples of “ integration by parts ” are given in 
Exercises XII e, XIII c, and XIII /.J 


CHAPTER XII 


LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

The first step in a systematic investigation of what functions can 
be integrated is to evaluate Jx” dx. 

d 

Since ^(x n+1 )=(n + l)x n , J(n + l)x n c/x =x M+1 +c ; 

x nv\ 

fx n dx =- - + c", unless n = - 1. 

J n + 1 


In the present chapter we prepare the way for Chapter XIV by 
investigating the integral 

jx n dx, when n = - 1. 

It is convenient to begin with the definite integral 

* 1 




dx. 


For given positive values of t, approximate values of this 
integral can be obtained and these values are the measures of 

the areas bounded by the curve y = ~, the x-axis, and the 

X 

f2 l 

ordinates x — \,x=t; in particular from p. 109, - dx^ 0-6931. 

J I X 

f‘ 1 _ 

J ^ x ® x cannot be expressed as an algebraic function of t. If, 
however, we write 

f* 1 

J x x dx ^ F W» w ^ ere t > 0, 

we can establish properties of F(*) which supply aU the informa¬ 
tion that we need about this function. 
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Fig. 108 represents part of the graph of y = -. 

X 



If ^>1, the area between the curve 
y = -, the x-axis, and the ordinates x = 1 , 

X 

is measured by 

fh 1 

dx, that is by F(£ t ). 

J l * 

If £„<1, the area between the curve, the 
x-axis, and the ordinates x=* 2 » x = l is 
measured by 


J 


i 1 

- dx, which is - 


1 

- dx, that is - F {t 2 ) 


Thus F(<) is positive for t> 1, zero for t- 1, and negative for 
0 < t < 1 ; also, F(J) increases steadily as t increases through positive 
values. And, by p. 109 (Vol. I), F(2)=^0-6931. 

F {t) is not defined for £< 0 . 


If a is positive and n is any rational number, 

F(a”) = nF(a), 

where a n is supposed to have its positive value, 
if n = b, a n is to be interpreted as y/a, not - y/a. 


For example. 


By definition. 


F(a”)= 


‘ - 1 


Let z be the positive value of x 1 /” ; 

then x=2 m and dx =nz n ~ 1 dz. 

Also, as x varies continuously from 1 to a n , z varies continuously 
from 1 to a. 


F(a“) = 


a 1 

—ns”" 1 dz —n 


n 


a 1 , 

- dz ; 

l 2 


/. F(a”)=nF(a). 


[The student should now work Exercise XII a, Nos. 1-3.] 
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Values of F(x) when x is large or small. 

Putting a =2, n = 100 in the relation F(a n )=nF(a), and using 
the approximate value 0-6931 of F(2), we have 

F(2 100 )^= 69-31. 

Similarly, F(2 1000 )=c= 693-1, F(2 10000 ) = 6931, etc., 

and by giving n a large enough value we can arrive at a value of 
F(x) which is as large as we please ; and we see that F(x) increases 
steadily as x increases. 

Again, F(2- 100 )^ - 69-31, 

F(2- 1000 )^- 693-1, etc., 

and by making x sufficiently small, but 
positive, values of F(x) can be found 
which are negative and numerically as 
large as we please. 

We may express these results shortly 
by saying that F(x) increases steadily 
.rom - qo to + oo as x increases from 0 
to + co. Consequently F(x) assumes any 
given positive, zero, or negative value for 
one and only one value of x. 

The graph of F(x) is shown in Fig. 109. 


The Definition of e. We have proved that 

F(2 B ) =nF(2)=^n x 0-6931 ; 

.*. F(x)=^l if X^2 1443 ^ 2-718. 

The value of x for which F(x) is equal to 1 is denoted by e . 

Thu * F(e) = J'jdx = l, 

and e=o= 2-718. The actual value of e is not rational, but approxima- 
ions can be calculated to as many decimal places as desired. A 
closer approximation than that given above is 2-7182818285. 
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Logarithms. If any positive number t is expressed in the form 
10”, n is called the logarithm of t to the base 10 and is denoted by 
log 10 < ; thus 

n =log 10 t means the same as 10” =t. 

Logarithms to other bases are defined in a similar way : 

If ( = e”, n is called the logarithm of t to the base e and is denoted 
by log c t ; thus 

n =log e t means the same as e” =t. 


Similarly, if p is any positive number, 

n = logp t means the same as p n =t, 

but actually logarithms to bases other than 10 and e are hardly 
ever used. 

Logarithms to the base e are called natural logarithms or 
Napierian logarithms ; they are of great theoretical importance 
chiefly on account of the results proved in this chapter. 

For the remainder of this book the symbol “ log ” will be used 
to denote “ log e ”, logarithms to base 10 or base p being denoted 
by log 10 or logp. 

If t =e”, n — log t ; 

but F(f) = F(e")=nF(e)=n; 

F(i) = log t y 


that is 


J 


* 1 


dx = log t 


We have thus found the meaning of the definite integral intro¬ 
duced on p. 251, and shall now use the notation log t instead of 
Fm. The function log t is defined for positive values of t ony. 
When therefore a function log/(a:) occurs, it is implied that the 
values of x are restricted to those for which f(x) is positive, 
-usually this limitation will not be stated explicitly. We proceed 

' to find the meaning of the indefinite integral ! ^ dx. 
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Derivative of log x. 

If t and t + h are positive, 

log (t +h) - log t = 


'f+A i 

- dx - 


x 


‘ 1 


dx 


x 


rt+h i 


dx. 


x 


But when x lies between the positive values t and t +h, ^ lies 

between - and -—r ; 

t t * 4 " tt 


"■j: 


f*+A 1 

——j- dx, 

I t + h 


t+h i rt+A i ff+A i 

- dx lies between - dx and 

a: J it 

h h 

that is, between - and -—r ; 

t t + ft 

. log(i + fc) - log* , 1 j I 

-r- lies between - and -—=■■ 

h t t +n 

But when h -► 0, . * , ~, 

t +n t 


when h -> 0, 


log {t +h) - log* 1 
h “ 1 1 

d I 

that is , (log 0 = 7 - 

Cl l t 

With a change of notation this gives 

^(logx) = i and d(logx) = y; 
and this is equivalent to the statement 

1 dx = logx + C 




Also, 


for positive values of x. 

d d log u du 

(fee log (ax + b) = du where u=ax + 6 , 

1 du 

—— __ ___ • 

u dx * 

3 -log (a*+ 6 ) = ° 


dx"*' - '-ax+b' . 

and this is equivalent to the statement 

axTb = ^°e< ax + b )+ c 

for positive values of ax +6, where a^O. 


I 


ItSir 
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LI/ 

If we put a — - 1, 6=0 in the formula for ^ log (ax +6), we 


, d 1 

obtain , log ( - x) = - ; 
dx b x 

otherwise log ( - x) has no meaning. Similarly, the formula 


this holds only if x is negative, since 


— logx=- holds only if x is positive. 

CLX X 

The symbol [ z j , called mod z, is used to denote z if z > 0 and to 
denote - z if z < 0. With this notation 


d_ 

dx 


log j x | = -, unless x is zero. 

X 


General Properties of Logarithms. 

If logpa =u and log,, 6 =v , where a, 6, p are positive, 
then a =p u and 6 =p v ; 

ab =p u p v =p u + v ; 

by definition, log p (a6) —u +v=log p a +log p 6 ; 
and similarly, 

log P (a/b)= log p a - log p 6 ; 
also, log 7 , (a 6 ) =6 log,, a. 


These general properties are the same for all positive bases. 
In dealing with natural logarithms, we can deduce them directly 
from the corresponding definite integrals. For example, 


log (a6) = 


C ab 1 , 

- clx = 
x 


1 


X 


dx + 


i 


ab J 

- dx ; 
a x 


in the second integral put x-az ; then when x varies from a to 
ab. z varies from 1 to 6 ; 


-I 


ab x 
x 


dx = 


r * 1 . ( b i 

—a dz = 

lOZ J j z 


dz ; 


a 1 


log(a6)= ~dx + 


b 1 
l* 


dx =log a + log 6. 


Example 1. 


• • 


Find log 



1 

1 - x 

1 + X 

1 - x 


= log (1 +x) - log(l - x ); 

- 1 1 ( n- 2 

i-x { l) ~i-x 2 ’ 
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EXERCISE XII a 


1. Verify that F(2)=c=0-7 by means of the graph of 1 /x, and then 

use the formula F(2”) =nF(2) to draw a rough graph of F(a:). 
[Take n —0, ± ± ± 1, ± 2.) 

2. Give the approximate values of F(8), F(16), F(32), F(l/8), 
F( 1/16), F(l/32). 

3. Obtain graphically an approximate value of F(3). 


Differentiate with respect to x the functions in Nos. 4-15 : 

4. log 3x. 5. log x 3 . 6. log (1 fx ). 

7. log -y/ x. 8. log sin x. 

10. log cos 2 x. 11. log (4x +3). 

13. a:log*. 14. (\ogx)/x. 


9. log (1 ~ x). 

12. log tan x. 

15. log V{(1 +*)/(! - *)}. 


16. If y=x 2 logx, prove that ^ = +3. 

17. Find the maximum value of x 2 log (1/a:). 

18. Find the values of 6 between 0 and \tc for which 

tan 0+3 log cos 6+6 is stationary, and distinguish between 
them. 


Integration. 

If u = </>(x), >0, 

-£-(log u) = 1 -p=£M; 

dx * ' udx <l>(x) 

fcp'(x) 

J ^y dx = log<p(x) + c. 

This result is a generalisation of the formula for \—* on p. 255 

J ax +6 

Example 2. Find \~^—^dx. 

J 1 +X 2 

Put 1 +x 2 =z, then 2 xdx=dz; 

*’* Ji +x* dx = fV" = £ Io ° 2 +c 

= ^log(l +X 2 ) +c. 
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Example 3. Find tan x dx. 

J o 

sin x 

Since tan x =-, we put cos x =z, 

cos x 

-sin xdx=dz. 


("sin xdx f< 

• | tan x dx = -= - 

J J cos X J 

= - log 2 +C 


where z is positive. 


tan 


x dx = | - log 


cos x 


= - loir (1/ \/2) + loq 1 = i log 2, 


Note. For an integral such as tan xdx, cos x is negative 

J 3n/4 

throughout the range of integration, and 

dz 

- —= - log ( - z), whore z =cos x. 

Using the modulus notation we may then write 

J tan xdx= - log cos x j + c. 

EXERCISE XII b 

Integrate with respect to x the functions in Nos. 1-9 : 

to* 2 -l+x- 3 *l-x*- 

x- 2 


1 +X 3 ' 
COS X 

sin x * 


6x + 5 

5 - 3x 2 + 5x + r 
8. tan 2x. 


x 2 - 4x +3* 
9. cot 3x. 


Evaluate the integrals in Nos. 10-15 : 

f 12 dx f 4 *da 

l0 - < 1 +2* a 25 - ; 

re lo" x f 1 X dx 

13 . — dx. 14. ; 7 —- 


f 12 dx 

11 

f 4 xdx 

12. 

. 1 +2x' 

•» 

1 1 • 

. 25 - x 2 ‘ 

•J 


e log X 

1 4 

f 1 x dx 
__— 

15. 

(IX. 

J1 * 

1 

0 1 + X 



tan x dx. 


1 - x 


dx. 


16. Prove directly from the definition (sec pp. 251, 254) that. 

log (a/b) =log« - log b. 

17. Find the area bounded by the x-axis, the ordinates x=«, 
x =2a, and the arc of the curve xy = x 2 +a 2 . 
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The Function e 2 . 

If y=e x , then x=Iog?/. 

Hence the graph of y =e x can be de¬ 
duced from the graph of j/=]ogx 
(see Fig. 109) by interchanging the axes 
of x and y, or by taking the image of 
the curve in the line y = x. The graph 
of e x therefore takes the form shown in 
Fig. 110, and we see that e x increases 
steadily from 0 to + oo as x increases 
from - oo to + oo. 

The function e 2 is called the exponential function of x. 

Derivative and Integral of the Exponential Function. 

If y=e x , log y=x; 

1 dy 

: y d y= dx - 

A 

(e 2 ) = e 2 . 


Fio. 110. 


that is 
Hence also 


dx 

Je 2 dx = e 2 -f C. 

More generally, 

d r i 

dx^ X ) = aeaz and je ax dx=-e<’ x +c, (a* 0 ). 


EXERCISE XII c 

Differentiate with respect to x the functions in Nos. 1-6 : 
1 . e* 2 2. e-« 3 . xe z. 

4 * 5 * e^sin3x. 6. (x 2 - x)/e*. 

Integrate with respect to x the functions in Nos. 7-12 : 

7. e* 2 . 8 . i/e* 9. Ve , 

10 . xe 2 *. H. e 2 /(e 2 + l). 12. l/(c* +!). 

Evaluate the integrals in Nos. 13-15 : 


-j: 


e&dz. 


14 r-s 

4 * J-ie 22 * 


-j: 


e Bln2 cos xdx. 
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16. If y =ae cx + be cx , prove that ^_ 2 =c 2 y. 

17. Find the maximum value of x/e?. 

d A y 

18. If y = e*sin x, prove that = - 4y. 

19. Find the area bounded by the axes, the catenary y = £(e x +e~ z ), 
and the ordinate x = 1. 


20. Find the area bounded by the axes, the curve ye x =c, and the 
ordinate x =a. What happens when a increases indefinitely ? 

21. Find the values of x which give a maximum point and points 
of inflexion on y =x z e~ x and sketch the curve. 

d 2 */ dy 

22. Find n if y =e nx satisfies the equation - 4^— +3y =0. 

23. If f{x) = e x when 0<x<l and f(x)=ax +b when l<a;<2, 
find for what values of a and b, f(x) lias a derivative at x = 1. 

24. Find values of the constants p, q in terms of a, b such that 

{e^fpsin bx +q cosbx)} is equal to c°*si nbx. Hence find 

V* X 

je ax sin bx dx. 


Logarithmic Differentiation. It is often convenient, especially 
when differentiating a continued product, to take logarithms 
before differentiating. 

jf y — uvw 

where u, v, w are functions of x, then 

log y = log u + log v + log w ; 

1 , 1 , 1 , 1 , 

-dy = du + dv + dw ; 
y J u v w 

Id 1 du 1 dv 1 dw 

or wiwdx^ UVW ^ = u dx + v dx + w dx’ 

This result was obtained on p. 61 (Vol. I) in another way, and it 

can be extended to any number of factors. . ... 

Another type for which it is useful to take logarithms is illus¬ 
trated in Examples 6, 7. 
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Example 4. Differentiate e z x 3 sinxlogx with respect to x. 

If y = e z x 3 sin x log x, 
log V = log e z + log x 3 + log sin x + log log x 
= x + 3 log x + log sin x + log log x ; 

1 1 
log X X ’ 


1 dy 3 cos x 

y =1 H-1- —- 

y ax x sin x 


dy / 

S. = e*xr sin x log x ( 


1 + - + cotx + — 

X X 


* ‘A x/ 


Example 5. If y =ae _m *sin nx, prove that 

cPy dy 

<k? +2m dx +( ' m +n2 )y =0 ‘ 

log V = log a - mx + log sin nx ; 

1 dy 

- , = - m + n cot nx ; 
y dx 

dy 

+ my = ny cot nx = nae~ ^ cos nx. 


Differentiate again with respect to x, then 


(Py 
d ^ 


dy 

+ m ( f T — - tnnae' mx cos nx - vP-ae'™* 



dhj du 

^2 + 2m fo. + (™ 2 + n 2 )y = 0. 


sin nx 


Example 6. 


that is 
Hence 

n 


Find (i) --a* and (ii) fa* dx; (a > 0). 
If y=a z , log y =x log a; 

\iy —dx . log a ; d ^ =y { oga 
d 

di ( - aX ) =aX lo g a - 

■ jadx= i^ +c - 
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Example 7. 


that is 


Find the derivative of x x , (x>0). 
If y=x x , log y —X log x, 

- dy = dx . log x + x - dx 
y & x 


. d 3L 

*• dx 


= (1 + log x) dx ; 
'~=y(l + log x) ; 


^(x*)=x*(l + log x). 


£ch. 


EXERCISE XII d 

Differentiate with respect to x the functions in Nos. 1-9. 


1. (x+l) 2 (x+2) 3 (x+3) 4 . 
3. (x- 3)*(2x + l)*(x + 4) 3 , 
5. x 3 e*sin2x. 

7. 10*. 8. x 2 10*. 


2. (x- l) 5 (3x + 4) 2 /(5x- 2) 3 . 
4. e*sinx)ogx. 

6. e 2 * sin 3x cos 4x. 

9- logio^* 


Integrate with respect to x the functions in Nos. 10-12. 

10. e cos x gin x. 11. 2*. 12. log (x 1 /*), (x > 0). 

13. Find the maximum value of x 1 /*, (x>0). 


14. If y =a cos (log x) 


+ 6 sin (log x), prove that 
cPy dy 

X d^ +X dx +y=0 - 


dy d?y 

15. If xy = logx, find and ^ 

dy 

16. If v =e*v, find in terms of x and y. 


dx 


dy . 


17. If x = log tan \t, y =cos 3 1, find in terms of t. 


18. The space-time relation for the motion of a particle along Ox 
is x =ae’ kt cos nt. Prove that its velocity v and acceleration 
a in any position are such that cc + 2/cv +(k 2 + n 2 )x =0. 
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We shall conclude this chapter with some additional examples 
of the use of integration by parts. 


Example 8. Find (i) J log x dx ; (ii) jxc x dx. 

(i) Using formula (iii) on p. 249, 

J log xdx =(logx)x - Jx d log x 

= x log x-Jx dx —x log x - Jl dx 

cc 

= x log X - x + c. 

(ii) Using the rule given in words on p. 249, 

fxe x dx = xe x - fe x . 1 dx 
= xe x - e x + c. 


Example 9. Find fe 01 sin bx dx and fe ax cos bx dx. 
If y =fe ax sin bx dx and z =fe ax cos bx dx, 



sin bx d(e ax ) 


- e** sin bx 
a 


- Je^dfsin bx) 


-e ax sin bx 
a 


- fe rtX cos bxdx . 
a J 


1 . b 

V bx — z. 

a a 

Similarly it may be proved that 

1 b 

z = -e°- x cos bx + - y . 
a a 

The student should work this out and then solve the equations, 

6 1 6 1 

y +~z = -e« x smbx, z - -y =-e™ cos bx. 
u a a a 

The results are 

(a* -+- 62 ) 2 / = e ax (a sin bx - b cos bx), (a 1 2 * * * 6 +b 2 )z= e° x (a cos bx + b sin bx). 
Note. For an alternative method see Exercise XU c. No. 24. 
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EXERCISE XII o 

Integrate with respect to x the functions in Nos. 1-16: 

1. x log x. 2. tan -1 x. 3. xe 3 *. 

4. x 2 e x . 5. e z sinx. 6. e^cosx. 

7. (log x)/x 2 . 8. (sin 2x)/e x . 9. xsec 2 x. 

10. x tan 2 x. 11. e z sinxcosx. 12. e z cos 2 x. 

13. ^sin 3xcos a:. 14. (xlogx) 2 . 15. x 5 log x. 


Find the values of the integrals in Nos. 16-21 : 


f 


fv 


fl 

16. logxdx. 

17. 

x log x dx. 

18. 

cot’ 1 x dx. 

Ji 

•* 

11 


J 0 

re 


•i 


f a* 

19. x n log x dx. 

20. 

sin' 1 xdx. 

21. 

x sin 2 x dx 

Ji 

• 

0 


J 0 


22. Find the value of 
c log € —► 0 when £ -► 



x 4 log x dx, (e > 0), and assuming that 
find the limit when e -► 0 of the integral. 


CHAPTER XIII 


HYPERBOLIC FUNCTIONS 

The functions |(e* - e' r ) and £(e* +e~ x ) have properties analogous 
to those of sin x and cos x , and are called respectively the 
“hyperbolic sine” and the “hyperbolic cosine” of x, and we 
write 

shx=£(e z — e' x ) ; cha; = £(e z + e _a: ). 

The hyperbolic sine, sh, is pronounced “ shine ” or “ sinsh ”, 
and ch is pronounced “ cosh ”. They are often written “ sinh ” 
and “ cosh 


EXERCISE XIII a 

1. What are the numerical values of sh 0 and ch 0 ? 

2. Verify that (i) sh ( - x) = -shx; (ii) ch ( - x) =ch x. 

3. Prove that the sign of sh a: is the same as the sign of x. 

4. Prove that chx^l. 

5. Prove that chx>shx and that ch x > - sh x. 

6. The following table of values can be obtained from the 
approximation e — 2'7183 or from a book of tables : 


X 

- 2 

- 15 

- 1 

-0-5 

0-5 

1 

1-5 

2 

e* 

014 

0-22 

0-37 

0-61 

1-65 

2-72 j 

4-48 

7-39 


Make a corresponding table for the values of sh x and ch x 
and draw their graphs. 


Use the definitions of sh a; and ch a; to simplify the expressions 
in Nos. 7-12 : 

7. chx+sh*. 8. ch x - sh x. 9. ch 2 x-sh 2 a;. 

10. ch 2 a;+sh 2 a:. 11. 2 sh a: ch as. 12. VU(ch 2a; + 1)}. 
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From the definitions it follows that 


sh ( - x) = -shx and ch ( - x) =ch x ; 

therefore the graph of sh x is symmetrical through the origin, 
and the graph of ch x is symmetrical about Oy. The forms of the 

graphs, which can be sketched by the 
method indicated in Exercise XIII a. No. 
6, or by using the tables on p. xii, are shown 
in Fig. 111. 

It is easy to prove that the gradient of 
sh x at the origin is 1 and that the origin is 
a point of inflexion. It can also be proved 
that the graph of chx is the form assumed 
by a uniform flexible chain with fixed ends, 
and for this reason the curve is called a 
catenary (Latin, catena = a chain). 

Continuing the analogy with the circular 
functions, the function (sh x)/(ch x) is called 
the “ hyperbolic tangent ” of x, and we write 

, sh x e x - e~ x 

th x = -r— = —-—• 

chx e x + e x 

“ th ” is pronounced “ than ” or “ tansh ” and is often written 
“tanh 



Fio. 111. 


Since sh x has the same sign as x, and since ch a; is always 

has the same sign as x ; also, th0=0. 

e x - e~ x _ e 2 * - 1 2 

e* + e x ~e- x + 1 “ ” «** + 1* 


sh x 

positive, thx, 

Further, 

th x = 

But e 2 * increases steadily from 
0 to co when x increases from 
. « to + go ; therefore th x 

increases steadily from - 1 to +1 
when x increases from - co to 
+ co. 

The form of the graph of th x. 
which can be sketched by using 
the tables on p. xii, is shown in 
Fig. 112; since th ( - x) = - th x, 
the graph is symmetrical through 
the origin. 
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The remaining hyperbolic functions may be defined as follows : 

1 1 chx 

cosech x =——; sech x =-7— ; coth x 

sh x ch x shi 

To illustrate the analogy between the circular and the hyperbolic* 
functions we shall prove, in Examples 1, 2, two of the fundamental 
formulae ; others are given in Exercise XIII b. For further 
details the reader is referred to Durell and Robson, Advanced 
Trigonometry, ch. vi. p. 104. 


Example 1. Prove that ch 2x =ch 2 x +sh 2 x. 

ch 2 x + sh 2 x = \(e z + e -1 ) 2 + \(e z - e~ x ) 2 

= £(e“ +e* 2x ) =ch 2x. 


Example 2. Prove that sh (A + B) =sh A ch B + ch A sh B. 

Put c 4 =a and e B =6 ; then 


8hAchB + chA S hB=j{(a-^)(6 + ^)+(o+i)(6-^)} 

=i ( 2a6 " s) 

= ^(eA+B - c-A-B) =s h (A + B). 


The results already proved, including those of Examples 1, 2, 
suggest that the relations connecting hyperbolic functions are 
closely analogous to those connecting circular functions. They 
may in fact be written down by Osborn's rule : 

In any formula, connecting the circular functions of general angles , 
replace each circular function by the corresponding hyperbolic 
function and change the sign of every product (or implied product) 
of two sines. 

This gives the corresponding formula for hyperbolic functions. 


Thus, from tan (A + B) = 


tan A + tan B 
1 - tan A tan B* 


th (A + B) = 


th A +th B 
1 + th A th B’ 


we may infer that 


since tan A tan B, which is (sin A sin B)/(cos A cos B), contains a 
product of two sines. 
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EXERCISE XIII b 


[Some of the results in Nos. 1-12 have already been proved ; the 
others may be verified by Osborn’s rule or proved independently. 
Nos. 1-6 are of great importance.] 

1. ch 2 x — sh 2 x = 1. 2. ch 2 x + sh 2 x = ch 2x. 

3.1— th 2 x = sech 2 x. 4. ch 2x + 1 = 2 ch 2 x. 

5. sh 2x = 2 sh x ch x. 6. ch 2x — 1 = 2 sh 2 x. 


7. sh (A + B) =sh A ch B + ch A sh B. 

8. sh A +sh B =2 sh £(A + B) ch |( A - B). 

9. ch (A + B) =ch A ch B + sh A sh B. 

10. ch A+chB =2 ch i(A + B) ch 1(A - B). 

11.2 ch A sh B =sh (A + B) - sh (A - B). 

12. ch A - ch B = 2sh £(A +B)sh J(A - B). 

13. Deduce formulae from Nos. 7, 8, 9 by changing B into - B. 

In Nos. 14-17 write down the corresponding formulae for the 
hyperbolic functions : 

14. cosec 2 to = 1 + cot 2 #. 


15. 2 sin 0 cos </> =sin (0 + </>) +sin (0 - </>). 

„ tan to - tan </> 

16. tan (6 - <[>) = i +tanWtan ^ 

„ cot to cot </> - 1 

17. cot (0 + <*>) = cotW+co -^- 

Write down simple alternative forms of the expressions in Nos 
18-23 : 

18. 1 - ch 2 x. 19. 1 - coth 2 x. 20. ch 2 2x +sh 2 2x. 

sh 2x 00 ch x + 1 

21. th 2 x + sech 2 x. 22. 23, ch x - 1* 

24. If sh x=\, find the value of ch x. 

25. If ch x =3, find the values of sh x. 

26. If th x =£, find the value of sech x. 
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27. (i) Prove that chx +shx=e x and that ch x - sh x =e~*. 

(ii) If chx =5/3, prove that sh x = ±4/3 and hence find the 
values of e x and x. 

28. Sketch the graph of coth x. 


Differentials and Integrals of sh x and ch x. 

Since d(e x ) =e x dx and d(e~ x ) = - e~ x dx, 
d(sh x) =d{i(e z - e~ x )} = £(e x +c' x )dx ; 

/. d(shx) = chxdx. 

Also, d( ch x) = d{\{e x +e~ x )} = l(r x - e~ x )dx ; 

d(ch x) = sh x dx. 

Hence also 

J sh x dx = ch x + C ; J ch x dx = sh x + C. 

And more generally, if n=*0, 

f sh nxdx=~ chnx+c ; f ch nxdx =- sh nx +c. 
J n J n 


th x and coth x. 


and 


d /a1 ^ d/sh ch 2 x - sh 2 x 

dx X) ~di\Zhx) = * 

ch 2 x - sh 2 x = 1 ; 

d 


ir (th x) = sech 2 x. 

Similarly it may be proved that 

d 

^(coth x) = — cosech 2 x. 

Hence also 

J sech 2 x dx =th x +c ; J cosech 2 x dx = - coth x + c. 

sh x dx fd(ch x) 


Further, 




ch x J ch x 
J th x dx = log (ch x) + C. 

Similarly, J coth x dx = log (sh x) + C 

provided that sh x is positive. 

In evaluating other integrals of hyperbolic funotions the 

formulae printed in bold type in Exercise XIH b are often 
required. 
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Example 3. Evaluate (i) J sh 2 xrfx ; (ii) J th 2 x dx. 

(i) J sh 2 x dx = J £(ch 2x - 1) dx 

= |- sh 2x - £x + c. 

(ii) J th 2 xdx = J(1 - seeh 2 x)dx 

= x - th x +c. 


[ch. 


U, 

Example 4. Evaluate ^{tan -1 (th |x)}. 

^{tan-i (th £*)} = j- + t J, s ^ \ sech 2 \x 

1 


2(ch 2 £x +sh 2 £a) 
= 2 ^=^ Sech2 - 


Example 5. 


Evaluate J sech xdx. 

r 2 

f sech x dx = 


dx 


f 2e x 


e x +e~ x 
Put —Z, then e x dx=dz , 

2dz 


dx, 


J sech xdx = 


z 2 + 1 


= 2 tan ' 1 2 +c ; 


J sech x dx = 2 tan -1 (e 1 ) + c. 


Note. From Example 4 we obtain an integral of sech x in 
the form 2 tan -1 th £x apparently different from the result of 
Example 5. But since 

th \x + -^ and Tan^tx - Tan' 1 v= Tan' 1 

we have Tan -1 e z - Tan -1 1 =Tan _1 th \x ; 

and therefore tan' 1 th \x differs from tan' 1 e x only by a constant. 

Cf. p. 116 (Vol. I). 


EXERCISE XIII c 

Differentiate with respect to x the functions in Nos. 1-12 : 
1. s h 2x. 2. ch 3x. 3. sech x. 

4. cosech \x. 


5. sh 2 3x. 


6. log sh x. 
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7. th 2x. 
10. log th x, 


8. th 2 x. 

11. sech 2 2x. 


9. coth £ x. 

12. x - coth x. 


Integrate with respect to x the functions in Nos. 13-21 : 

13. cli 2x. 14. sh £x. 15. th 2x. 

16. sech 2 2 x. 17. cosech 2 ix. 18. coth 3x. 

19. ch 2 x. 20. sh 2 \x. 21. coth 2 x. 

22. Evaluate J sech 2 xdx by the method of Example 5. 

d 

23. Find ^ log th \x. Hence evaluate J cosech xdx. 

24. Use the formula in Exercise XIII b. No. 11, to evaluate 
J ch 3x sh x dx. Also evaluate J sli 3a: ch x dx. 

25. Evaluate (i) J ch 2a: ch 3x dx ; (ii) / sh 2x sh 3a; dx. 

26. Evaluate (i) J chxdx; (ii) J sh 2 xdx. 

Apply the method of integration by parts to evaluate the integrals 
in Nos. 27-30 : 


27. Jxsh xdx. 

29. Jx sech 2 x dx. 


28. Jxch2xdx. 
30. Jx 2 ch xdx. 


The Rectangular Hyperbola. The trigonometrical functions are 
called circular functions because thoy 
are connected with the geometry of 
the circle. The coordinates of any 
point P on the circle x 2 +y 2 =a 2 (see 
Fig. 113 ) may be expressed in the 
form (o cos 6, a sin 0) and, with this 
notation, the area of the sector 
bounded by the lines 0=0, 6=0., is 

ia 2 e v 

The functions ch u, sh u are con¬ 
nected in a similar way with the 
geometry of the rectangular hyper¬ 
bola and this is the origin of the 
name “ hyperbolic functions 



Fio. 113. 
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Since ch 2 w - sh 2 u = 1, the point (a chu, ashw) lies on the 
rectangular hyperbola x 2 - y 2 = a 2 ; see Fig. 114. 

As u increases from - co to + oo, the point P(ach«, ashw) 
traces out that part of the curve for which x > 0, assuming that 

a > 0 ; and the other part is 
given by ( - a ch u, a sli u). 

We shall prove as an ex¬ 
ample that if A, P x are the 
points corresponding to u =0, 
u=u x respectively, the area 
of the sector AOPj is ^a 2 ^. 
An alternative method is 
given in Chapter XVIII, 
p. 363. 



Example 6. If A, P x are the positions of the point (a ch u, a sh u) 
on the rectangular hyperbola x 2 - y 2 =a 2 , given by u= 0, u=u 1 
respectively, prove that the area of the sector AOP t (see Fig. 114) 
is £ a 2 u 1 . 

The area bounded by the arc APj, the ordinate PiNj, and 
y dx, where x x =a ch u x . 


ANj is 
Also, 


y=ashu and dx =d{a chu) =ashudu\ 


r«» fu i 

area ANjPj = ashu .ashudu =^a 2 \ (ch2u-l)au 

Jo Jo 

= £a 2 j^£ sh 2u - wj = £a 2 (sli u^ ch u^ - ttj). 


But the area of AONjPj is £a 2 sh ch ; hence by subtraction 
the area of the sector AOPj is ia 2 *^. 


EXERCISE XIII d 

(Miscellaneous Applications) 

1. Find the minimum value of 5 ch x + 3 sh x. 

2. Find the area bounded by Ox, Oy, the catenary y =c ch (x/c), 
and the ordinate x =c. 
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3. Prove that the volume generated by the revolution about 
Ox of the area in No. 2 is ^7rc 3 (e 2 - e~ z + 4). 

4. Find the maximum value of x(eh x - sh x). 

5. The space-time relation for a particle moving along Ox is 
x =ash nt +6 ch nt where a, b, n are constants. Prove that 
the acceleration is proportional to x. 

6. Prove that the area of the ellipse x=acosl, y=6sini is ~ab. 

7. Find the area bounded by O y, the curves y =ch x, y =sh x, 
and the ordinate x = 1. 

8. The space-time relation for a particle moving along Ox is 
x =tan‘ 1 (ch nt +sh nt). Prove that its velocity at time t is 
insech nt. 

+4 

What is its initial position and acceleration ? 

9. Sketch the graph of y =sech x and find the volume generated 
by the revolution about Ox of the area bounded by the 
curve and the ordinates x=a, x = - a. Does the expression 
for the volume tend to a limit when a -► co ? 

10. A particle falls in a resisting medium so that its velocity v at 
time t is given by v=cthckt where c, k are constants. 
Prove that its acceleration is fc(c 2 - v 2 ) and find the distance 
it has fallen at time t. 


Inverse Hyperbolic Functions 

The graph of y =sh x in Fig. Ill, p. 266, illustrates the fact 
that when x increases steadily from - oo to + oo, sh x also 
increases steadily from - oo to + oo ; this may be proved by noting 

that dx Bhx=chx and that ch * is always positive. Hence we 

conclude that sh x assumes any assigned value y for one, and only 
one, value of x ; this unique value of x is denoted by sh’ 1 y. Thus, 

ifshx=y, x=sh _1 j/. 

The graph of y=sh- 1 x can be obtained from that of y=shx by 

interchanging the axes of x and y, or by taking the image of the 

urve m the bne y =x ; the reader should sketch it for himself in 
tine margin, 

sh- 1 x is called the “ inverse hyperbolic sine ” of x. 
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Example 7. Find the value of sh' 1 

If V =sh _1 £-, shy 

.. cn y — i + 4 2 4 2 , 

since ch y is always positive, ch y = + A ; 

e^ = chy + sh ?/ = 2 ; y=log2; 

sir 1 1 = log 2. 


[ch. 


The graph of y= chi in Fig. Ill, p. 266, illustrates the fact 
that ch x has no value less than 1, and shows that to any assigned 
value y of ch x, which is greater than 1, there correspond two values 
of x numerically equal but of opposite signs. 

If ch x =y 1, we may write x =Ch' 1 y, and if y > 1, Ch -1 y has 
two (equal and opposite) values ; the positive, value is denoted 
by ch -1 y. 

The graph of y=Ch _1 x can be obtained from that of y=chx 
by interchanging the axes of x and y ; the reader should sketch 
it in the margin and indicate in some way that the upper half of 
it is the graph of y = ch -1 x. 

Ch -1 x is called the “ inverse hyperbolic cosine ” of x. 


Example 8. Evaluate Ch' 1 and ch" 1 j. 

If y = Clr 1 ;, ch y = 1; 
sh y— ± V(ch 2 y- 1)= 

Thus e^ = ch y +sliy = J ± | =2 or 

y = log 2 or log £, that is, y = ± log 2 ; 
Ch -1 f = ± log 2 and ch' 1 ^ =log 2. 


As shown on p. 266, th x increases steadily from - 1 to +1 as 
x increases from - oo to + co ; this may also be proved by noting 

that 4^- th x, =sech 2 x, is always positive. Hence we conclude 
dx . 

that if y = th x, then for any assigned value of y between -1 
and + 1, x has a unique value ; we denote this by th' 1 y and call 

it the “ inverse hyperbolic tangent ” of y. 

The reader should sketch the graph of y =th' A x in the margin. 
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The functions cosech' 1 x, Sech" 1 x , and cotli' 1 x may be defined 
and discussed in a similar way, but they are not often used because 

cosech' 1 x =sh _1 -, etc. 

X 

The values of sh' 1 x and ch -1 x , for given values of x , can be 
found from a table of natural logarithms by using the methods of 
Examples 7, 8, and this is also true of th' 1 x. Wo proceed to 
obtain the general formulae, but the reader should first work 
Exercise XIII e, Nos. 1-3. 


Inverse Hyperbolic Functions as Logarithms. 

(i) sh’ 1 x = log {x + -v/( 1 + x 2 )}. 

If y =sh' 1 x, then sh y =x ; 
ch 2 y = 1 + sh 2 y = 1 + x 2 ; 
but ch y is positive, ch y = y/( 1 + x 2 ). 

eV =sh y + ch y = x + y/( 1 + x ) ; 

2 /=log{x + VC 1 +z 2 )}. 

(ii) Ch -1 x = ± log (x + \/(x 2 — 1)}. (x^l). 

If y = Ch' 1 x , then ch y =x ; 

sh 2 y =ch 2 1 / - 1 = x 2 - 1; sh y = ± y/(x % - 1) since 1. 

eV =ch y + sh y =x ± y/(x 2 - 1). 

But {x+t/(x?- 1)}{x - y/(x? - l))=x 2 -(x 2 - 1) = 1, 

/. eV =x + ^{x 2 - 1) or l/{x + y/(x 2 - 1)} ; 
y = ± log {x + y/ix 2 - 1)}. 

(iii) th- 1 x=|logi^|, (-—1 <x<1). 

e-v - 1 

If y =th‘ l x, then x = th y = — + ^ ; 

1 + X , 1 + X 

e = T^x' y-\ i°g since - i <*< l. 

The results of (i)-(iii) emphasise the fact that the inverse hyper¬ 
bolic functions are not many-valued functions like Sin -1 x, Cos -1 x, 

^ * » s ^ 1 " 1 x an d th' 1 x are one-valued and therefore Sh -1 x f 
n x are not introduced. Ch" 1 x is two-valued. 
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Differentials of the Inverse Hyperbolic Functions. 

If y = sh _1 x, sh y =x ; ch y dy =dx. 

But ch 2 y = 1 + sh 2 y = 1 + x 2 and ch y is positive ; 

ch y = v"( 1 + x 2 ) and y/(\ + x 2 )dy =dx. 

■■ d(sh - lx) =vrn^)' 


where, with the usual convention, \/(l + x 2 ) denotes the positive 
square root of 1 + x 2 . If the reader looks at his sketch of the 
graph of sh -1 x he should find that the gradient is everywhere 
positive. 

It follows that 


dx 

V(l+* 2 ) 


= sh -1 x 




This result may also be obtained by using the substitution 
x =sh z as follows : 

dx=chzdz and \/(l +x 2 ) = y/(\ + sh 2 2) =chz ; 


dx 


ch 2 dz 
ch 2 


y/( \ + x 2 ) J ch 2 

= 2 + c =sh _1 x +c. 

If y =Ch _1 x, (x-^.1), ch y=x ; sh y dy =dx. 

But sh y = ±y/(c\i 2 y - 1) = ±V{x 2 - l), 

±V(x 2 - \)dy=dx ; 

d(Ch- 1 x)= ± (x> !)• 


The ambiguity of sign is due to the fact that Ch' 1 x is a two-valued 
function. In the proof it is assumed that Ch' 1 * is confined 
either to positive or to negative values. If the reader looks at his 
sketch of Ch" 1 * ho should find that the gradient is positive for 
the positive values of Ch' 1 *, that is, for ch 1 x ; hence 

d(ch-is)= v(x t X _ T]. <*>!>• 



= ch 1 x + C, (*> 1). 


It follows that 
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This result may also be obtained by using the substitution 
x =ch 2. 


Note. If x < - 1 the corresponding substitution is x= - ch 2 
since ch z is always positive ; this gives 

V £- i) = - ( - *) +e. (*< - 1) 

— - log{ - x + y/{x 2 - 1)} + c, (x < - 1). 

The differential of the function, th' 1 x, (x 2 < 1), may be found 
in a similar way. See Exercise XIII e. Nos. 5, 6. 


EXERCISE XIII e 


Find, from first principles, the values in the form of logarithms 
of the expressions in Nos. 1-3 : 

1. sh2. sech -1 £. 3. th' 1 «. 

dx 

, x> 1, by the substitution x=chz. 


4. Evaluate 


r 


J V(x 2 - U 


dx 


5. If y = th -1 x , (x 2 < 1), prove that du = - - 

What conclusions can be drawn about the gradient of the 
graph of th -1 x ? 

6. Use the formula th' 1 x = \ log {(1 + x)/( 1 - x)}, (x 2 < 1), p. 275, 
to evaluate ^(th _1 x). 

Differentiate with respect to x the functions in Nos. 7-12 and 
state any necessary limitations on the values of x : 

7. sh' 1 (2x/3). 8. ch- 1 (4x/5). 9. tlr 1 3x. 

10. cosech -1 x. 11. sech -1 x. 12. coth 1 2x. 


Express as logarithms the functions in Nos. 13-15 and state any 
necessary limitations on the values of x : 

13. cosech' 1 x. 14. seclr 1 x. 15. coth" 1 x. 

16. Prove that th-^x*- l)/(x® + 1)} = log;x|, (x*0). 

17. Find the minimum value of 2 log x - cli' 1 x. 

18. Find the area bounded by the two branches of the curve 
y ( x + 1) = 1 and the lines x = 1, x = - 1. 

n 


D 
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Applications to Integration. 

The values of the integrals 


r dx 
J Vd + * 2 ) 


and 


dx 


V(* 2 - 1) 


were 


- » * * * 

f* doc 

found on p. 276, and should be compared with that of ——r-sr 

Jv(i-n 

on p. 125 (Vol. I). 

The method of dealing with other integrals of the form 
dx 

\y\a +b 3 ?) * S *^ ustratec l ^ Examples 9, 10. 


Example 9. Find the value of 


dx 


■%/ (4 +x 2 )' 

Put x = 2sh z, 

then dx = 2c\\zdz and \/(4+^ 2 ) = \/{4(l +sh 2 z)} = 2chz ; 


dx 


V(4+* 2 ) 


2 ch 2 dz 
2 ch 2 


= Jl dz 


— z +c =sh _1 (£x) + c. 


Example 10. Find the value of |* 


dx 


, (x > J), 


J V(9* 2 - 16) 

Put 3a; = 4 ch z where z > 0, 

then 3 dx = 4 sh 2 dz 

and -\/(9x 2 - 16) = \/{16(ch 2 z - l)} = 4shz, sincez>0 ; 

4 sh z dz 




dx 

V(9x 2 - 16) 


3.4 sh z 


= Ji dz 


— \z +c =£ ch -1 (£#) +c. 


An alternative method for Example 10 is to guess that the integral 
is ch -1 \x and differentiate this function with respect to x; this 
would lead to 3/V(9* 2 - 16 )> showing that the factor £ must be 
inserted. 
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Standard Substitutions. Every integral of the form 


dx 


y/(a +bx 2 ) 

reduces after the removal of the factor y/b (6 positive), or y/( - b) 
(b negative), to one of the forms 


J 


dx 


V(k* - x 2 y 


V (* 2 


dx r 

b 2 + X 2 )' J' 


dx 


v(* 2 - tc*y 


and these can be evaluated by the substitutions, 

x=ksinz, x = kshz, x=kchz respectively. 

The same substitutions are used for the integrals 

z 2 )dx, Jy/(k 2 +x 2 )dx, Jy/(x 2 - k 2 )dx. 

r fix 

Example 11. Find the value of — 9 (0<a< x). 

J y/(x 2 - a 2 ) 

Put x =a ch z where z > 0, then sh z > 0 ; 
V( x2 -a 2 ) = V{ a2 ( c h 2 2 - l)} = ash 2 since a >0, sh z > 0 ; 
a ^ s °i dx = a sh z dz ; 


dx 


y/{x 2 - a 2 ) 


a sh 2 dz 


a sh 2 = 5 ldz=z +c =ch -1 (xfa) +c. 


JVofe. The form of the integrand in Example 11 implies that 

. ~ a 2 is positive. If a is negative it can be changed into - a 

without altering the integrand. If x is negative, as in the integral 

r ~ 4 dx f 5 dv 

~n~y/(x 2 - 9)’ itis best to reduce the integral to — _ Q y by 

making the substitution x = - y. For this reason it is usual to 
regard x as positive in finding indefinite integrals. 
dx 


Tf 

J 


I 


~bV(x 2 - 9) 13 meanin gless, because there are values of x 
between - 5 and + 4 for which x 2, - 9 is negative. 


Example 12. Find the value of jy/{a 2 + x 2 )dx, (a>0). 

Put x=ash 2 , then dx=achzdz, 

and y/(a 2 + a; 2 ) = \/{ a2 ( 1 + sh 2 z)} = a ch z since a > 0, ch z > 0 ; 
Jv'(a 2 +x 2 )dx=Jach 2 .ach 2 d 2 =^a 2 J(ch 22 +1 )dz 

= £ a2 (£ s b 22 +z) + c = £a 2 (sh z ch z +z) +c ; 
but a ch z = V(a 2 + x 2 ) and a sh z = x, 

JV(« 2 +x 2 )dx=£xy/(a 2 +X 2 ) +^a 2 sh _1 (x/a) +c. 
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EXERCISE XIII f 

[Assume in this exercise that x takes only those positive values for which the integrand 
exists, except in No. 10.] 

Integrate with respect to x the functions in Nos. 1-6 : 


1. 


4. 


V(* 2 +9 )• 

1 

V(9x 2 +1)' 


2 . 


5. 


Vi 3 ?- 16 )‘ 

1 

V(16 - 9x 2 )* 


3. 


6 . 


V(4x 2 - 9)* 
x 

V(* 4 +1)‘ 


Evaluate the integrals in Nos. 7-11 : 


■J 


dx 


„\/(* 2 +9 )• 


8 . 


dx 


« V(* 2 - 9)' 


•j: 


dx 


V(25 - x 2 )* 


dx 


+ x 2 )* 


(Put x = -y.) 


11 . 


dx 


p Vi a2 + x 2 ) 


, (a< 0). (Puta=-6.) 


By hyperbolic substitutions, integrate with respect to x in 12-20: 

12. V(* 2 +9). 13. V(* 2 -9). 14. V(9x2 + 16). 


15. 


x 


V(1 + * 2 )‘ 

1 


16. 


1 


x 2 \/(x 2 - 1)’ 

18 - vK,-‘i)i — r v(-*-2*,. 

Use integration by parts for Nos. 21-23 : 
21. J sh _1 x dx. 22. fxch' 1 xdx. 


17. 


20 . 


V(* 2 - 1) 

x 2 


-\/(x 2 +2x +5)* 


23. f th _1 x dx. 


24. Evaluate 


[ 3 V (® 2 

J 0 


+ 16)dx. 


j: 


26. Find the area of the segment cut off from the curve y =Ch _1 x 
by the line x = 2. 

27. Prove that the area bounded by the curve y = Vi 3 ? " 4 )» the 
x-axis, and the ordinate x = 2\ is - 2 log 2. 

28. A particle moves in the x-axis so that its velocity v at the 
point (x, 0) is given by v =k Via 2 +* 2 ) where k, a are positive 
constants. Find the time taken to move from (i) x-0 to 
x = |a, (ii) x =0 to x = gO. 



CHAPTER XIV 


SYSTEMATIC INTEGRATION 


There is no general method of obtaining the integral (or primi¬ 
tive) of a given function, and in fact there are many comparatively 
simple algebraic functions whose integrals cannot be expressed 
in terms of the functions considered in this book. 

In previous chapters we have evaluated a number of standard 
integrals to which many others can be reduced, and we have 
explained the method of substitution which is often used in the 
reduction. 

The purpose of this chapter is to take stock of the results that 
have been obtained, and to show that certain types of functions 
can be integrated by a perfectly definite procedure. 

We give here a list of standard forms ; of these the student 
should be able to quote Nos. 1-12 ; and he must know how to 
obtain the remainder rapidly. 

The constant of integration will be omitted in this chapter for 
the sake of brevity. For the same reason, if the logarithm of a 
function occurs, it is implied that only positive values of the 


function are considered. Thus in (2) we write Ji dx — log x 

instead of the more precise statement dx =log | x | +c. 

Further, it is implied that x is confined to values for which the 
integrand exists. 


Standard Integrals. 


fx n dx= 


x n+i 

n + V 


(n=?fc - 1) 


\\ dx = logx 
J e z dx =e x 

J sin x dx = - cos x ; J cos x dx =sin x 
J sec 2 x dx = tan x ; J cosec 2 x dx = - cot; 

Sehxdx=chx ; J ch x dx = sh x 
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(1) 

( 2 ) 

(3) 

(4) 
(6) 
( 6 ) 
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J sech 2 x dx = th x ; J cosech 2 x dx = - coth x 


dx = tan -1 x 


x 2 ) 


Jv(i +* : 

\ ^&--T ) dx = ch ~' xAx>l) - 

\ f M dx=loenx) • 


dx =sin _1 x 


dx = sh _1 x . 


[ch. 

(7) 

( 8 ) 

(9) 

( 10 ) 

(ID 

( 12 ) 


(13) and (14) can be written down by inspection, using (12) : 

J tan xdx = - log (cos x) ; J cot xdx =log (sin x) . (13) 
J th xdx =log (ch x) ; J coth x dx = log (sh x) . (14) 

For (15) and (16), see p. 297. 

f —r— —dx =log (tan ix) • (1®) 

J sin x 

f—-— dx =log tan (4n- +^x) =log (sec x + tan x) . (16) 

J COS X 

(17) and (18) are the least important in this list ; see p. 297 and 
p. 270. 

(_i_ d * = log (th \x) . . • • • (1^) 


- dx = 2 tan -1 e* , . . • • (*®) 

_ ch x 

(19)-(22) can be deduced from (8)-( 11) or evaluated by corre¬ 
sponding substitutions ; see the note on (19). (20)-(22) can be 

treated in the same way as (19). After a little practice this can 

be done mentally. 



1 

+ x 


2 


1 

dx =- tan 
a 



. (19) 



J. 


ad(x/a) 
i4 “ J o*( 1 + ^/a r ) 


or put x — a tan 
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In (20)-(22) a is supposed positive. 


\ 

I 


V(a 2 - x 2 ) 

1 

V (« 2 +* 2 ) 

1 


dx = sin 1 


x 

a 

x 


dx =sh -1 - or log {a: +\/(a 2 -f x 2 )} 


. ( 20 ) 


. ( 21 ) 


dx =ch' 1 * or log {a; -f y/ (a -2 - a 2 )}, . (22) 


\/(x 2 - a 2 ) a 


where, for (22), 0 < a < x. 

The logarithmic forms of (21), (22) may be obtained by using the 
formulae on p. 275 or by the methods suggested in Exercise XIV e. 
Nos. 22, 23. 

To this list may be added the formulae 


$f(x)dx=$f{if>(z))4>'( z )dz where x = <fj(z) 
fuv'dx =uv - fvu'dx 


(23) 

(24) 


Simple reductions to the standard integrals in this list can 
often be done mentally. 

Thus applying mentally the substitution x +a = z we have 


dx — log (x -fa). 


Also, since 


X‘ 


_IN 

-a 2 2 a\x - a x+ a/* 


I 


1 1 

x‘-a* dx = 2~a l ° B x 


x - a 


+ a 


(25) 


By using similar substitutions, which should be done mentally, 
we have such results as 


J 

J 


dx 


(x+k) 2 -a 2 2 a 


1 , x -f k - a 

= o^ lo g 


dx 


1 


(x +k) 2 -fa 2 a 


= - tan -1 


x +k -fa 
x + k 


a 


and so on. 

No useful purpose is served by memorising such results, because 

they can be written down almost at sight, or at any rate with very 
little side-work. y 
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EXERCISE XIV a 


Write down the integrals with respect to x of the functions in 
Nos. 1-8 : 


1. 

(i) 

x 2 " . 

(ii) 

1 

~n ; 

(iii) 

1 1 

X X 2 ' 


2. 

(i) 

e ax . 

(ii) 

e~ z ; 

(iii) 

Ve x . 


3. 

(i) 

sin 2x ; 

(ii) 

cos ix ; 

(iii) 

tan 4 a;. 


4. 

(i) 

sec 2 3a: ; 

(ii) 

cosec 2 2x ; 

(iii) cot £x. 


5. 

(i) 

sh (2a: + 1) ; 

(ii) ch (1 - 2x) ; 

(iii) 

th (2a; +3). 

6. 

(i) 

1 

(ii) 

1 

(iii) 

X 


2x +3 ’ 

5 - 4x 9 

1 + 3x 2 * 


7. 

(i) 

1 

(ii) 

X 

(iii) 

1 


V(1-* 2 )’ 

VO-* 2 )’ 

V ( x2 - 

1)‘ 

8. 

(i) 

X 

(ii) 

1 

(Hi) 

x + 1 


Vi* 2 + 1) ’ 

V<* 2 + 1>’ 

Vi* 2 - 

Ty 


Write down or obtain the integrals with respect to x of the 
functions in Nos. 9-44 : 


9. 


15. 


18. 


21 . 


si n x 

10. 

COS X 

11. 

sec 2 x 

cos 2 x' 

sin 2 x’ 

tan x ’ 

tan 2 x. 

13. 

1 

14. 

1 

4 -f x 2 ’ 

V(x 2 -9)’ 

1 

16. 

1 

17. 

sin x 

4x 2 +9’ 

V(4x 2 +9)' 

1 + COS X* 

sh x 

19. 

1 

20. 

1 

1 +ch x* 

V(l-4x 2 )* 

Vi* 2 - 4)* 

X 

22. 

e x 

23. 

e x 

4 - x 2 ’ 

1 +e x ‘ 

1 -fe^' 


24 ' 1 + 9x2- 
27. sh x sech 2 x. 


25. th 2x. 


26. coth (1 - x). 


28. ch x eosech 2 x. 


29. 


c 2 *- 1 
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30. 


V(9x 2 - I)' 


31. 


V(1 - 9a; 2 )' 


32. sech 2x. 


33. 


36. 


39. 


42. 


(x+2) 2 +3' 


V(9 - (x - 2) 2 }' 


V{(x-2) 2 -9}' 


x 2 — 9* 


34. 


37. 


40. 


43. 


(3- x) 2 +25’ 


V{5-(2-3x) 2 }' 


V{(x +2) 2 +9}' 


25 - x 2 ' 


35. 


38. 


41. 


44. 


(2x +l) 2 +9* 


-v/{4 - (3x + l) 2 }' 


V{(3 - x) 2 +5}’ 


x 2 +6x+7’ 


Rational Functions. A function of x of the form 


a 0 +o x x +a^x 2 + 


+ o m x 


b 0 +6 t x -+-.+ 6„x" 

is called a rational function of a;, and if the denominator can be 
resolved into linear or quadratic factors the function can be 
integrated by expressing it in partial fractions. It is beyond the 
scope of this volume to give an exhaustive account of the general 
theory, but the following examples will enable the reader to deal 
with such functions as occur in ordinary practice. A knowledge 

hi I? me ^ hod of expressmg a function in partial fractions will 
be assumed ; see Durell, Advanced Algebra, vol. i. pp. 89-93 

When the rational function to be integrated is a fraction whose 

18 ^ 0t ° f 1 T ei ‘ degree than ite denominator, it is best 

Ton) bv^ UCmg fUnCti ° n (to a Polynomial plus a proper 
trac.ion) by division or an equivalent process. * P 


Example 1. Findf- ~dx. 

J x +2 

Since a;3 = * 3 +8-8=(a; +2)(x 2 - 2x +4) — 8. 

X 3 Q 

— 2=x2- 2x +4-- : 


8 

x +2 ; 


. f ** 

••J^ + 2 <fa=s ** 3 -* # +^*-*log (x +2). 
the n^TTtorlswThTn^hTt ofthe™mir^r. d6gree °* 
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If the denominator can be expressed as the product of any 
number of linear factors (including repeated factors), the function 
can be integrated by inspection as soon as it has been put into 
partial fractions. 

We start with examples where the coefficients of each linear 
factor are rational, because in such cases the numerical work in 
obtaining the partial fractions is comparatively simple. 


Example 2. Find 


x - 8 


x 2 -x-2 


dx. 


then 

Put x = - 1, 
Put x = 2, 


x 2 - x - 2 = (x + l)(x - 2) ; assume that 
x-8 A B 

x 2 - x-2~ x + \ x-2 y 

x - 8 = A(x - 2) +B(x + 1). 

... _9 = A(-3), A =3. 

- 6 = B(3), /. B = - 2. 

- -?-) dx. 
x-2 


\ /-"x S -2 dx = \{^l 


= 3 log (x + 1) - 2 log (x - 2) 


r 4x 

Example 3. Find J \ x _ l){x +Tf dx ' 


4x 


a + -^ + c 


Assume that ( x _ i)( x + \)2~ x - 1 a; +1 (* + l) 2 

then 4x = A(x +1) 2 + B(a; - l)(a: +1) +C(x- 1). 

Put 2 = 1. 4=A.2 2 , .. A = 1. 

Put*=-lf -4=C(-2), C = 2. 

Equate coefficients of x 2 , .*. 0 = A + B, /. B = - 1. 

f 4* ff 1 1 , 2 \ 

l)(x + l) 2<lX la:-l x + 1 (x+l) 2 J 


dx 


— log (x - 1) - log {x +1) - x + i 
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EXERCISE XIV b 

Integrate with respect to x the functions in Nos. 1-21 : 


1. 

3 

o 

X 

3. 

a: 2 

4-5x‘ 


1 - a;* 

X - V 

4. 

x 3 

5. 

1 

/j 

X 


x+V 

x 2 - 1* 

6. 

x 2 - 4* 

7. 

6 

8. 

x + 2 

9. 

5(a; +1) 


9 - x 2 

a:(a: - 1)' 

(a: - 1 )(x +4)* 

10. 

3a:+1 

11. 

x +10 

12. 

1 

(a; -f 2) a 

x 2 - x - 12* 

x 2 (x +3)* 

13. 

9a;- 8 

14. 

6a: 2 

1 r 

3a:+ 1 

a:{a: - 2) 2 * 

(x 2 - l)(x-2)' 

15. 

x 3 +x 2 ’ 

16. 

cc 2 - 1 
(* -3)3- 

17. 

2 

18. 

X 3 



a;(a; + l)(x +2)’ 

(x-i)(x-2 y 

19. 

9x 

20. 

xi 2 +2x - 1 

21. 

2x 2 - x - l 

(a; - l) 2 (a; + 2)* 

x 2 (a; - l) 2 * 

x s (x +1) * 


22. If jf(x) dx =log{l +/(*)}, find /(*). 


23. Use the substitution e*=«to find - dx 

J 1 +3e z + 2e 2z ' 

24. If (a^ - a 2 )^ = 6 2 , express y in terms of x . 


* Fac< ? r ** K the denomina tor contains a quadratic 
factor which can be expressed as the product of two linear factors 

with irrational coefficients, the method of partial fractions can 

still be used, but it is shorter to proceed as in Examples 4 5 
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Example 4. Find 


dx 


Si 


Side-work 


and 


"J 


’*■ J 9x 2 - 12x +2’ 

9X 2 - 12x+2 = 9(x*-*x + f) = 9{(x-§) 2 -- 2 -}; 

dx , f dx 

9x 2 - 12x +2 = s )(x- §) 2 -(£V 2 ) 2 ’ 

.. _2_ 1(Jl _LA. 

x 2 - a 2 2o\x - a x +a) 

dx 1 , x- a 
_ x 2 - a 2 — 2a ° g x + a J 
f rfx 1 1 x + k - a “] 

J (x + A:) 2 - a 2 — 2a °^x+A:+a'J 


9x 2 - 12x+2 _v 2V2 ° g l( X 3 

1 , 3x-2-V2 

"6V2 ° g 3x-2+V2* 


V2 

3 


o V 2 
x § + 3 


)} 


Note. The reader may at first find it necessary to write down 
in full the part of Example 4 labelled “ side-work ”, but he will 
soon realise that he needs only to remind himself of the first step. 


Example 5. Find 


~ x +1 
x 2 + x - 1 


dx. 


\Since -^-(x 2 +x- l)=2x + l, we express the numerator x +1 
j dx 


in the form A(2x + 1) + /x. 

By inspection, x + 1 = i(2x + 1) + \, 

f x + 1 f* 2x +1 1 dx 

••• ^T^i dx=i j^T^i dx + i _U 2 +*-i 

dx 

= Jk>g(x 2 +X- 1) +£ ^2 +x _l* 

x 2 +x- 1 = (x+l) 2 -$ = (x+l) 2 -iw 5 ) 2 ’ 
therefore, using the same side-work as in Example 4, we have 

f dx _ _ dx _ 

J x 2 + x - 1 ~J (x + £) 2 - (|V 5 ) 2 

=-4^iog{(x +£ - \vs)K x +£ +IV 6 )}; 

V o 

r _ , i 1 x +£- 

- j ^=4 lo e + x " 1 > + ^ log 
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Since x 2 +x - 1 = (x +£ - \y/5){x -f-£ +%\/5), this can be written 
iV((^ + V^) log (x +£- |\/5) +(5- \/5) log (x + £ +$V&))' 

but the first form is more convenient for computation. 

If the denominator contains a quadratic factor which cannot 
be expressed as the product of two linear factors (in real algebra), 
we proceed as in Examples 6, 7. 


Example 6. Find 
9x 2 


ind J; 


dx 


9x* - 12x + 8* 
12x+8 = 9{a**-$*+$} 
dx 




9* 2 - 12* +8 




dx 


§) 2 +(f> 8 ' 


There are two ways of completing the solution : 
(i) [side-work: f ad(x/a) 

L J a? 2 +a z J a 2 (x */ a 2 + 1) 


I x 

= - tan -1 — ; 
a a 


and 


(U) 


f dx 1 , , x+fc“| 

J(x+fc) 2 +a 2 a an a 

dx 

9X 2 -12x +8 = * ^ tan_1 {(* " §)/§} 

= itan-i(i(3x-2)}. 

Put £: — §= § tan 6 t then dx =§ sec 2 0 dd ; 

§ sec 2 6 dd 
(§) 2 sec 2 6 

= v = £ tan -1 {i(3x 


•••/ 


dx 

9x 2 - 12x+8 = ^ 


-2)). 


Note. At first sight method (i) appears to be the longer. It is 
however the shorter method, because with very little practice all 
the side-work will be done mentally. 
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Example 7. Find 


5 - 4x 


x 2 + 6x +14 


dx. 


TSince f (x 2 + 6x + 14) =2x + 6, we express the numerator 5 - 4x 
! dx 

in the form A(2x +6) + /x.J 

By inspection, 5 - 4x = - 2(2x + 6) + 17, 


5 - Ax 


x 2 + 6x + 14 


dx — - 2 


2x + 6 


dx +17 


f 


dx 


J x 2 + 6x +14 
= - 2 log (x 2 + 6x + 14) 4-17 


x 2 + Ox + 14 
dx 


(x +3) 2 +5 

Using the same side-work as in Example 6, we have 


Ji 


dx 


1 x +3 

tan' 1 - 


V5 


(x+3) 2 +(V5) 2 V5 

( Alternatively , put x + 3 = V 5 tan ^*) 

— 5 — - —dx= - 2 log (x 2 +6x +14) +—rtan' 1 —yr- 

When the denominator of the general rational function contains 
both linear and quadratic factors we begin by expressing it in 
partial fractions. The integration can then be carried out by 
the methods explained above unless there is a repeated quadratic 
factor. We give one example dealing with this exceptional case, 
but the general method involves the use of reduction formulae 
to which reference is made on p. 301. 


Example 8. Find 


4x - 2 


x(x - l)(x 2 + 1) 
4x - 2 = A + B 


dx. 


Cx +D 


Assume that _ j + j) x + x-l + x 2 + l’ 

then 4x - 2 = A(x - l)(x 2 + 1) + Bx(x 2 + 1) +(Cx + D)x(x - 1). 
Put x = 0, - 2 = - A ; A = 2. 

Put x = 1, 2 = 2B ; .*• B = 1. 

Equate coefficients of x 3 , 0 = A + B +C ; C = - 3. 

Equate coefficients of x 2 , 0=-A-C+D; .. D = - 1. 


•J 


4x - 2 


x(x - 1)(x 2 + 1) 


dx = 


■/ 2 _1 _ 3x + 1 

\x + x-l x 2 + 1 


dx 


= 2 log x +log (x - 1) 


»f 

" - J X 2 + 1 J 


dx 


x 2 +1 


= 2 log x +log (x - l)-f log(x2 +l)-tan- 1 x. 
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Example 9. Find ! - + t °., dx. 

J (x* + 1 ) z 


6x + 5 . ^ f 5 dx 

X ~ (X 2 + l) 2 + J ( x 2 + 


(x- + 1 )2 


X* + l 


+ 5 


dx 


(x 2 + In¬ 


putting x=tan 6, we have 

dx j* sec 2 (i dO 

(x 2 + 1 )* " J sec 4 0 = / cos2 6 dd 

= £J(1 + cos 20)d9z=\{9 + J sin 29) ; 

sin 29 = 2 sin 6 cos 9 = — tnn ° = _ 2a ~ 

tan 2 V + 1 x 2 + 1 ’ 

J(^TTj- 2=i ( tan ^ lx+ S5Tl) ! 


but 


6x + 5 3 

dx = - 


(x 2 + 1 ) 2 


x 2 + 
5a: - 6 




2(x- +1) 


1 + * tan -1 x. 


EXERCISE XIV c 

Integrate with respect to * the following functions : 


1. 

1 

x*+2‘ 

2. 

X 

x 2 + 2‘ 

3. 

i 

X 2 - 3* 

4. 

1 

2x* - V 

5. 

1 

2X 2 + 6‘ 

6. 

1 

3x 2 - 2' 

7. 

X 2 

X 2 + 9* 

8. 

x +3 
x 2 + 3' 

9. 

x + 2 

2x 2 +r 

10. 

2a; - 9 

4x 2 ~9’ 

11. 

(x + 1)8 
x 2 + l • 

12. 

X 3 

x 2 +2’ 

13. 

X 2 

x*+r 

14. 

1 

x 2 +2x +6* 

15. 

1 

x 2 +x+r 

16. 

i 

17. 

1 


i 


Ux - 3)2 +25 

(2x- 3) 2 - 25* 

18. 

3-(x-2)* 
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19. 

3x +2 

20. 

x 2 - 1 

21. 

1 

x 2 +2x +10' 

x 2 - 2x - 2' 

1 + x - X 2 ' 

22. 

1 

23. 

x + 3 

24. 

(1 +x)* 

x(x 2 + l)' 

(x- l)(x 2 + 1)‘ 

1 +x 2 • 

25. 

X 2 

26. 

1 

27. 

2 +x 

x 4 - r 

(x + i) 2 (x 2 + i y 

(4 +x 2 )f 1 - x)‘ 

28. 

1 

29. 

X - 1 

30. 

1 

(x 2 + 9) 2 ‘ 

(x 2 +4) 2 ' 

(x 2 +2x +5) 2 ’ 


Functions involving \/( ax + b) or V( ax2 + 2bx + c). 

If an algebraic function contains only a single irrational 
expression and if that is of the form y/(ax+b), its integral can 
be transformed into that of a rational fimction by the substitution 
z = -y/( ax + b) ; see Example 10. 

When there is a single irrational expression y/(ax 2 +2bx +c) 
the substitution z = \/(ax 2 +2bx+c) is not usually successful. 
By using the process of “ completing the square ” the irrationality 
can be reduced to one of the types \/{k 2 -z 2 ), \/(k 2 +z 2 ), 

\/(z 2 — k 2 ) where z=x+ — . If the integration cannot then be 

effected by reference to one of the standard forms a trigonometric 
or hyperbolic substitution should be tried; see Example 16, p. 295 


x dx 


Example 10. Find J {x +3)V(x _ J>- 

Put z = y/(x - 1), then x - 1 = z 2 , .*. dx = 2zdz ; 

f xdx f(l + z 2 ).2z_dz _ ? f2 2 + l 

*** J(x+3)V(^- 1) _ J 


(4 +z £ )z 


2 +4 


dz 


= 2 1 - 


= 22-6 


2 2 + 4 

Li_ 

2 2 +4 


dz 


dz , 


Si 


Side-work : 


dz f adlzUi) _ 1 tnn -i-~| 
"To 2 ) a 2 (z 2 /a 2 + 1) a a’J 


_£f?£- =23-3 tan' 1 1 

(x + 3)\/(x - 1) 2 

= 2y/(x - 1) - 3 tan" 1 {\y/( x 


- 1 )} 
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Example 11. Find 


dx 


J 


Vi* 2 + 4x +9)* 


dx 


y/{x 2 +4x +9) 


dx 


V{(x+2)2+5}' 


[iSV 


Side-work : 


dx _ f ad(xja) _ x 1 
V(* 2 +a 2 ) ]a\/(x 2 /a 2 + 1) -Sh a\ 

-J 


V (x 2 + 4x + 9) 


=sh* 1 


x +2 
~V5' 


Examide 12. Find 


dx 


V( 10x 2 + 8a; + 1)* 

10x2 + 8x +1 a 10(x 2 + fix + T V) a 10{(* + «)* - T . 

.. r_ — _ 1 r ^ 

“ J V(10x2+8x + 1) Vioj V{(*+I)*- T g*r 


\Side-work : = f ad (*la) _ , x 1 

L J \Z(x 2 ~a*) Ja^/(x 2 /a 2 - 1) “ ch 0 *J 

** Jv( 10 x 2 +8x +1) = vio ch_1 + s) / 

_ 1 lOx + 4 

\/10 V6 * Ifc is assumed in the working that 

x ' > it* V® ; if x + *r < - fVV'O, the result is 

" (1/V10) ch -1 {( - 10 x- 4)/V6}; see p. 277. 


Example 13. Find 


dx 


[si 


V(1 x 2 )* 

f—^_ r <ix 

JVd-*-*») Jvif-(*+*)*}’ 


Side-work 


■ 


dx 


ad(xja) 


Via 2 -x*) JoV(l- **/a*) ~ sin ' 1 1‘] 
dx 


- 


n 


V( l - * - *2} = sin " 1 «* + i)/(i vs» 

. 2x +1 

=sm —7T“* 

V5 


K 
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Any integral of the form 


dx 


belongs to one of 


y/(ax 2 + 2 bx +c) 

the three types illustrated by Examples 11-13. The more general 

(px +q)dx ^ Example 7, p. 290, by 

pb 

I'/nnr. 4 - 'Zti 1 4 -O — 

2a 


integral 


J 


y/(ax 2 + 2 bx +c) 

using the identity px+q = ^(2ax+2b)+q to split up the 
integral into two parts. 


Example 14. Find 
d 


x - 5 


V(4x - x 2 ) 


dx. 


Since -y-(4x - x 2 ) =4 - 2x, we write x - 5= - £(4 - 2x) - 3. 


dx 


Also, 4x - x 2 = 4 - (x - 2) 2 ; 


X - 5 , 1 

r 4 ~ 2x dx 3 

rf-r 

' /iA Oxdx 2 

V(4x - x“) J 

y/ (4x - X 2 ) 

V {4-(x-2) 2 }’ 


therefore, using the same side-work as in Example 13, we have 

- X ~ 5 -g- dx- - V(4x - x 2 ) - 3 sin' 1 {£(x - 2)}. 

y/ (4a; - x- 5 ) 


Alternatively , as follows : 


Put 

also. 




- 5 


dx 


-l 


x - 5 


dx. 


V(4*-* 2 ) -J V{4 - (* - 2) 2 } 

x- 2 =2sin 0, then dx=2cos0d0; 

4 - (x - 2) 2 =4(1 - sin 2 0) = 4cos 2 6 ; 

(2 sin 0 - 3). 2 cos 6 d9 
2 cos d 

= J(2 sin - 3) d6 = - 2 cos 0 
= - y/(4x - x 2 ) - 3sin' 1 {£(* 


x - 5 


-y/(4X - X 2 ) 


dx = 


3d 

2 )}. 


_ . . o1 f_^-can be reduced to one of 

The integral J (x _ k)y/(ax 2 +2bx +c) ^ 

the forms already discussed by the substitution x-k = ^ 
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Example 15. Find 


dx 


Xy/(9x 2 + 4x + 1) 


Put 


x = -, then log x = - log z, 
2 * 


, (x> 0). 
dx 


dz 


x 


also. 


1 


9X 2 + 4x + 1 — „(9 +4z +z 2 ) ; 


-h 


dx 


\/(9x 2 + 4x + 


T» - - f 


dz 


\/{2 2 +4z +9) 
z + 2 

= - sh 1 —— (see Example 11) 
1 -f2x 


= - sh -1 


xW 5 


x 2 dx 

( x 2 - ]) 3 / 2 ’ ( ' x> 


Example 16. Find 

Put x =ch #, (sh 0 > 0), then dx =sh 6 d6 and x 2 - 1 =sh a 6 ; 
for the positive value of the integrand. 


f x 2 dx r 

J(x 2 - l) 3 / 2= I 


ch 2 6 sh ddO 
sh 3 U 


r ch 2 e 

sh 2 6 


d0 


= /(l +cosech 2 6) dO =0 - coth Q 
— ch' 1 x - x!\/(x 2 - 1). 


EXERCISE XIV d 


Integrate with respect to x the functions in Nos. 1-33 : 


1. 

1 +x 
£ • 

2. 

X 

3. 

i 


V* 

vo +*>* 

l - v*‘ 

4. 

2x - 1 

5. 

i 

/* 

X 2 


VO - X) 

(x +2^/(1 - x)' 

o. 

V(*-2)* 

7. 

1 

8. 

1 

A 

1 


V(x? +2x -f 10)* 

V(5+4x-x 2 Y 


V(** + 6x +5)* 

10. 

1 

V(x 2 + X y 

11. 

2x +1 

12. 

x +1 


va -x*r 

V(* 2 +4 )• 

13. 

2x- 1 

14. 

1 - X 


1 


V (** + 3x +2)’ 

V(1 - X + X 2 )' 

15. 

V(1 -X-X 2 )* 
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16. 

I 1 -* 

17. 

/ * 

18. 

X 3 + 1 

V 1 +x 

v 2 +x 

y/(x 2 +4)’ 

19. 

1 

20. 

1 

21. 

1 

xy/(x 2 + 9)’ 

x\/(9 - x 2 y 

(X - 2)y/(x 2 - 1)* 

22. 

V(i +* 2 ) 

23. 

X 

24 

1 

• 

X 

va +**y 

(x 2 +1 ) 2 / 2 * 

25. 

X 2 

26. 

X - 1 

27. 

1 

(a; 2 -4-1)3/ 2 * 

Xy/(X 2 - 1)' 

X 2 \/(l +x 2 )' 

28. 

V(x 2 +1). 

29. 

V(4 - X 2 ). 

30. 

V(* 2 - 9). 

31. 

X 2 

32. 

X 2 +l 

33. 

X 2 

V(1 +**)• 

X 2 y/(X 2 - 1)‘ 

y/(x 2 +2x +2)’ 


34. Use the substitution x =2 cos 2 9 +3 sin 2 6 to evaluate 

r dx 

. V{(* - 2)(3 - x)}' 

35. Use the substitution x = 3 ch 2 9-2 sh 2 9 to evaluate 
Jy '{(x - 2)(x - 3)} dx , where x > 3. 


Trigonometrical Functions. A substitution which is of great 
theoretical importance for the integration of trigonometrical 
functions is 

tan \x = t. 


This gives £ sec 2 \x dx =dt. 



2 dt 
1 + t 2 ' 


Also, 


2 1 

sinx= r+7 2 ’ 


cos x 


1 - t 2 
”1 +t 2 ' 


Hence this substitution will transform the integral with respect 
to x of any rational function of sin x, cos x into the integral with 
respect to t of a rational function of t, which, we have seen, can 
be evaluated by the method of partial fractions. 

It must, however, be remembered that this substitution is often 
not the simplest one to employ in practice, but it can bo used with 
advantage for Jcosec x dx and for the more general integral 
f dx 


a +b cos x +c sin x 
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One case in which the substitution tan \x = t is unnecessary is 
when the integrand can be expressed as a homogeneous function 
of even degree in sin x and cos/; the substitution ta nx=z is 
then better, as in Example 17. 


Example 17. Find 


dx 


4-5 sin 2 x‘ 

4- 6 sin 2 x = 4(cos 2 x + sin 2 x) - 5 sin 2 x = 4 cos 2 x - sin* x. 

Put tan x —z, then sec 2 x dx = dz, 

. f dx __ f_ dx _f sec 2 x dx 

J 4 - 5 sin 2 x J 4 cos 2 x - sin 2 x ~~ J 4 - tan 2 x' 


-j4^-Ji(2Ti + 2Tl) dz 


. , 2 +tnn x 

= * 108 


a 


sin x 


J cosec x dx and J soc x dx. 

Put tan \x=t, then from p. 296 

dx _ f 1 +< 2 2 dt ri 

J cosec X dx = log (tan Ax). 

Hence, since sec x = cosec (Att + x), 

J sec x dx = log {tan Qn + A x)}, 

which may be written log — Sln x 

COS X 

b/a s" method : n0ted ^ !™""*** «“* be evaluated 

= P dx _ f sech 2 ix dx 

J sh x J 2 sh ±x ch $x J 2 th \x 


* that is, log (sec a: + tan x). 


f d (th Ax) 

~J~ihfx' =log(thJ*). 


/sech xdx was evaluated on p. 270. 
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Example 18. Find (i) 


dx 


5+4 cos 


(U) jfT 


dx 


5 cos x 


_ t , 2 dt 1 - 1* 

Put tan £x —t, then dx = and cos x = \ + 


(i) 


dx 


5+4 cos x 


Js(i 


2 dt 


+ t 2 ) +4(1- i 2 ) 


= 2 


dt 


9 + t 2 ’ 


f 0 ._, 7 f dx ad(xa) 1 , 1 ] 

Side-work : -g—— 5 = = tan' 1 

J a“ + x* a*-(l + x 2 /a 2 ) a a I 


dx t 

, . -= § tan -1 t.=\ tan' 1 (1 tan £x). 

5+4 cos a: 3 3 3 3 2 


(ii) J 


dx 


2d< 


4+5 cos x 


4(1 +* 2 ) +5(1 - t 2 ) 

1 


= 2 


dt 


9-t 2 


3 +tan £x 


+ '\dt 

3 +tj 


^ 1°^ 3 - tan ix* 


a cos x + /3 sin x + y 
a cos x +6 sin x +c 
the numerator in the form 


The integral 


[CH, 


dx can be simplified by writing 


A( - a sin x +6 cos x) + /i(a cos x +6 sin x +c) +v, 

where the coefficient of A is the derivative of the denominator; 
compare pp. 288, 290, 294 and see Example 19. 


Example 19. Find 


11 cos x - 16 sin x 
2 cos x +5 sin x 


dx. 


Suppose that 

11 cos x - 16 sin x = A( - 2 sin x + 5 cos x) +/*(2 cos x +5 sin x) ; 

then 5A +2/x = 11 and - 2 A +5/z = - 16 ; hence A =3, p = - 2. 

f 11 cos x - 16 sin x , f - 2 sin x + 5 cos x 

—-—- dx = 3 ■ 

J 2 cob x + 5 sin x J 


dx - f 2 dx 


2 cos x +5 sin x 
= 3 log (2 cos x +5 sin x) - 2x. 
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EXERCISE XIV e 

Integrate with respect to x the functions in Nos. 1-21 : 


7. 


10 . 


13. 


16. 


19. 


sec 2x. 

2. 

cosec §x. 

3. cosec a: sec x. 

cos x cot x . 

5. 

cos 2x sec x. 

6. sin Zx cosec 2 x. 

1 

8. 

cos X 

. 1 

1 + cos x' 

(1 +sin x ) 2 ‘ 

i • • 

1 + sin x 

1 

11. 

1 

i- 1 

5+3 cos x * 

3+5 cos x’ 

5-3 COS X 

tan x 

14. 

sin 2 x 

15 1 

1 + tan x 

1 + cos 2 x' 

X o • 

sin x +cos x 

1 

17. 

5 

,o 1 

1 +6in 2 x‘ 

1+2 cot x' 

1 | o c • 

lo-i-5 sin x 

1 

20. 

sin x +2 cos x 

o, 1 

1 - cos x + sin x' 

_ r dx 

cos x + 2 sin x‘ 

21* w 1 A . 

5-13 sin x 

Express J +x 2 )’ (* >0 )* in the form 

of a logarithm by 


* ' • — / 

the substitution x =cot 0. 

23. Express _ 4 )> («>2), in the form of a logarithm by 

the substitution x = 2 cosec 0. 

24. Find J\/(sec x - 1) dx by the substitution cos ±x =z. 


25. Find 


(1 + a:) dx 

x 2 t/(1 - x 2 ) tlle substi tution x =sin 0. 


/ sin” 1 x dx, J cos" x dx, J sin m x cos" x dx. 

If m and n are positive integers, these integrals can be found by 

the ln 1 te ^ rands ^ a sum of sines or cosines of multiples 
are b © done by elementary trigonometry if m and n 

re small For the general method see Durell and Robson 
Advanced Trigonometry , p. 169. SOn * 

{t 18 easier to use a substitution sin x =s or 
8 x ~ c > 88 m Examples 21, 22 respectively. 
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Example 20. Find J sin 2 x cos 2 x dx. 

sin 2 x cos 2 x =£ sin 2 2x = £( 1 - cos 4x) ; 

.*. J sin 2 x cos 2 x dx = yj(l - cos 4x) dx = £(x - £ sin 4x). 

Example 21. Find J sin 2 x cos 5 x dx. 

Put sin x =8, then cos x dx = ds, 

J sin 2 x cos 5 x dx = fs 2 ( 1 - s 2 ) 2 ds 

= J(s 2 - 2s 4 + s 6 ) ds 
= £ sin 3 x - f sin 5 x + i sin 7 x. 


Example 22. Find J sin 7 x sec 8 x dx. 

Put cos x =c, then - sin x dx =dc, 

1\ 8 


/. J sin 7 x sec 8 x dx = - J( 1 - c2 ) 3 ^r) cfc 




/! 

3 

3 

1 


‘j 

U 8 ' 

"c 6 

+ c 4 ' 

'c 2 


dc 


7c 7 5c 5 


1 1 

+ 3 - 

C J C 


= |sec'a;- £sec°x +sec J x 


7 ~ _ 3 


3 _ 


sec x. 


EXERCISE XIV f 


Integrate with respect to x the functions in Nos. 1-12 : 


1. sin 2 2x. 

4. sin 6 x cos 3 x. 

7. sin x sin 2 2x. 

10. tan 3 a\ 


2. sin 3 x. 

5. sin 2 x cos 4 x. 

8. sin 5 x sec 6 x. 

11. sin x cos 2 x cos 2a:. 


3. cos 4 x. 

6. cos 2 a; sin 3a;. 

9. cos 3 x cosec 4 x. 

12. sin 2 x sec 2a;. 


Obtain the following results : 

13. —— dX 2 - =sec x + log tan £a;. 
sin x cos* x 


14. 


dx . cosx , 

= - £ -T-t- + £ log tan \x. 

nr - Si 3T. ~ 


s in° x * sin* x 

15. J tan 4 x dx = J tan 3 x - tan x +x. 

16. J cot 3 xdx= - £ cot 2 x - log sin x. 
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Reduction Formulae. When the integrand involves an integer 
n (which is not a function of the variable) it may bo possible to 
express the integral in terms of a similar integral with n - 1 
(or n - 2, n-3, etc.) instead of n. Such a relation is called a 
reduction formula. 


Example 23. If u n =fx 1x e x dx, find a relation between u n and 
Wn-i* Hence find fx 3 e z dx. 

u n = Jx” d(e x ) = x tl e x - fe x d(x”) 

— x n e x — nfe x x n ~ 1 dx ; 

u n =^x n e* - n« n -i. 

« 3 = x 3 e z - 3u 2 , u 2 = x 2 e x - 2^, 

u^ = xe x - u Q = xe x - e 1 ; 

.*. u 3 = x 3 ^ - 3x 2 e x + 6xe* - 6e* ; 

fx 3 e z dx =e x (x 3 - 3X 2 + 6x - 6). 


Hence 

and 


Example 24. Find a reduction formula for —x—-—. 

J ( x 2 + 1)» 

u n ~ /(x 2 + l)-»dx =x(x2 + l)-n - Jxdfx 2 + 1)-" 

= x(x2 + 1)‘« +2njx2(x 2 + l)-"-i dx 
= x(x2 + l)-« + 2n/{(x2 + 1) - 3}(x 2 + dx 

= *(x 2 + 1)‘« + 2nJ{(x 2 + 1)-* - (x 2 + l)-"-*}dx ; 
n n =x(x2 +1)-" +2nu„- 2nu n+l ; 

.*■ 2nu wl = x(x* + 1)-» + (2n - 1 )u„. 


By TOtmg n - 1 for n a relation between can be ob¬ 
tained. By writing in succession n - I, n - 2, n - 3, . . 2, 1 for 

n the value of can be found in terms of and =tan“ 1 x. 
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J sin n 0 d0 and J cos" 0 d0. 

For brevity we put sin 0 =s and cos 0 =c. 

Then if u n = J sin" d dd, we have 

u n = JV*" 1 d( - c) = - C8 n ~ l + Jc d(s" _1 ) 

= - cs nl + (n - l)Jc 2 s"' 2 dd 
= - cs n - 1 + (n - 1 )J( 1 - s 2 )s"- 3 dd i 
u n = - cs 111 + (n - 1 )u n .2 - (n - 1 )u„, 

/. nu„ = - ci"’ 1 +(n - l)u n _ a . 


By successive applications of this result we can express Un in 
terms of u r if n is odd and in terms of u 0 if n is even. 

A reduction formula for J cos" 0 dd can be found in the same 
way. Alternatively, it may be deduced by changing 0 into 
%T7 +<f> in the previous result: 

if v n = J cos" ddO, nv n = sc" _1 +(n - l)a n -*- 


J sin"* 0 cos” 0 d0. A similar method could be applied to this 
integral. Alternatively , instead of integrating by parts, it is some¬ 
times convenient to start by differentiating a suitable function: 

-Th{8 p c q ) =psP' 1 c « +1 -qsP+'ci- 1 
du 

= J > 5 P- 1 c«- 1 ( 1 - S 2 ) -qsP+ l c9- 1 =psP- 1 c - ( p +g)« p+, c«* 1 . 

Integrating and denoting JV"c" dd by ii m n 

sPc* =pu p . lt q. l - (p +q)u p + lm q-i. 

Writing m for p +1 and n for q - 1, we have 

(m +n)u m n = -s m ' l c n+1 +(m- l)Mm-s.». 

In a similar way, or by writing - d for d and interchanging 
m and n, u m „ can be connected with u m n -1 i see Exercise XI g. 
No. 8. 
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By successive applications of these formulae, u m n can bo re¬ 
duced to u, n if m is odd, and to u m .\ if n is odd, and to u m 0 if 
m and n are even. 

u x n = f sin 0 cos’* 0 dO - -- cos n+1 0 ; 

1,n 3 n + 1 


Um i = f sin™ 6 cos 6 d6 =-- sin™ f 1 6. 

1 J m + 1 


iim, o is J sin™ 6 d.0 and is found by the reduction formula on p. 302. 


EXERCISE XIV g 

Use reduction formulae to find the integrals in Nos. 1-5 : 

1. jx^e^dx. 2. Jsin 6 0d#. 3. J cos 1 6d0. 

4. / cos 5 6 sin 6 6 d&. 5. J cos 4 6?sin 6 Odd. 

6. If u n = J (log x) n dx, prove that u n -f nu„.i = x(log x) n . Hence 
find j (log x) 3 dx. 

7. If u n = J tan n Odd, prove that u n +u„_ 2 = ~~J“* Hence find 
J tan 6 0 dO and J tan 5 d dO . 

8. If Um.n = J sin™ 6 cos” 6 d6 y prove that 

(m +n)u m>n =sin™ +1 ^cos"- 1 6 +(n - l)um.n-*. 

9. Obtain a reduction formula for J sh n xdx. 

10. Find J sec 6 6 d6 and J sec 5 6 dO. 

11. If u n = /(x 2 +a 2 ) n dx, prove that 

(2 n +1 )u n =x(x? + a 2 ) n +2na 2 u n _ l . 

12. If u n = Jx n ch xdx , prove that 

u n =x n sh x - nx n ~ l ch x + n(n - 1 )u n _ a . 

Hence find Jx 6 ch x dx. 

14. Find J ( —a __ j )3 

16. Find a reduction formula for J ^| ^ +2)n and evaluate 
J_ dx 

J + 2x +2) 3 * 


13. Find 




dx 


(x*+2)*' 


CHAPTER XV 


DEFINITE INTEGRALS 


The ordinary method of evaluating the definite integral 
f(x)dx is to find a function F(x) such that F'(x) =f(x) for all 
values of x from a to b, and then use the relation 


^J(x)dx = F(b) - F(a). 


It may happen, however, that although F(x) is complicated, 
as in Example 2 (ii), or even unknown, as in Example 9, p. 321, 
the definite integral F(6) - F(a) can be found for special values 
of the limits a, b by some other method not involving an explicit 
statement, or oven knowledge, of the general value of F(x). This 
is of practical importance because in most applications of integra¬ 
tion we are concerned with definite rather than indefinite integrals. 


rr/2 


sin m 0 cos" 0 d0, where m and n are positive integers or zero, 


Put 0 = \tt - <f>, then 


fir/S 

Si 
J 0 




sin 7 " 6 cos" 6 dd = | cos m </> sin" </>( - 1) d<f> 

W 2 


fir/3 

= sin" <f> cos m <t> d<{>; 


/. [* sin m ^cos" 6d0 = f sin" ^ cos m 6^ ; 

Jo - o 


hence the indices in the integral are interchangeable, and in 
particular, putting n = 0, we have 



sin m 0 dd = 


-n/2 

0 


cos m 6 dd. 
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fW2 

, if u m n — 

J o 


sin m 8 cos’ 1 8 d(J 9 


By the reduction formula on p. 302 

(m +n)u m n = - j^sm” 1-1 0cos” fl + (m - l)u m .. 2 n ; 

for m > 1, (m +n)u m n =(m- l)w m . a ; 

f*/» m — 1 fw/a 

srn m 0 cos” 0 d0 =- sin” 12 0 cos” 0 d0. 

Jo m + nj o 

(In the same way, or by interchanging the indices, it may be 
shown that, 


for n > 1, 


'"/* n - 1 

sin” 1 8 cos” 8 d.8 =- 

o rn +n 


rw2 


sin” 1 8 cos” -2 8 d.8 .) 


o 


By the special case of the general formula when 7i=0, we have 


J 


”/2 m _ 1 r w /2 

sin” 1 8 d8 — ■ -I sin” 1-2 # d8 ; 


m 


o 


i 


, W* 7W _ 1 fff/a 

by p. 304, cos m 8d8= - cos m ~*8d8. 

Jo w Jo 

These special results may be obtained from the reduction 

formulae on p. 302 for / sin 1 ” 8 d8 and / cos” 1 8 d8 or directly by 
integration by parts. 

JBy repeated application of these relations we can evaluate 

sin” 1 8 cos” 8 d8 where m and n are any positive integers (or 

zero). If this method is used, it is sufficient for the reader to 

remember the single relation u m>n n as it comprises 

the others, or else to know how to obtain it. Integrals of this 
type may alternatively be found as in Example 2. 

Example 1. Find (i) cos 7 6 dO ■ (h) J^'cos 6 8 d8. 


lSu n = 


(i) 


V/2 


cos” 8 d8. 


and 


(») 


and 


cos 8 dO = 1 ; tt, = - 6 • 4 • 2 - l/l 
. 0 7 7.5.3 " ST* 

-S« 0 5 

>/a 




= : 
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f "/2 

Example 2. Find (i) sin 4 0 cos 5 6 dQ ; 

J o 

rw 2 

(ii) sin 6 0 cos 4 6 dO. 

J o 

f W2 

Denote sin m 0 cos” 0 dd by thn.n* 

Jo 

(i) If there is an odd index, select it for reduction. 


u 4.5 ~ i> U 4 .3 _ o' : u 


__ 4 -i 


4.1 » 


and w 4i x = 


■tt/2 


sin 4 0cos 9d9 = ^-sin 5 0 = £; 

Jo 


(ii) 


. _ 4 2 1 _ 8 

• • “4.5 V T If TTY'S* 

-, _ 6 _ B 3,. _ 5 3 1,. 

W 6.4 — TO W 4.4 “TU 8 W 2.4 “ T¥ ¥ S u 0.4 » 


fff/2 


and w 0 . 4 = cos 4 0d0=££ 1 00 =£ £ W ; 


V/2 


W 6.4 = TT> $ & 2 £ £ 7r — TTTT 7r ’ 

Nofe. The student will find it easy to abbreviate the working 
as soon as ho has become accustomed to the process. 

Alternatively, the integrals may be evaluated as follows : 

(i) Put sin 0 —8, cos 9 d9 =ds and cos 4 0 = (1 - « 2 ) 2 ; 


J 


nhi 


sin 4 9 cos 5 9 d9 = 


« 4 ( 1 - « 2 ) 2 ds 


o 

n 


(s 4 - 2« 6 + « 8 )<& 


= W+*= 


1—8 

s nr 


(ii) sin 6 9 cos 4 0 = £( 1 - cos 20)(i sin 20) 4 

(sin 4 29- sin 4 26/ cos 29) ; 

and sin 4 29 = £( 1 - cos 40) 2 = £ - £ cos 40 + £( 1 + cos 80); 

V/2 

sin 6 0 cos 4 0 dO 
o 

= B V f W3 (| - \ cos 40 + \ COS 80 - sin 4 29 cos 20) 00 

r° “T /a 

= 7 rJ §0 - £ sin 40 + sin 80 - X V sin6 2 ^J Q 


j: 
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Example 3. Find f a^y^l - x 2 ) 3 dx. 

J o 

Put x =sin 9, dx =cos 9 dO and 1 - x 2 =cos 2 9 ; 

fl frr/2 

J x x y/ (1 - x 2 ) 3 dx — J sin 4 9 cos 3 9 . cos 9 d9 


i; 


72 


— I sin 4 #cos 4 6 dO 

= 1 i } J h* =***”• 


Example 4. Find | cos” 9 d9 where n is any positive integer. 

Jo 


f * 

| cos” 

J 0 


9 d9 = I cos n 9 d9 + 
o 


cos” 9 d9. 

J ir/2 


In the second integral put 9 =tt - <f>, d9 = - d<j>, cos 9 = - cos 

" „ f° r»r/* 

cos”0d0=J ( - l)”cos”</>( - l)d<f>=( - 1)”J cos n <f>d<f>. 

'tr 


*72 

Hence if n is odd 


, cos” 0 d# = 0 ; 

J o 


and if n is even, J cos” 9 d9 = 2 J 


cos” 0 d£? 


» n ~ 1 n ~ 3 311 _ (n - l)(n - 3) .... 3.1 

n n - 2 ‘ * * * n{n- 2) .... 4.2 **• 

This is sometimes denoted by —— 

n!! 


EXERCISE XV a 

Find the values of the integrals in Nos. 1-16 : 


rw2 . 

• si 

J 0 


sin 5 9 d9. 


4. J ^ sin 8 9 d9. 

„ f"/2 

* • sin 3 9 cos 4 0 d#. 
Jo 



r»/a 



2. 

Jo 

cos 4 9 d9. 

3. 


(V« 



5. 

Jo 

sin 7 29 d9. 

6. 


V/9 


cos 9 0 d0. 


o 

» 

tr 


cos 6 d0. 


fV/2 

8. J sin 2 9 cos® 9 d9. 
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11 . 


13. 


15. 


V/2 

sin 4 6 cos 8 0 dO. 
o 

(1 - cos 0) 3 d0. 
o 

ri 

x 6 \/( 1 - x 2 ) dx. 


J 0 


r 2 


x 3 \/(2 - x) dx. 



12 . 


14. 



~7t/2 

sin 4 6 cos 7 6 dd. 
o 

sin 2 6 (1 + cos #) 4 dO. 
o 

•l 

\/(x - x 2 ) 3 dx. 

0 

1/2 

- 4x 2 ) dx. 


Jo JO 

17. Find the value of J x( 1 - x) 3 > 2 dx by the substitutions 
(i) x=sin 2 d, (ii) 1 -x=y 2 . 


18. If Vn = 
(n> 2). 


fW4 

ta ri n Odd, find the relation between v n and 
o 

Hence find the value of i> 6 . 


Find the values of the integrals in Nos. 19-25 : 


19. 


21 . 


23. 


r rr /2 


ri 


x 2 sin xda:. 


20 . 


o 


x tan -1 xdx. 


fir/2 


x(l +cos x) _1 dx. 


0 

4-1 

- 1 


(1 - x 2 ) cos i7rx dx. 


22. x sin x cos 4 x dx. 


r n f 4 

24. x tan 2 x dx. 

J o 


"2 

25. -v/{(x - 1)(2 - x)} dx ; put x =cos 2 0 + 2 sin 2 0. 

J l 


26. Prove that 


r ws dx 

Jo ch 2 a - c 


COS 2 X 


= — /1 sh 2a I. 


27. Find the whole area enclosed by a A y 2 = x s (2a - x). 


28. Prove that the area of the loop of ay 2 —(x - b)(x c) 2 , 
’ c > b > 0, is yV\/{( c - fe ) 5 /«>- 

29. AB is a diameter of a given circle, centre O ; PQ is a variable 
chord parallel to AB. Prove that the volume generated by 
the revolution of the quadrilateral APQB about AB is a maxi¬ 
mum if cos AOP = ^(-\/13 - !)• 
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30. A particle of mass m moves in Ox under a variable force so 
that its position (x, 0) at time t is given by x = 2a(2t - sin 2 1) 
where a is constant. Prove that (i) the force is 8ma sin 2t, 
(ii) the work done up to time t is 32ma 2 sin 4 *, (iii) the power 
at time t is 128ma 2 sin 3 1 cos t. 


31. The density of a semicircular lamina, radius a, varies as the 
distance from the bounding diameter. Prove that the centre 
of mass is at distance 37ra/16 from the centre. 


32. Evaluate 


n 


dx 


q ( x 2 _ 2 X + 2) 3 by the substitution x = 1 + tan 9. 

33. Prove that the area bounded by the x-axis, the ordinates 
x = 0, x=tt, and the curve ij{5 + 3 cos x) = 1 is J-. 

34. Prove that f + - -0 < a < tt. 

J -i 1 - 2u: COS a + X“ 

Find its value for i r < u < 2ir. 


Infinite Integrals. 

We have supposed hitherto, in discussing definite integrals, that 
the range of integration is finite and that the integrand is con- 
tinuous. It is sometimes convenient to assign a meaning to an 
integral in which one or both of these conditions does not hold • 
such integrals are called “ improper ” or “ infinite ”, 


Infinite Integrals ; infinite Limits. 
Suppose that t >1 ; then 


« 1 

-o dx 


x - 


When 1 -+ <x> t 1 - | l. 


-[- 


.*• f* dx = 1. 

J 1 X 2 

This is expressed more shortly by 


r 





and this in an sample of an infinite integral which has a meaning. 
On the other hand, J‘ - dx = log t, and this increases indefinitely 

when * -> 00 ; hence the infinite integral J ™\dx does not exist. 


F 
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In general, if 


we write 


lim 

f—*30 J 


t 


f(x) dx =l , 


a 

■00 


f(x) dx =1 ; 


it is understood that the integral 


f(x)dx exists; otherwise 


J « 


there could be no question of the existence of its limit. 

Cb 

Also, if f(x)dx tends to a limit when t±-*-— oo, we denote 
J tl ^ 

this limit by J f(x)dx. 


CO 


And if I f(x)dx tends to a limit when t -*■ a> and ^- co 
^1 

r+oo 

independently, this limit is denoted by f{x) dx. 


CO 


Example 5. Discuss the existence of the following : 

COO j 


(i) 


(i) 


i V* 

If t> 1 


dx ; (ii) 


‘QO 


COS 


f+® dx 

xdx ; (iii) J _ >s iTP' 


f« i r y 

, ——dx= 2Wx =2V<- 2 * 

JiV* L Ji 


But when t-*■ oo, 2 \/t->oo ; therefore the integral does not 
tend to a limit when t -> co ; 

•oc j 

—— dx has no meaning, 
i V* 


(ii) 


p r y . 

cos x dx = sin x =sint 

J o L Jo 


But there are indefinitely large values of < for which sin t takes 
any assigned value between - 1 and +1 ; therefore sin t does 
not tend to a limit when t -*■ co ; it is said to oscillate finite y. 


•00 


(iii) 


j: 


cos x dx has no meaning. 


= tan -1 1 - tan -1 ty. 


When t 


*1 — — 1 - j 

oo. tan -1 1 —> ^7T and when U -> - °o, tan" ty-+ - $ 
therefore tends to - ( - £-), that is to tt. 


J 


+® dx 


_oo 1 


exists and equals it. 
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EXERCISE XV b 

Discuss the following infinite integrals and, when possible, find 
their values : 


r® dx 
* } 1 

r+°° xdx 

' J 


’■r 

-j: 

13 r dx 

Ji *(**+!)• 


x 2 - 1* 


xe~ x dx. 


15. Prove that 


" Jr * 2/3 ' 

r 

. sin x dx. 

J o 


3. 



dx 


o ^+9* 
e x dx. 


00 


8 . 


+ CC 


dx 


-®r- 2x +2 


■■j: 


dx 
ch x' 


■i 


9 r dx 

• J, x^+l)- 

i2. 

1 * 


14 


•r 


j:^ 


dx 


2x cos a + 1 


= 2 


- 0 


e ' T (cos a; - sin x) dx. 

1 rfx 

+ 2x cos a + 1* 


Infinite Integrals : discontinuous Integrand. 

Suppose that t <1, then 
~ l dx r 

0 V(l-x) = L - Wd - x)J o =2 - 2V(1 - 0. 

When t-»-l through values less than 1, V(l-0-»-0 and thJe ; a 
sometimes written, lim V( 1 - 0 = 0 ; ' h18 19 

h ®nce lim P_ — X -o 

f-i-Jo va-*)“ 

This is expressed more shortly by 

dx 


i. 


= 2 


a mi “ g eXamPl0 ° f " — <k ^- -tegral which has 

Note. It is necessary to restrict * to values less thnn i v 
\/( 1 - t) has no meaning when t > 1 and the inteim* a • because 
% 1 : K is because 

that the integral is not an ordinary one. toed for x = 1 
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In general if f{x) is defined from a inclusive to 6 exclusive, that 

is for a < x < b, and if 

't . f 6 

lim f(x)dx=l, we write f(x)dx=l. 
t—>b - J a J a 

Also, if f(x) is defined from a exclusive to b inclusive, that is 

m b 

for a< x<6, and if lim f(x) dx exists, we denote its value by 

tj—►tz-f- m t\ 

rbf(x) dx. 

a And if f(x) is defined from a exclusive to b exclusive, that is 

ft 

for a<x<b, and if f(x)dx tends to a limit when t -> b - and 

J< ‘ rb 


t x -> a + independently, we denote the limit by | f(x)dx. 

More generally, if f(x) is undefined for a value x=c which lies 
between a and b, 

rb re rb 

f(x)dx is defined to mean f(x)dx + f(x)dx, 

J a J a J c 

provided that each of these integrals has a meaning. 

Example 6. Discuss the existence of the following : 

f 1 dx f +1 dx 


u ‘ >0 < \]^b xV3 


=4(1 -* 2/a ). 


*1 dx 

But when t -> 0, t 2 ' 3 0, lira - 5 — =4 ; 

t —0 j t V x 


f - 57 - exists and equals 

Jo# x 


(ii) The integrand is undefined for x=0, and for the existence of 
the integral it is necessary that each of the infinite Integra s 

f dX n and I* should exist. 


J-i*‘ Jo* 

adx r 11 1 1 , 

But for t >0, j t j. -[ " ~ 1 ! 

1 r 1 dx 

and when £-> 0 +,-->+ \ ( x 2 


has no limit. 


Hence 


+ 1 dx , 

0 has no meaning. 

* 
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These examples emphasise the fact that the relation 

> 

f(x) dx = F(6) — F(a) cannot be used without special examination 

unless F ( x) =f(x) for all values of x from a to b, both inclusive. 
d / 1\ 1 

^ 1US dx\ ~ x ' ~ x 2 U8Ual, y» Hi is equation has no meaning if 
x=0, and, since this is a value between - 1 and +1. we cannot 

"+* 1 r in+* 

~ x \ ’ *‘ e ' " 2 * a nd in fact we have 


say that 


x 


1 

2 dx equals 


proved in Example 6 (ii) that this integral has no meaning. 

Transformation of Infinite Integrals. If a substitution is used 
to evaluate an infinite integral it is necessary to show that the 

transformation is legitimate. This is best done by reasoning from 
first principles. 


Example 7. Find (** ^L-dx. 

Put y/x =sin 6 where 6 is acute; then 0 increases from 0 to Itt 
when x increases from 0 to 1 ; 2 

x = sin 2 0, dx = 2 sin 0 cos 0 d0. 

v/2 sin 0 


u 


X 


dx 


-i 


2 sin 0 cos 0 d0 


o cos 0 
= 2j sin 2 0 d0 = ^ir. 


To justify the process we may argue that, for 0 < t < 1, 

fj TZHc dx = 2 J Q sin2 6 de where o = sin' 1 y/t, 

because these are ordinary integrals to which the substitution 
method can properly bo applied. But U 

z\y* 2 & d0 = (l - cos 20) d0=a-sin a cos a 

J 0 J 0 * 

and a - sin a cos a -> |tt when a -* £tt, that is when t-» l - 
Hence [ 




i“ P "r h * r * h " 
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Example 8. Evaluate the integral 
What happens when e ^ 1 ? 


dd 


0 1 + e cos 6 


where 0 < e < 1 


2 dt 


Put tan \d —t, then £ sec 2 iddd =dt, dO — ^ » 

1 - t 2 

and cos 0 = (cos 2 \d - sin 2 -£#)/(cos 2 \d + sin 2 \d) = ^ ; 960 P- 296. 

Also, as 0 increases from 0 to ir> t increases from 0 to oo. 


f" dd _ f 00 
*** J 0 1 +ecostf "J 0 (1 


2 dt 


_ 2 r° 

~~e) Q 


+ t 2 ) +e(l -t 2 ) 
dt 


t 2 


, where c 


/I +e 
"V l-e* 


Si 


Side work : 


dt _r cd(tfc) _ 1 * " 

■+t 2 ~Jc 2 (l+l 2 /c 2 ) c tan c* J 


f* dd 2 O* 

A J 0 1 +ecos</ 1-eLc c J 0 

2 Z 1 ~ e ?r _ 

1 - e\f l+c2 


7T 


V(l- 02 )' 


If e ^ 1 there exists a value a of # in the range of integration 
for which 1 + e cos # = 0, and the integrand is meaningless for that 

C a dd 

value of d. It can be shown that the integrals 


1 + e cos d 


and 


dd 


J a 


1 +e cos d 


do not exist, and so 


IT 

. o 1 + 


dd 


e cos d 


has no meaning. 


EXERCISE XV c 

Discuss the infinite integrals in Nos. 1-18, and, when possible, 
find their values : 

+ l dx 

1. I 777Z -T. I o-r* °* I l **- 

’w/3 cos X dx 

0 V( sin *)* 


r 2 dx 

2. 

r 2 dx 

3 'J 

Jo w-*)' 

0 2-x 

r +i 

X’ 2 / 3 dx. 

5. 1 

J 

" + 1 dx 

-,V(i -»*)■ 

1 
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7. 


r, 

Ji \ 


-i: 

■■•I 


dx 


V(x-2 y 


8 


r* dx 

* irrp 


. +w/2 

“• I cosec x dx. 

n/2 


*00 


10 . 


dx 


o (x + l)(x +2) 


cos x dx 


-r 


\/(sin 2 a - sin 2 x)" 

12. 

J 0 V(l-* 2 )' 

x i dx 


f 1 

(1 

14. 

x log x dx. 

J 0 

dx 

x(x +1) 2 * 

16. 

r+ i / i+x 
J-iV l-x 1 

x 2 e~ x dx. 

18. 

f 3 da: 


dx. 


V{(3 - x)(x - 1)}* 


19. If a > 0, prove that (* - -^-— =-!L 

Jo (a + x)(a 2 + x 2 ) 4a 2 ’ 

What happens if a < 0 ? 


20. If 0 < 6 < a, prove that | - 

J oa 

21. If «„=J 


c£0 


+ 6 cos# V(a 2 -6 2 )‘ 


p rove that if n ^ 1, u n =nu n . v 
Find the value of u n when n is a positive integer. 


22. 


I* «n=J 


® dx 

0 (1 +x*)n’ prove thafc if n > 1, u n 


2n- 3 
2n - 2 Wn ~ 1 ' 


Find the value of 


r*00 


dx 


o (1 +a; 2 ) 8 ’ 
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Generalised Measure of Area. 

Fig. 115 represents part of the graph of y — 1/(1 + x 2 ). The area 



measured by 


bounded by Ox, O y, the ordinate x=t , (t > 0), and the curve is 

t dx 

- - 5 , that is by tan - 1 1 . 

^» l+x 

When t-+<x>, tan -1 1 -* §7r; therefore the infinite integral 
dx 

-- 2 exist-s and equals \tt. We say that this infinite integral 

j 0 1 

measures the 44 area ” between Ox, O y, and the part of the curve 
for which x is positive, and therefore that the “ area ” is %7r. 

Here the word “ area ” is used, in a new sense, of a portion of the 
plane which is not in fact bounded and is defined as the limit of 
an ordinary area. 

r 

More generally, if the infinite integral | f(x) dx exists we say 

that it measures the “ area ” between the x-axis, the ordinate 
x=a, and the part of the curve y =/(x) for which x>a. Other 
types of infinite integrals can be associated with “ areas ” in the 
same way. 

Also, a generalised measure of “ volume ” can be defined as a 

limit of an ordinary volume. 

The two kinds of infinite integrals 
which have been discussed on p. 309 
and p. 311 are not essentially distinct. 

Suppose Fig. 116 represents the 
graph of y =/(x), where/(x) -» ® when 
x —► 0 +, and /(x) — 0 when x -* *>. 

f(x)dx is an infinite integral 

of the first kind, and, if it exists, 
measures the “area” APNx; also, 



roo 


Then 


/(x) dx is an infinite integral of the second kind and, if it exists, 
measures the “ area ” yONPB. 
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The first of these could be transformed into an integral of the 

second kind by the substitution x = - provided the substitution 
is valid. 

If/(x)= 1/^/x it is easy to see that the area yONPB exists and 
that the area APNi does not: 


If t x > 0, 


c dx 


V x 


W x \ =2y/c - 2y7j ; 


But 


.*. area yONPB = lim (2 y/c - 2y/t x ) =2^/c. 

t x —>0 + 

/ —2-y/t - 2y'c, lim f —does not exist. 

'V x <-ho Jcv/i 


EXERCISE XV d 

1. Find the area between the x-axis, the line x =2, and the part 
of the curve y = 1 /x 2 for which x > 2. 

2. Find the area between the z-axis and the curve y{x* +a 2 ) =a 3 . 

3. Sketch the curve xy* =4(2 - x) and find the total area between 
the curve and the i/-axis. 

4. Sketch the curve y\ 1 - *) = * and prove that the area between 

the curve and the line a: = 1 is tt. between 

5 - poTt^^rZ^T urve ^ + - )i «‘ and the 

6 - a^tt^n^ 

7 ' bnff-f"! yi=X 'l[ l - - 2 ) and find the area between the 

and the part of the curve for which x is positive 

9. Prove that />*(**- l)dx is zero and mtorprot tho result 
geometrically. 
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10. Find the total area between the curve y=sechx and the 
x-axis. 

11. Sketch the graph of y = 1/(1+2 cos a:) from x=0 to x=-. 
Prove that the area between the axes, the ordinate x=^7r, 
and the curve is ^\/3 log (2 + \/3). Is there a measure for 
the area between the x-axis, the ordinates x=%tt, x=tt, and 
the curve ? 

12. Prove that the volume of the solid formed by the revolution 
about Ox of the area between Ox, the ordinate x = l and the 
part of the curve xy = 1 for which x > 1 is t. 

13. Find the volume of the solid formed by revolving about Ox 
the area between the axes and the part of the curve y =e~ z 
for which x is positive. 

14. P is any point on a circle, diameter AB ; AP meets the 
tangent at B in T, and AQ is taken on AT so that AQ=PT. 
Prove that the area contained between the locus of Q and the 
tangent at B is 3 times the area of the circle. 

15. Find the centre of gravity of the area bounded by the x-axis, 
the ordinates x = l, x=n, (n>l), and the part of the curve 
y = x~ 3 between those ordinates. Has this point a definite 
limiting position when n -> + go ? (If so, the limiting position 
can be called the “ centre of gravity ” of the generalised area.) 

Can any meaning be assigned to the centre of gravity of 
the whole area between the axes and the part of the cur\ a 
y =x‘ 3 for which x is positive ? 

16. Find the “centre of gravity” of the volume of the solid 
formed by revolving about Ox the area between the x-axis, 
the ordinate x = l, and the part of the curve yx^x = l for 
which x> 1. 


General Properties of Definite Integrals. 


It was shown on p. 102 (Vol. I) that 


rt> 


f(x) dx = 
a 



dx +J /(x) dx 


for all values of a, b, c for which the integrals exist. 

We shall now prove some other general properties, 
should be illustrated graphically by the reader. 


All of these 
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(i) J*^f(x)dx = J" 


x) dx = | {f(x) + f( - x)} dx. 
0 


j: 


f(x) dx = 


0 


f(x) dx+ I /(x) dx ; 
Jo 


-fa 


and, putting x = - z 


r. 


f(x) dx = 


/(- 2 )(- 1 ) dz — f* /( - z)dz— f J(-x)dx i 
a Jo Jo 


hence the result follows. 


J 

1 


Two special cases should be noticed : 

If/(x) is an odd junction of x, that is if /(-x) = -/(x), then 
/(x) dx = 0 . 


— a 


If /(x) is an even junction of x, that is if /( - x)=/(x), then 
-fa 


/(x) dx = 2 


/(x) dx. 


o 


Thus, for example, 

f +,r/2 r+«r/2 r+wa 

J _„ /a (1 +si“*) 2 ^=J _^(1 + s\r^x)dx +J _ ^2sin xdx 


Cnli 

= 2 (1 +sin 2 x) dx+0 

J o 


= 2(£- +^7r) = 3~/2. 


(“) J Q f(x)dx = J“f(a-x)dx. 


r. 

J 0 


Put x =a - 2 , then dx = - dz • 


j(x)dx 


- ~ J a /(° “ z ) dz = J 


2) dc = | /(a - z) dz. 

o 


Thus, for example. 


and 


p* . fir/a 

J 0 /(sm X, cos x) dx = J ^ /(cos x, sin x) dx 

J # x m (l - x)«dx=j\"(l - x)”»dx. 
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(iii) If for all values of x in the interval a^x^ib, 

we shall prove that 


m( 6 -a)< f(x)dx^M(b - a). 

_ a 

As on p. 131 (Vol. I), let the interval from a to 6 be divided into 
n parts at x lt x 2 , . . x n . lt so that a < x l < x 2 < . . . < x„. l <b. 


Then J f(x)dx is the limit, I, of 

(*i - «)/(«) + (*2 - + . +(b - Xn.Mxn.J, 

when n —> q o and the lengtli of even the longest sub-interval tends 
to zero. But this sum always lies between m(b - a) and M (6 - a ); 

I ^ m(b - a) and I ^ M (6 - a). 


If f(x) is continuous in the interval a<a;< 6 , and m =£ M, it can 
actually be proved that l>w( 6 -a) and I < M (6 - a) ; hence 
I = n(b - a) where m < k < M and not merely m< k ^ M. 

Also, it can be proved that a continuous function f(x) assumes 
any value k between m and M for a value £ of x inside the interval 
(a, b) ; that is a value £ of x exists such that 

/(£) = K * a < £< b, if m<K< M. 

These results, which we shall not prove in this book, may be 
stated : 

m(b — a) < J f(x) dx < M(b — a) 


and J f(x)dx = (b-a)f(£), (a<£<b). 


This second result is called a mean-value theorem for integrals 
and it may also be expressed in the form 

rb 

J f(x)dx =(b - a)f{a + X(b - a)}, ( 0 <A< 1 ). 


The mean-value theorem also holds when o> 6 , since the ex¬ 
change of a and b merely alters the sign on both sides of the 
equation. 
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(iv) If f(x) is a continuous function for the interval a x 

d 

if tp(x) = J ^f(x) dx, then ^<p(x) = f(x), a < x < b. 

If x and x + 8x lie in the interval (a, b), 

<P{x + 8x) - <f>(x) = \ f(x)dx- f(x)dx 

J a J a 


b. 


-I: 


z+lx 
X 


f(x) dx 

= 8 xf(x+\8 x), 0 < A < 1 ; 

<fy(x + &r) - <! lx) 

• • -- =f(x + A 8 x), 0<A< 1 . 

But, by hypothesis, f(x) is continuous in (a, b) ; 

when 8 x -*■ 0 , f(x + Aria:) ->f(x) ; 

. <£(* + &r) - <f>(x) . d .. . . 

•• */<*); .% =/(*). 


Example 9. Find 


" x sin x 


dx. 


o 1 + cos'- x 

From (ii), p. 319 , or by writing tt - x for x> 

sin x 


a; si 

Jo 1 +© 


cos 2 a; 


dx 


4 

Jo 1 


“ - x) sin x 

— dx 


+ cos 2 X 


;. 2 f^ 

Jol +c 


+ COS 2 X 


_ f ff TT sin X , f* xsin x 

J 0 1 +COS 2 x <lx J 0 1 +COS 2 X dx ; 
f n - sin x 

x ~ i ;-o ^x 

J 1 +cos 2 x 

■I 


_ r 1 *-( - 1 ) dz 

. i , _ 2 —» where z — cos, x 


J 


= - ’’•[ten-1 *] + j = - »( - in- - in-; 


* x si »* , , , 
r+cos 2 i dx= i ,r - 


and 


9 
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Evaluate the integrals in Nos. 1-8 : 


1. cos” x dx if (i) n =5, (ii) n = 6 . 

J o 

f + W 2 

2. sin” xdx if (i) n =7, (ii) n = 8 . 

J ir/2 

3. [ cos” xdx if (i) n = 4, (ii) n =5. 

J o 

4. sin 3 x cos” x dx if (i) n =3, (ii) n =4. 

J o 


xdx if (i) n=l, (ii) n = 8 . 


3. cos” xdx if (i) n =4, (ii) n =5. 

J o 


r+" x 5 dx 

J +x 2 ' 

sin 4x 
—:- dx. 

Jo smx 


C + n 

I. X SI 


sin x dx. 


8 . | sin 4x cot x dx. 

j o 


9. Prove that f(x)dx= /(2a - x)dx, and deduce that 

. a Jo 


f(x) dx = {f(x ) +/( 2 a - x))dx. 

o Jo 


10. Prove that /(sin :r) dx = 2 /(sin x) dx. 

Jo - o 

11 . If/(cos x) is an odd function of cos x, prove that 


/(cos x) dx =0. 


rb 1 fnb 

12. Prove that /(ra)(// = - f(x)dx. 

J a n . na 

13. Give alternative forms for 

fb fb-c 

(i) /(a +b - x) dx ; (ii) f(x+c)dx. 

J a - a —c 

14. If /-(c - x) =4>(x), prove that 

\ C x 3 <f>(x)dx = ?,c C x 2 j>(x)dx - Ic 3 <t>(x) dx. 

Jo " - o Jo 
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In Nos. 15-17 find values of £ within the limits of integration for 
which the results are true : 


15. 


x*dx=g*. 16. f" 2 sin 2 xdx = £ 7 rsin 2 £. 17. P = ~. 

fi /2 dx 

18. Prove that — j- _ ^ lies between 0-5 and 0-53. 

19. Use the inequality, sin a: < V(sin x) < V*, (0 < x < J?r), to 

r^r/4 *“ 

P r ° ve that \/(sin x) dx lies between 0-29 and 0-47 

J o 

20. Prove that x sin 2 xdx = £tt 2 , by dividing the range into two 
parts, 0 to bir and Jx to 


21 . 


Prove that, if t > 0, is independent of f 


without evaluating the integrals separately. 

22. Point out the mistake in the following : 

^_ [ n sec 2 x dx f ~|ir 

+ sin 2 x ” J 0 I + tan 2 x = l** 11 ' 1 < fcan *)J = <>• 


COS* X 


What is the true value of the integral ? 
23. Prove that f' --£*? 

J»/« 1 


+ cos a sin x , . 

and deduce that 


__ fW* ( 7 r - x) dx 
Jo 1 + cos a sin x* 


xdx 


~a 


o 1 +cos « sin x sin a’ w * iero 0 < a < 


IthTT. 
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GEOMETRICAL APPLICATIONS 

Length of an Arc. It is impossible to identify any portion of a 
curve, however small, with a straight line, and when the word 
“ length ” is associated with the arc of a curve it is used in a new 
sense which needs to be defined. 

Suppose that any open n-sided polygon APjP 2 . . . Pn-iB is 
inscribed in the arc AB of a curve, and denote its perimeter. 



s so that it increases with t. 

A line PQ drawn along the tangent at P in the direction ot s 
increasing is called the positive direction of the tangent at P, an 
one of the angles from Ox to this positive direction, measured in 
accordance with the usual convention of trigonometry, is denotec 
by xp. The actual values of xp are chosen if possible so that «p 
changes continuously. See Pig. 118. 
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Consider now the arc AB of a curve y =f(x), and first suppose 
that the angle xfy between the tangent at (x, y) and the *-axis 
is not only a continuous function 

of x but is also acute and in- / _ . , 

creases steadily as (x, y) moves y \ **- + ']*s 

from A to B. j'jS' 

Let P r Pf+i be any side of the p r 

open polygon inscribed in the A 

curve, let the coordinates of P r be i I 

( x r> Vr) and let i p r be the value of ' • 

t corresponding to P r . Draw P r K r C* N~ r + 1 \ 

parallel to the a:-axis. 

Since ^ increases steadily and F,Q * 119 * 

remains acute, the angle K r P r P ril> which equals the angle that 
t-V^r+i makes with Ox, lies between i l T and \f, rn . But 

^*rPr+i == ( 3 ; 7 -+i - x r ) sec K r P r P r+ , ; 

p rPr + i lies between (x r+l - x r ) sec »/- r and ( x r+l - x r ) sec ^„ 

and therefore the perimeter of the open polygon AP,P p B 
hes between 1 * * * * P »-» B 


n -m •* 


Fio. 119. 


ft- 1 


? (Xr+1 ~ * r)sec tr and 2 (x r+l - x r ) sec ^, +l 

0 

where x Q , x n stand for the abscissae a, b of A, B. 

But by the theory of definite integration, see p. 132 (Vol. I), the 

limit of each of these sums is J‘sec,M*, and it is known that 

this integral exists, in virtue of the assumed continuity of sec 

the length of the arc AB = * = j" sec ifdx. 

But sec 2 \I/ = l + tan 2 — 1 j . • 

^ V 1 UJ’ and sec ^ 18 positive because * 

increases with x. 


J.V 


AB° s r gi^ b ° f A ' B ' itcan be P™v«l th«. 


/:vi 


(*0 


G 
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Formula (i) holds even if i^=0 at A, but involves an improper 
integral if i p = Ur at B, since dy/dx would not then exist at x=b; 
and formula (ii) holds even if \p = at B, but involves an improper 
integral if \f> =0 at A since dx/dy would not then exist at y =«. 

If the curve is determined by parametric equations, x=f(t), 
y =g(t) and if t increases steadily from t 1 at A to t 2 at B, from 
p. 244, 


dx 

But, since x and t both increase with s, is positive and therefore 


dx 

dt 


J {>*<£)' W((£)'*(2) 


dt 

dy\ 2 \ 

r 


J{ i+ ( 


dy 

dx 



dx 


/ f /dx\ 2 /'dy\ 2 \ 

= J«,V {(*) + U)} dt> 


and similarly for J |l + 


Hence both (i) and (ii) bocome 


s 


-ty{(S)'+©'} 


dt 


(Hi) 


Therefore (iii) holds for the arc AB even if ^=0 at A and -U 

^By a similar argument it can be proved that (i) and (n) hold 
for any arc along which ^ and ^ respectively are continuous 

and (iii) for any arc along which ^ and ^ arc continuous and i 

increases steadily, s being measured so that it increases with t. 

If , s is the length of the arc of a curve measured from some, fixed 
point on it to an arbitrary point P, and if + is the ang o which the 
tangent at P makes with a fixed line, the relation between a and 

,4 is called the intrinsic equation of the curve. intrinsic 

Arbitrary constants may be added to the a and ^ of an intrinsic 

equation since the fixed point and fixed line are arbitrary. 
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Example 1. P is a marked point on the circumference of a 
circle of radius a which rolls, without sliding, on the axis of x, 
starting with P at the origin. The curve traced out by P is called 
a cycloid. Write down parametric equations of the cycloid and 
hence find its intrinsic equation. 

Fig. 120 shows the position of the tracing point P when the 
rolling circle touches Ox at B. Denote the angle BAP through 



which the radius AP has turned by t, and draw PM perpendicular 
to AB. 

Since there is no sliding, OB =arc PB = at ; hence if P is the 
point ( x , y), 


x =OB - PM —at - a sin t and y = BA - MA =a - a cos t; 
these are parametric equations of the cycloid. 

Hence dx=(a-a cos t)dt and dy = a sin t dt, 

•• ( dt ) + (df) =a2 {( 1 “ c °s*) 2 +sin 2 t}=a a (2 - 2 cost), 
the length of the arc of the cycloid from O to the point t is 


ft ft 

= V { a2 ( 2 - 2 cos*)}<& = 2 a sin it dt 

Jo J o 

= |^-4acos£tJ =4a(l - cosit). 


Also tan \f> =dyfdx =sin t/(l - cos t) =cot ; 

i' = i 17 * - 8 =4a - 4a sin ip. 

If O' is the point on the cycloid where xp =0, 00'=4a. Hence if 
a is measured from O' and in the reverse direction, the intrinsic 
equation may be written 


s =: 4a sin 
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Example 2. Find the intrinsic equation of a catenary, that is, 
the curve assumed by a uniform thin flexible chain, whose ends 

are fixed. 

Let C be the point at which the tangent 
is horizontal and P any point ( 5 , \p) on the 
curve, where s is measured from C, and ^ 
from the horizontal. 

Let w be the weight per unit length of 
the chain, and denote the tensions at P, C 
by T, T 0 . 

Fig. 121 shows the three external forces 
acting on the portion CP of the chain. 
Resolving vertically and horizontally, 

Tsin^=u.’s, T cos =T 0 ; 

.'. tan 1 / =wsj T 0 . 

Therefore the intrinsic equation of a catenary is 

s = c tan t|>, 

where c is the constant T 0 /u>. 



Fig. 121. 


EXERCISE XVI a 

1. Find the length of the arc of the curve y=cch(xfc) measured 
from (0, c) to (x, y) and prove that the intrinsic equation is 
s =c tan ^ (a catenary). 

2. Sketch the astroid given by z=acos 3 l, y=asin 3 * and find 
the total length of the curve. 

3. Prove that the length of the arc of the parabola given by 
x=ash 2 w, y=2ashu, measured from the vertex w=0, is 

a(u + i sh 2 m). 

4. Sketch the curve ?/=logsecx for -I-<x<£tt and prove 
that s=logtan( j- + lx) if s is measured from the origin. 

5. Find the length of the arc of the curve y= logcothlx, from 
x=a to x =b, where a and b are positive. 

6. Find the intrinsic equation of the curve given by 

x : y : a =(2 cos 0 +cos 20) : (2 sin 0 +sin 20): 1. 
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7. Find the length of the arc of the curve given by x = cos/sin-/, 
y =sin/(l + cos 2 /) from / =0 to / = !,ir. 

8. If s is the length of the arc of the curve 3ay* =x(x - a)*, 
measured from the origin to the point (x, y), prove that 
3s 2 — 4x 2 + 3 y 2 . 


Differential Relations. In this section wo shall suppose for the 
sake of simplicity that the arcs considered contain no points 
where the tangent is parallel to Ox or O y. This limitation involves 
no practical inconvenience because the length of arc * may be 
measured from any convenient fixed point on the curve. 

It 3 denotes the length of the ore of a curve y =/(x) from the 
hxed point A up to any point P (x, y), s is a function of x given by 

«=J sec xf. dx. 

Hence from p. 321, ~ =sec + ; but ^ =tan 


dx : dy : ds = cos : sin : 1. 
(ds) 2 =(dx) 2 + (dy)2. 


and 

In Fig. 122, which is essentially 
the same as Fig. 119, p. 325, 

PR = Sx =dx, 

RQ ~^y, 

RK =dy; 

also arc AP=«, arc PQ 
/. PK= V '(PR2 +R K 2) 

= V{idx)~ + (dy) 2 } = ds. 
The results proved above are 
best remembered by thinking of 
the triangle PR K, and 
in any of the forms, 



Fig. 122. 

since the formula for {ds) 2 may be expressed 




the figure also serves to recall the three formulae for 


8 on pp. 325, 




330 


ELEMENTARY CALCULUS 


[ch. 


In Fig. 122, chord PQ = V(PR 2 + RQ 2 ) = V{(^) 2 + (&/) 2 } 



and arc PQ = 8s. 

chord PQ _ If /8x\2 /8y\ 2 \ 

*** arc PQ ~V lv *) + U»/ J' 

lim Ch0rd PQ = / f ( dx ) 2 + f^) 2 ) = 1. 

6s-*o arc PQ \J [\ds J \dsJ j 
Hence, if os is small, 


(8s) 2 —(8x) 2 + (8y) 2 . 


This approximate expression for (&s) 2 is a deduction from the 
exact relation (ds) 2 =(dx) 2 +(dy) 2 , which is itself a deduction from 
the integral formula for 5. It is important to note that we 
cannot argue in the reverse direction. 


Example 3. Deduce from the intrinsic equation, a = 4a sin if/, 
of a cycloid (p. 327), parametric equations for x and y, taking the 
origin at the point if =0, s =0. 

Since s = 4a sin if, ds = 4a cos ifdif, 

sec if dx =ds = 4a cos if dif 

x = j4acos 2 ifdif =/2a(l +cos 2if)dif; 

x =a( 2if +sin 2d) since x =0 when if =0, 

dy . s 

Also, ds =s ""l'=Ta' 

• y = — fs ds = -ps 2 , since y =0 when s =0 ; 

4a J oa 

«/ =vr" 16a 2 sin 2 if =a(l - cos 2i£). 

Ofl 

writing * for 2 if, 

x =a(t +sin<), y =a(l - cos/)* 

A7o<e. This example illustrates the two methods of finding 
parametric cartesian equations of the curve 9=f(if ) : sometimes 
it is simplest to work in terms of if and sometimes m terms o 
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EXERCISE XVI b 

1. For the parabola 4ay = -r 2 , prove that ^ ^1 + 

2. For the ellipse given by a; = a cos t, y=b sin t, prove that 
dsjdt =a\/( 1 - e 2 cos 2 1) where a 2 e 2 =a 2 - b 2 . 

3. For the curve y = log sec x, prove that ds\dx = sec x. 

4. If the intrinsic equation of a curve is a =log tan , prove that 
with a suitable origin the cartesian equation is x=logsiny. 

5. Express dx and dy in terms of a, da for the catenary a =c tan 1 1. 
Also if x =0 and y = c when s =0, express x and y in terms of 
a and show that y = c ch ( xjc ). 

6. For the curve ?/=log(chs), prove that sini^=ths and 

tanf-shs. Deduce that the cartesian equation can be 
expressed in the form y = log sec x. 

7. For the curve s=ae*l°, prove that acosyt is constant and 
express dyjdx in terms of x. 

8. The tangent at any point P on the curve y =ac'l' cuts the 
x-axis at T. Prove that the length of PT is constant. 

9. If the intrinsic equation of a curve is s=a+ 2 , express * and 

y in terms of 1 

I0 ' when"* =!. Si ” (yla) ' Pr ° Ve th<lt fi=a)o « tan (!//2 u) if a=0 


11. For the curve y =a tan prove that ye 
express x and s in terms of 


x, ' a is constant and 


Polar Coordinates. We assume that the ** 

reader is familiar with the use of polar 
coordinates. The relations by which wo 
can transform from cartesian to polar co¬ 
ordinates, and vice versa, may be written 
down from Fig. 123 ; they are 

x=r cos 0, y =r sin 0 

and ^V^+y 2 ), 

cos 0 : sin 6 : l=x:y : +y*). 
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According to this definition, r is intrinsically positive, and for 
many purposes this restriction is desirable. But the polar 
equations of some curves can be expressed more concisely by 
allowing r to take both positive and negative values ; for example, 
the curve r 2 =a 2 cos 2 20, which consists of 4 loops, can be written 
in the simpler form r=a cos 20 if r is allowed to assume both 
positive and negative values. 


Length of an Arc in Polar Coordinates. 

If (r, 6) are the polar coordinates of any point on a curve and 
{x , y) its cartesian coordinates, 

dx =d(r cos 0) =cos 6 dr - r sin 0 dO, 

and dy = d(r sin 0) =sin 6 dr +r cos 6 dO ; 

squaring and adding 

(dx) 2 + (dy) 2 =(dr) 2 +r 2 (d6) 2 . 

Hence if r and 6 are given functions of a parameter t, 

fdx\ 2 (dy \ 2 , dr\ 2 ( d >\ a 

(a) + U) =U) + Vdi)- 


Therefore from (iii) on p. 326, if t increases steadily from ^ at 

and -jr are continuous, the length of the arc 
dt 


A to t 2 at B and if ^ 
AB is given by 


8 




and, in particular, putting 6 =t for the curve r =f(0) and r-t for 
the curve tf =g(r), it follows that the length of arc from (r 2 , x ) 


to (r 2 , 0 2 ) is 



where 8 is measured so that it increases with 0 ; 

^ =J,’\/ [ * + ( r 7r) } * 


where a is measured so that it increases with r. 
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Example 4. Find the length of the arc of the parabola 
r = a sec 2 $6 from 6^=0 to 0 =%tt. 

I dr 


log r = logo - 2 log cos \6, .. 

T Cl / 

/ ds\ 2 /dr \ 2 


, = tnn ^0 ; 


i ds\* ( dr \ 2 

+ \d0 ) = r2(1 + tan* |61); 


ds 


uo 

T/j =r sec =a sec 3 £0 ; 


dO 

r^/4 

«=a| sec 3 £ 0 = 2a sec 3 u du, where 0 = 2u. 

Jo 


J o 


But 


d sin u 


1 2 sin 2 u 


ducos 2 u cos a cos 3 u cos 3 a cos u’ 

.. 2f sec 3 a du = J sec u du + sin u sec 2 u 

= log (sec u +tan u) +sin usee 2 u +c. 

8 =°[^og (sec u + tan u) +sin u sec 2 u^'* 

= a{log(-v/2 +1) +V2}. 

Note. Alternatively , J sec 3 u du = f sec u d (tan u) 

= /\/(l +t 2 )dt, whore l=tanu, 
and this integral is evaluated by putting t =shz. 


EXERCISE XVI c 

Express in polar coordinates the cartesian equations in Nos. 1-3 : 

1- Xy=C *' 2.x*+y*=2ax. 3. ry=a=(x‘ + rt 

Express in cartesian coordinates the polar equations in Nos 4-6 • 
4. rcos(0-a)=p. 5. r 2 cos2d=a 3 . 6. ^=^sin2«.' 

7 ' tens di IO ’p =aC0S u and use ;t to sketch the cardioid 

*■ sk; r-' ; *-• 
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10. For the curve r m = a m sin ?n6, prove that ^~=± cos m6. 

11. Find the length of the arc of the curve r=a cos 4 £0 from 
0=0 to 6=2-. 

12. Sketch the lima^on r = l + 2cos0, and show that its total 


length 


is2 J, 


\/(5 +4 cos 6)d6. 


13. Sketch the rectangular hyperbola r 2 cos20=a 2 and the lem- 
niscate r 2 =a 2 cos 20, and obtain integral formulae for the 
lengths of their arcs from 0=0 to 6 =6 V 

14. The polar coordinates of any point on a curve are given by 
r =2a sec t, 6 =tan t - t, - £tt <*<£-. Prove that s =a tan 2 1, 
where s is measured from the point t = 0. 

15. Sketch the curve r=a6 and find the length of the arc from 
0 = 0 to 0 =£. 


Differential Relations in Polar Coordinates 

In Fig. 124, P is a point (r, 0) on a curve whose polar equation 
is r=/(0), and a denotes the length of arc from a fixed point 
A to P, measured so that a increases with 0. (It is possible to 
arrange that 8 increases with 0 for all ordinary curves, though it 
may be necessary to consider various portions of a curve separately 
each with its own origin for a.) A line TP drawn along the 
tangent at P in the direction of a increasing has been called (see 
Fig. 124) the positive direction of the tangent at P, and one of 
the angles from the initial lino 0 = 0 to this positive direction is 

denoted by Thus ^ has been 
defined as on p. 324 with 0 = 0 and 
0 = ^7r as cartesian axes. But t 
and 0 need not increase together 
and so the positive tangent may 
bo different for the equations 
{x=f(t), y = 9(0) and r = /i(0) of 
the same curve. 

The angle from the radius vector 
(half-line) which makes an angle 0 
with Ox to the positive direction 
of the tangent at P (r, 0) is de¬ 
noted by <f> ; it is measured positively (i.e. counter-clockwise) ; 
see Fig. 124. It is convenient to limit (j> to the range 0 (inclusive; 

to 27r (exclusive). Thus 

0 ^ <p < 2 rc and 0 *-<p = tp (mod 2 n). 
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Also, 
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cos cf> = cos \p cos 6 + sin \p sin 0 

dx x dy y xdx +ydy 

~ — — •> . , _ _ • 

ds r ds r rds * 

xdx +ydy =rdr ; 

dr 

cos <b =—. 
ds 

sin <f> = sin \p cos 6 - cos \p sin 9 

_ dy x dx y xdy - ydx 
ds r ds r rds * 


but =tan 0, 
x * 


xdy - ydx 


x 2 


= sec 2 OdO — } 


x 2 


. . rd9 

•• s,n<t,= ds- 


Hence 


dr 

COS cp = is . 


rdO dr rdO 

tan </> = — -r—= -. 

ds ds dr 

These important results, 

„ rde rdO 

tan ^ = dr' Sln< < > = dg , 

are best remembered by means 
of a right-angled triangle PQR, 
which is suggested by the ap¬ 
proximate triangle P^Rj in Fig. 

125# 

H P x is (r, G) and Q t is 
(r+Sr, 0+SG) and P 1 R 1 is a 
circular arc, centre O, we have 

PjR x =r8G, 

R x Qi =8r t 
arc PiQj =Ss ; 

also <f> — lim ^PjQj^Rj ; and these facts suggest that 
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rSG 


rSO 


Sr 


U. ^ 9 ” • i 17 Qf* 

8r f Sm 003 t — Ju 


6 s 


and so serve to recall the accurate results proved above 

fcince a is measured so as to increase with 6 sin <h hn« 
sivn as r • u. -r ^ »u-u i/, bin nas the same 

8 as r, hence if r>0 and *•<</>< 2 tt if r <0. 
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p,r Equation of a Curve. 

The length of the perpendicular OY from the pole O to the 
tangent at P is denoted by p, and the projection YP of OP on the 
positive tangent at P is denoted by t. 

Hence p = r sin <p, t = r cos <p. 

[p may be defined formally as the projection of OP on the 
directed line which makes an angle — with the positive 
direction of the tangent at P.] 

Since p =r sin </> =r~dO/ds and since s is measured so as to 
increase with 0, p is never negative: (p,^-^) are polar co¬ 
ordinates of Y. 

I he relation between p and r which holds for a given curve is 
sometimes called the pedal equation of the curve. 




Example 5. Find the p, r equation of the cardioid 

r =a( 1 +cos 6). 

A method for sketching this curve, see Fig. 127, is indicated in 
Exorcise XVI c. No. 7. 

By logarithmic differentiation, since r = 2a cos 2 \G t 

1 dr 

rdH= “ tan ^ : 
cot <f> = - tan \ 0 = cot (£tt +\0) ; 
in Fig. 127, Z. OPT = </> = 

Hence p =r sin </> =r cos \G ; p 2 = r 2 cos 2 \6 = |r 2 (l +costf) 

2ap 2 = r 3 . 
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The method of Example 5 may be used to express p in terms 
of r, 6 for any given curve. 

Since p = r sin </>> ~2 = ^2 cosec 2 </. = 1 + cot 2 <f>) ; 


. _ . rdO 11 1 / c/r\ 2 

but tan ,l>=- dT , ~ 2 = ■ 

It is often convenient to put - = u ; 


then 


dr __ dr du 1 du 
d6 dii dH ~ ~ it 2 dO ? 


EXERCISE XVI d 

Find </> and in terms of 0 for the curves in Nos. 1-3 ; also sketch 
the curves and find their p , r equations : 

1. r =a(\ - cos 6). 2. logr=0. 3. r 2 =a 2 sin2tf. 

4. Prove that the p, r equation of the curve rO =c is p 2 - r -2 =c 2 . 

5. Prove tliat the p, r equation of the curve x 2 - y 2 = a 2 is pr =<i 2 . 

6. Prove that the curves r=a cos 0, r=a( 1 - cos 0) intersect at 
the point (la, £-) and find their angle of intersection. 

Find the p, r equations of the curves in Nos. 7-9 ; 

7. r=aO. 8. r=a sech 6, 9 . r n sin n6 =a n . 

10. Use the relation, to find the p, r equation of 

the conic, lu = 1 +ecos 6, where u=~. 

r 

ois h t e hf^ g . entS at P 'u Q tG ’■=«(> -cos 6) are parallel, and if 
u is the pole, prove that Z.POQ =§—. 

12 ‘ curves ' 2 cos (26 - a) =c 2 sin 2a and 

r*~2c* sin (26 + a) cut orthogonally. 
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p, Equations. 

If Q is any point (r, 6) on the tangent at P to a given curve, 
Z.OQP = ^- 6, see Fig. 128, 

«nd OY =OQ sin (\f/ - 6). 

Therefore the equation of the tangent at P is 

r sin - 6) —p 

or, in cartesian coordinates, 

x sin - y cos \p =p , 

where p is positive, retaining the polar conventions for p, \p. 

These forms are often convenient for curves for which there is 
a simple relation between p and \l, and this relation is sometimes 
called the tangential-polar equation of the curve. Methods of 
finding it are illustrated in Examples G, 7. 




Example 6. Find the p, ^ equation of the cardioid, 

r =a( 1 - cos 0), (a > 0). 

The curve can be described completely by allowing 6 to vary 
continuously from 0 to 2?r. 

By logarithmic differentiation, since r = 2a sin 2 

1 dr . 

cot </> = ^ ^ =cot ; 

and r is positive, 

since we suppose ^ to vary continuously from 0 to 3/r as 0 varies 
from 0 to 27r. 
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Also, p =r sin <f> =2a sin 2 Itfsin = 2a sin 3 ; 

p= 2a sin 3 (0<^<37r). 

Note. If the equation of a curve is given in the form p =f(xp), 
it is implied that ip is confined to values for which /(^)>0. 
Therefore, in the equation p = 2a sin 3 £«/-, (a > 0), values between 
3~ and 6- are not assigned to \p ; these values would bo used for 
p = - 2a sin 3 %xp which represents the cardioid r= - a( 1-cosfl). 
(a > 0). 


2 2 

Example 7. Find the p, p equation of the ellipse, - 2 + fo = I. 

CL O 

Let (x v y ± ) be the point of contact of the tangent, 

a; sin p - y cos p =p. 

But the tangent at (*„ Vl ) is ^ + y £ = i . therefore comparing 
coefficients 

x i _ Vi 
a 2 sin p — 6 2 cos p ~p’ 

But (af + Cb)‘ = *• ■■■ P 2 = “ 2 sinV + cos 2 


Geometrical Meaning of —. 

dip 

Since p~r sin <f>, dp =sin <f> dr +r cos <j>d<f >; 
but sin <f> dr =r cos dO, (p. 335), 

dp =r cos <f>d$ +r cos (f>d<p =r cos <f>d (9 + <£) 
=r cos <p dp ; 
dp 

•’* d^- =:rcos ^ > =< = YP, see Fig. 126, p. 336. 
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Pedal Curves. Given a curve and a fixed point O, a new curve 
can be derived by taking the locus of the foot of the perpendicular 
from O to a variable tangent of the given curve. This locus is 
called the pedal of the given curve with respect to O. 

Thus in Fig. 130 the locus of 
Y is the pedal of the locus of P 
with respect to O. 

An important property of 
pedals is that, if r > 0, 





Fio. 130. 


the <p of the pedal equals the 

<p of the given curve. 

Denote the polar coordinates 
of Y by r 1# ; 

then r x =p , /. dr± =dp ; 

and 6 x =\p - far, 

dO x =d\p. 


dd i d\l 

r ld - r =P d ~ =pl(r cos </>) = tan </>. 

the <f> of the pedal equals the </> of the original curve; (<f> < *•). 
A geometrical proof of this result is suggested in Exercise XVI e, 


No. 11. 

By means of this property it is easy to deduce the p , r equation 
of the pedal locus from the p, r equation of the given curve. 
The method is illustrated in the next example. 


Example 8. Find the p, r equation of the pedal with respect 
to the pole of the cardioid r=a(l +cos$), (a>0 ). 

We start by finding the p, r equation of the cardioid ; this has 
been done in Example 5, p. 336 ; the equation is 2ap 2 =r 3 . 

If suffixes refer to the pedal locus. 


Pi 

r i 


=sin = sin 



* 


also p =r lt 



/. 2ar 1 2 = 




Hence, dropping the suffixes, the required equation ip 

2 ap 3 =r 4 . 
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The polar equation of the pedal locus can be deduced im¬ 
mediately from the p, \p equation of the given curve by writing 
r for p and 0 + £tt for \p. 

Thus, from Example 6, it follows that the polar equation of 
the pedal locus of the cardioid r=a{\ - cos 6) with respect, to the 
pole is r = 2o sin 3 (£0 + Jir), ( - Jw < 6/< -£-), where a > u. 


Miscellaneous Transformations. 

(i) Given the p, \j, equation p =/( xf), to find parametric car¬ 
tesian equations. (It- is implied that p > 0). 

From pp. 336, 339, rsin </>=/> =/(«/) and r cos </> ) ; 

( ly 

* = r cos Q =r cos - </>) =r cos \p cos </> + rsin \1 sin </»; 

x = cos +sin i pf(if) 

Similarly y = sin xf /'(i/q - cos ^/( \J ,). 

(li) Given the p, r equation p=/(r), to find the polar equation. 
Since p = r sin «/> and tan </> = r dd/dr, or from the equivalent 

relation (p. 337), » we obtain ^ in terms of 

r. The relation between r and 0 is then found by integration. 

Example 9. Find the polar equation of the curve p 2 =ar. 


•2 , P~ a 

sin 2 <i> = r2 = r , cos 2 </> = 


r - a 


" T *= tan *= ± V^ * •••«-* V«J— 

Put r - a =a 2 2 , then c?r = 2a 2 dz, 

0«=*v„r *f^_ =±2 r_*.. 

. a(I +z 2 )zy/a ± J 1 +2 2 ’ 

0 = ± 2 tan- 1 z = ± 2 tan’ 1 ^if d = 0 when r =o. 

r - a = a tan 2 id ; 

.*. r =a sec 2 \d. 


H 
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EXERCISE XVI e 

1. For the cardioidr = a( 1 + cos 6), provethatp = 2a cos 3 - £-), 

and deduce the polar equation of its pedal with respect to the 
pole. 

2. For the curve whose polar equation is r 2 =a 2 sin 20, prove 
that /> 2 =« 2 sin 3 

3. Find the relation between p and \p for the astroid x=acos 3 <, 
y=asin 3 £. Wliat is the polar equation of its pedal with 
respect to the origin ? Prove that perpendicular tangents to 
the astroid intersect on the curve r 2 =£a 2 cos 2 20. 

4. Prove that ds/dip = r drfdp. 

Find the p, r equations of the pedals with respect to the pole of 
the curves in Nos. 5-7 : 

5. p 2 =ar. 6. p =r sin a. 7. r 2 =a 2 cos 26. 

Find the polar equations of the pedals with respect to the pole of 
the curves in Nos. 8-10 : 

8. r=ae 9 . 9. r = 2a cos 6. 10. r 2 sin 20= a 2 . 

11. Draw a figure showing two neighbouring points Y, Y' on the 
pedal corresponding to neighbouring points P, P' on the 
original curve. Let the tangents at P, P' meet at K, and 
produce Y'Y to T'. Prove that OYY'K is a cyclic quadrilateral 
and that ZOYT'=ZOKY'. What result is obtained by 
making P' -*■ P along the curve? 

12. Find a cartesian equation of the curve p =a sin 2\p. 

13. Obtain for the curve p=ac os 3^ the parametric equations 
x = a (sin 2^+2 sin t), y =a (cos 2t - 2 cos t), and show that the 
p, r equation is r 2 + 8 p 2 =9a 2 . 

Find polar equations of the curves in Nos. 14-16 : 

14. 2 ap=r 2 . 15. p =r sin a. 16. 2ap 2 =r*. 

/ dp\ 2 d 2 P dr 

17. Prove that p 2 + =r 2 and deduce that p + ^ =r dp 

18. The p , yp equation of a curve is p 2 =a 2 cos 2p ; prove that the 
p, \p equation of the pedal with respect to the origin is 

p 2 =a 2 cos 3 \ yp. 


CHAPTER XVII 

CURVATURE AND ENVELOPES 

Fig. 131 shows a tangent to a curve at P. Using the sign conven¬ 
tions adopted in Chapter XVI, p. 324, denote the length of the 
arc AP, measured from some fixed point A, by a, and the angle 
which the tangent makes with the x-axis by if. 

As P moves along the curve, a and i f vary and the rate at which 
if increases relative to s is called the curvature of the curve at the 

corresponding point P. It is measured by and is denoted by 
k, thus 


If if increases in the direction in which s is measured, the cur¬ 
vature is positive, and if if decreases as s increases, the curvature 



A n! 8 f !I e ' ,. Its value does not de P end on the position of the point 

d( JL°j the 0;c from which * a nd rf are measured, but its sign 

tion« ? ° n SenS6 m which 5 * measured for which conven- 

cur^e Gn m f de ° n PP ! 324 ’ 334 ! if the equation of the 

• g* ve n in a form to which these conventions do not apply 

introduied 110 ^ 6 ^ eVa ' Uate H-unless ne "' conventions are 

cu^e 11 ^^ 68 ^ 8 ’- * he C J UrVatUro is the “ rato which the 

Kent ^ S ’ lts slgn iridlcatcs the direction in which the tan- 
Kent is turning as a increases. 
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Example 1. Find the curvature at any point of a circle of 

radius a. 

Measure s from the point A where 
\!/ — 0 and in the direction in which 6 
increases ; denote the centre of the circle 
by C. 

Then Z.ACP = \l and s=a\ 

_ dxL _ i 
as a 

This is a natural result because a small 
circle evidently curves more rapidly than 
a large one. 

The direction of the positive tangent at P was defined on p. 324 ; 
the line PG which makes an angle + £tt with the positive tangent at 
P is called the positive normal at P. The arrows in Figs. 133 (a), (6) 
show the positive tangent and normal in relation to the curve, 
in the cases where xl increases with s and where 1 1 decreases with 
s, respectively. 




The reciprocal of the curvature at any point P on a curve is 
called the radius of curvature at P because it gives the radius ot the 
circle which has curvature equal to that of the curve at P ; the 
radius of curvature is always denoted by p, thus 

1 ds 
fi= K = d& 

In Fig. 133a the value of p at P is positive, and in Fig. 1336 it is 
negative. 
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If a length PC equal to p is measured from P along the positive 
normal, the point C is called the centre of curvature at P, and the 
circle, centre C and radius CP, is called the circle of curvature at P. 
Fig. 133a and Fig. 1336 show the positions of C where /> is positive 
and negative respectively ; in each case C lies on the “ inward 
drawn” normal, but in Fig. 1336 the positive normal is outward. 

The circle of curvature at P not only has the same curvature, 
both as to magnitude and sign, as the curve at P, but also touches 
the curve at P. It is, roughly speaking, the “ bost fitting ” circle 
at the point. 

The circle of curvature usually crosses the curve as well as 
touching it at P. Suppose, as in Fig. 133a, that the curvature of 
the curve increases with *' along the arc APB. The circle of 
curvature at P curves at the same rute as the curve is curving at 
P and therefore more rapidly than the curve at points between 
P and A and less rapidly than the curve at points between P and 
B. Hence the circle lies inside the arc AP and outside the arc PB. 

The relation of a curve and its circle of curvature may bo com¬ 
pared to that of a curve ami an inflexional tangent. 


Example 2. Find the radius of curvature of the catenary 
8 =c tan ip at its vertex if/ = 0. 

1 

at if/ =0, p =c. 

Note. Since k =-cos 2 if/, k<- both for ^<0 and for ip > 0; 

therefore the catenary curves more slowly than the circle of 

curvature on each side of the vertex. Thus the circle of curvature 

at the vertex does not cross the curve but lies wholly inside it ; 

but at all other points on the curve, the circle of curvature crosses 
the curve. 
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Cartesian Equations. Since the intrinsic equation of a curve 
is not always available in a convenient form, it is necessary to 

find formulae for the curvature applicable to cartesian and other 
equations. 

(i) To find k for the curve y =f(x). 

For brevity denote ^ by Vl , y 2 . 

dip tan" 1 y x dx 

K ~ ds dx ds * 

But by the convention on p. 324, dx/ds is positive, 

_ V* 


1 


K = 


i +2/i 2 V(i +y, 2 ) : 

Thus the sign of k is the same as that of -j^ 2 and determines 

the direction of concavity; see p. 71 (Vol. I). 

In particular at a point on the curve where ip=0, k =y 2 . 

(ii) To find k for the curve given by x =f(t), y =g(t). 

It is convenient to use dots to denote differentiation with 

. . dx .. dP-x , dy y 

respect to t; thus x = , x= -r-s, tan \p = — = etc. 

dt dt - T dx x 

dip d\l dt d ( y\ ds 

K=1 ds~ dt ds ~ dt V tan " ±)^di' 

But by the convention on p. 324, ds/dt is positive, 

1 xy - yx m 


K = 


1 + 


?y 2 

X 2 




= (±y-yx)/V(i 2 + y 2 ) 3 

(iii) To find k at the origin for the curve y=f{x). 

Suppose that near the origin the equation of the curve can 

be expressed in the form 

y = f(x) = ax + bx 2 + cxPg(x), 

where g{x) and its derivatives are numerically less than some 
constant k for all values of x near x=0. 

Then /'(<)) = <z and f(0) = 2b. 
at the origin, k = 2bJ-\/(l +a 2 ) 3 . 
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If the curve touches Ox at O, a —f'(0) = 0, and k = 26, 


K=b+czg(x) ; 6 =lim 


!/ 


2 T —*-0 # 


2 * 


T. K=lim 


2 // 


• • 


T — .. 

This is known as Newton's formula. 


Note. A more detailed investigation of the form of a curve 


near the origin is made in Chapter XXI. 

Alternatively, Newton’s formula may be 
obtained as follows : 

We shall assume that if a circle is drawn 
to touch the curve at O and pass through 
another point P ( x, y) on the curve, then 
the limit of that circle, when P -*■ 0 along the 
curve, is the circle of curvature at O. 

Let OB be the diameter of the circle, and 
draw PN perpendicular to it ; then 


y 

Bf 


N 




ON.NB =NP 2 , 


NB= - ; 

y 


o 

Fig. 134. 
x 2 


P ~2 NB =lim 

x —*■ o 2 y 


Find the curvature at an y point on the parabola 

It may be shown by the method of p. 346 that, for a curve 
x ~9\y), if 8 IS measured so that it increases with y. 


K = — 


drx 
dy 2 




d?x 1 


For the curve x = ~, ^ ^ and — — — • 

4a’ dy 2a dy 2 2a ’ 

{- 


/V(‘♦£.)'—/ 


■J( 


equatons“ » represented by parametric 

the “ * {t) > y ~ the convention adopted in Example 3 for 

# ^ With tHat ghen ° n P* 324 ^ the 
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Example 4. Find the curvature at any point t of the semi- 
cubical parabola given by x=at 2 , y =at 3 . 

Since x = 2at and y = 3 at 2 . 



+ y~ =a 2 l 2 (4 + 9 1 2 ) and tan = y/x 




= {^ (tan_i ?«>} u {*«*+*)) 

=TT^ V { aV < 4 + 9j2 >} 

= 6/V{« 2 « 2 (4 + 9< 2 ) 3 }. 


Example 5. Find the value of |p| at the origin for the ellipse 
3a; 2 + 4 y 2 = 5y. 

lim 2» =lim jy L 4y2 =lim 

.r—K) y —M) *>// y ->o 

by Newton’s formula |p| = £. 


EXERCISE XVII a 

1. Find the curvature of the cycloid s=4asin^ at \f/=a. 

2. Find the radiusof curvature of the tractrix cos \p =e~ t,e &t \p=<t. 

3. Find the intrinsic equation of the curve for which p=2(s +a). 

4. Find p in terms of x for the curve y =a log sin ( xja). 

5. Prove that the curvature of the catenary y =cch (xfc) is c/y 2 . 

6. Prove for the rectangular hyperbola xy —c 2 that 2 c 2 p=r 3 . 

7. Find p at the point t =$~ on the ellipse given by 

x = a cos t, y =b sin t. 

8. Find p in terms of t for the cycloid 

x =a(t +sin t), y =a( 1 - cos t), 

9. Find p in terms of \f/ for the astroid 

x =a cos 3 ty y =a sin 3 1. 
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10. Find |/)| for the parabola y=x 2 /(4«) at the origin. 

11. Find the value of | k | at the origin for the ellipse 

x 2 + Gy 2 + 2x - y = 0. 

12. Find | p\ at (1, 0) for the curve y 2 (x 2 - 4) = 4(x 2 - 1). 

13. Prove that the chord of curvature parallel to Oi/ at any point 
of the curve y =a log sec ( x/a) is of constant length. 

[Any chord through P of the circle of curvature at P is 
called a chord of curvature .] 

14. Prove that the least radius of curvature of y =a + a 3 /(x 2 \/5) 
is T %a. 

15. If C is the centre of curvature at any point Pony =cch ( x/c ) 
and if CP cuts Ox at G, prove that CP = PG. 

16. The radius of curvature at any point of a curve which touches 
Ox at O is c sec \p. Prove that x =c\p and y ~c log sec i/-. 

17. tor the curve x 2 =a 2 (sec \p - tan xf) prove that 

p = - |xsec 2 \f/. 

18. Prove that for any curve 
d 2 x / dy d' 




ds 2 / ds 


i 


p, r Equations. 

To find p for the curve r =f(p). 

dtl dH dd> 

K = di=Js + I,’ <P- 334 >* 

but sin <f) =r^ and cos =~, 


1 . . dcf) id 

.. k — ^sin cos <f>=~ j Jr sin <f>) ; 


1 dp 

X = r dr ’ P = r -* 


r dr 

dr 
dp 


■Alternatively as follows : 

Fr °m p. 339 .g-reo. + -,^, 


ds dr 
'• ^d^= r dp 
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The expression for p in terms of r and 6 can be obtained from 
the relations. 


1 dd d<f> rdO . rdO 

pdsds y dr ^ ds 


but the result is not easy to remember, see Exercise XVII b, 
No. 12. The best procedure in practice is to begin by finding 
the pedal equation. 


Example 6. Find the radius of curvature at any point of the 
cardioid r =a(l + cos 0), (a > 0). 

As in Example 5, p. 336, the pedal equation of the curve is 
2 ap 2 =r*. 

4 ap dp = 3 r 2 dr ; 

dr 4ap 4 a / r 3 
P = T dp =r 3r 2 ~3?\f 2a ' 

p = $V( 2ar )- 

Since r = 2acos 2 £0, this may also be written 

p = ^a cos if - 7r < 6 < 7T. 


p, 4* Equations. 

To find p for the curve p =/(^). 

dp 

Since p =r sin */> and ^ =r cos </>, (p. 339), 

r * =p 2+ ® *• 

and regarding each term as a function of \}/, 

dr dp dp d 2 p 

2r dxp = 2p d^ + dhf* ; 

d?p 

rdr =pdp + jp dp ; 
dr d 2 p 

p sr d P = p+ d<p- 
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EXERCISE XVII b 

[[Assume in this Exercise that a is positive.] 

1. Find p in terms of r for the parabola p 2 =ar. 

2. Find p in terms of r for the curve r 2 p 3 =k 5 . 

3. Find the curvature at the point 6=W on the parabola 
r(l +cos 6) =2a. 


4. Find the curvature in terms of r at any point of the equi¬ 
angular spiral r = ae 9cota . 

5. Prove for the curve r 2 =o 2 cos 2 $ that 3 rp =a 2 . 

6. Find p in terms of p for the curve p =a sin nifi. Hence prove 
that r + (n 2 - 1 )p 2 is constant for this curve. 

7. Prove that the length of the chord of curvature through the 
pole of the hyperbola r 2 cos20=a 2 is 2r. [See note to 
Exercise XVII a. No. 13.] 

8. Prove that the radius of curvature at the point 0=0 on the 
curve r cos 26 =a is - £a. 

9 ’ fo r °7o e w thafc the curvature of ^=a 2 (l +cos0) at the pole is 

10. If <f> = 36, prove that the circle of curvature bisects the radius 
v ector. 

11. For the curve r 2 =p 2 +a 2 prove that =0, and express a in 
terms of xfi, given that s=xp =0 when r = a. 

a By w,m„, d * 

"W*®'-'o$>/V{"'O’}' 

where a is measured so that it increases with 6. 

^e C °r th f a th ^ CUrVa , t 7 re a * thS ° rigin ° f 68011 branoh of ‘he 

Newton’s formula. " this r6sult u3 ‘“8 
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Envelopes. Consider the curve whose equation is 

fix, y*t) = 0 , 

where t is any constant. 

For different values of t we obtain different curves, see Fig. 135, 
and these are 6aid to form a system or family ; t is called a 
parameter. 

A curve, af3y8 .... in Fig. 135, which is touched by every 
member of the family, is called the envelope of the family. 



In Fig. 135, the curve PA whose parameter is t is supposed to 
touch the envelope at « and to cut the curve whose parameter 
is t +8t at A. We shall assume that if the curves have continuous 
curvatures in the neighbourhood of A, the limit of A when W ^ 
is «. This fact is suggested by the diagram but an analytics 
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proof is unsuitable for an elementary course. Hence 
the envelope of the system is the locus of the. limit , when &t ->• 0, 
of the point of intersection of the curves f(x, y, t)=0,f(x, y , / + fa) = 0. 

Since the coordinates of A are given by these equations, they 
satisfy 

f(x, y , t + fit) -f(x, y, t) 

fa ~ U ’ 

and therefore the coordinates of the limit a of A satisfy 

#»<+&)-/(*,// , t) =0 

M-M) fit * 

and this is written £/(*, ?/, 0 = 0, 

c/t 

where the symbol ^ is used instead of ^ to show that x and y 

remain constant when differentiating with respect to t. 

Hence the coordinates of a satisfy 

g 

f(x, y, t) = 0, g t f(x, y, t) = 0, 

and the equation of the envelope is found by eliminating t from 
these equations. 


Example 7. Find the envelope of the family 

y) + 2tf 2 (x, y) +/ 3 (x> y) =0 
and interpret the result. 

Points on the envelope are given by 

t2 fi + 2// 2 +f 3 =0. 2tf x + 2/ 2 =0 ; 


eliminating t , 




• • A 2 —/l/3* 


“embereof “V?*!® p,ane ’ the P aram <?ters of the two 

quadratic wh ‘ ch P ass through it are the roots of the 

have eaual 3 7/°’ The conditlon for this quadratic to 

a^d it ^ 0tS /a =*/•• This is the equation of the envelope 
if the t ®^P resses the Property that the point lies on the envelope 

suggested by^S£" S ParameteFS are equal - * reSuIt which is 
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Thus the envelope of the system of straight lines given by 
x - ty + at 2 = 0, where t is the parameter, can be written down by 
expressing the condition that the roots of the quadratic in t are 
equal; it is therefore the parabola y 2 =4aa\ 


Example 8. Find the envelope of the system of curves given 

by- h-- = 1, where s +t =c 2 and c is a given constant. 

s t 

If ( x » V) is any point on the envelope, 

y 


~ 2 ds + -^dt = 0 where ds +dt =0 ; 

8 t 


X‘ 

8 * 


y . 

t 2 ’ 


x y _ x +y or x_-yx-y 


8 


t c 2 s~ t - • 


. , x 2 y 2 _(x +y) 2 
1 =-H — =-^— or 


c* 

(x-y) 2 


8 t C 2 C 2 

the envelope is 4 straight lines x ±y= ±c. 

Alternatively as follows : 

Since 8 =c 2 - 1, the equation may be written 

—= 1 
c 2 - t t 

that is t 2 +t(* 2 -y 2 ~ c 2 ) +c 2 y 2 =0 ; 

therefore the envelope is 

(x 2 - y 2 - c 2 ) 2 =4c 2 y 2 , 

that is x 2 -y 2 -c 2 = ±2cy or x 2 =(y±c) 2 , 

which may be written x= ±y ±c. 


EXERCISE XVII c 

Find the envelopes of the systems in Nos. 1-10 where 8, t are 
parameters : 

1. x cos t +y sin t =a. 

3. y=tx± y/(a 2 t 2 +b 2 ). 


2. x sec t +y cosec t — a. 
4. y*=t\x-t). 
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5. x cos 2t +y sin 2t = a cos 2 1. 

7. xs +yt = 1, where a 2 st = 1. 

9. The parabolic trajectories 
the parameter is 0. 


x y 

6. - + . = 1, where s + t= a. 

8 t 

x 2 y 2 

8. g + '^ 2 = 1, where 8 +t — a. 
y =x tan d - \qx 2 v~ 2 sec 2 6 where 


10. Thenormals to the given cycloid x = a( 6 + sin 6), y =a(l - cos V), 
expressing the result parametrically. 

11. Fmd the envelope of a system of circles whose centres lie on 
x 2 +y 2 =za 2 and which pass through the fixed point (c, 0). 

12. Find the envelope of a system of circles whose centres lie 
on x 2 -y 2 ^a 2 and which pass through the origin. 


Evolutes. The locus of the centre of curvature of a given curve is 
called the evoliUe of the curve. 


If the coordinates of any point 
P on the curve are ( x , y), 
and those of the correspond¬ 
ing centre of curvature C are 
(£> 7)> we have 

£ =x - p sin \J/, 7j =y + p cos xp. 
,= dx — p cos \pd\p - sin xf/dp 

, ds dx . . 

~ dx ~d$ 

~ sin p dp. 



Similarly, 


drj — dy — p sin \f/ dxp + cos \p dp 
ds dy 

~ dy ~d^d8 d ^ +cos ^ d Pi 


dy = cos xf/ dp. 

dy 

~ cofc $ = gradient of PC. 

C h !w r ° ‘u 6 n0rmal PC to the 8 iven ourve touches the locus of 
18 evolute. Hence the evolute is the envelope of the 

Mtotrf ™ * he pyen curve, and the centre of curvature is the 
P t of contact of the normal with the evolute. 
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Example 9. Find the coordinates of the centre of curvature 

x 2 j,2 

at the point (a cos <f>, b sin <f>) on the ellipse -g + = 1 > and deter¬ 

mine the evolute. 

a , , i • . , , du dx b 

At the point <p, tan \L = -^7 — = - - cot <f>; 

a</> a< 7 > a 

the normal at the point is 


a 


a 


v. 52 _ 

y - x £ tan </> = b sin <f> - sin </> = —^— sin <f>. 

For the envelope of the normals, differentiate with respect to </>; 
therefore the centre of curvature is given by 

ax o , ~ « 2 . 

—r sec- <l> — — 7 — cos </>, 


that is 


a 2 - b 2 


x = 


a 


cos 3 <£. 


Writing the normal in the form 


ax b 2 - a 2 , 
y cot </> - ^— cos cp, 

and differentiating with respect to </>, we have 

b 2 — a 2 

- y cosec 2 <f> = — 7 —( - sin </>), 


that is 


y — - 


b 

a 2 -b 2 


sin 3 <£. 


Therefore the centre of curvature is 

a 2 -b 2 . a 2 - b 2 


fa - - 6 2 ° 2 -b 2 \ 

(—-— cos 3 </>,-^— sin J </> y 


and the parametric equations of the evolute are 

ax :by : (a 2 - b 2 ) =cos 3 </>: - sin 3 </>: 1 . 

Since this may be written 

(ax) 2/3 : {by) 2 / 3 : (a 2 - 6 2 ) 2 / 3 =cos 2 </>: sin 2 </>: 1 , 

the equation of the evolute can be expressed in the (less convenient) 
form 


(ox ) 2/3 + {by) 2 / 3 = (a 2 - 6 2 ) 2/3 . 
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Arc of the Evolute. Denote by A the fixed point on the curve 
AP, from which a is 

measured, and by C 0 , C the 
centres of curvature corre¬ 
sponding to A, P ; also denote 
by <r the length of the arc C 0 C 
of the evolute measured from 
C 0 in the sense for which a in¬ 
creases. 

From p. 355, if C is the 
point (£, 7 /), 

= - sin \fs dp t dj) =cos \f/dp ; 

(d<r)2 = (^)2+(<f V )2 =( d, j) 2. 

Therefore if p increases steadily with a , that is with <r. 



cUt ~dp ; 

integrating, cr =p - p 0 , where p 0 is AC 0 ; 

and if p decreases steadily as a increases. 


do-= - dp; <r=p Q - p. 

Thus the length of an arc of the evolute is equal to the difference 
between the radii of curvature corresponding to its ends, provided 
that p increases steadily, or decreases steadily, in the interval. 


Involutes. This property of the length of arc of the evolute has 
a physical interpretation : 

Suppose that one end C x of a string is attached to a point of the 
evo ute, see Fig. 137, and that the string is wrapped round the 
curve and leaves it tangentially at C 0 , continuing as far as A. 

W - the strin 8 is unwrapped, the moving end will trace 
the original curve AP because, at any moment, the portion 
unwrapped equals (AC 0 + arc C 0 C), which equals PC. 

fiT mg 40 this P ro P ert y the original curve is called an involute 
of the curve C 0 CCj. 

Ihere is an unlimited number of involutes corresponding to a 
f CU ^i», for “V. definite point A' of the string AC 0 traces out 
of 6 . w hich the various positions of the straight part 
norZlf 1 ?? ,2® norma! * Th us C 0 CCj is also the envelope of the 
CT °i P J therefore the curve A'P' is an involute of C 0 CC,. 
A x p' T r ’ 6 tan 6 onts at corresponding points of the curves AP, 

called » e ^r el and ,, f ° r this roason fc he involutes are often 

uoa parallel curves 


n 


i 
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Example 10. Determine the involute of a circle of radius a. 

Suppose that the curve is described by one end P of a string 
PQK wrapped round a circle centre O and radius a, the other end 

K being fixed ; and let KQA be 
the position of the string when 
wholly in contact with the circle. 

Take OA as x-axis and let 
/_xO Q =0. Then Q is the point 

( a cos 0, a sin 0) ; 

also QP =arcQA =ad, andQPmakes 
with Ox an angle 0 - 

P is the point (x, y) given by 
x =a cos 6 +a0 cos (0 - 
y =a sin 0 + a0 sin ( 0 - h 71 ") » 

that is, parametric equations of the involute are 

x =a(cos 0+6 sin 6), y =a(sin 0 - 6 cos 6). 

It follows from these equations, or from the mechanical descrip¬ 
tion of the curve, that all involutes of a given circle are congruent. 
It is also obvious from the figure that the pedal equation of the 
involute is r 2 =p 2 + cr 2 , since p = OY =QP, OQ -a, OP-r. 

Further for the involute, xp =Z.AOQ, 



Fig. 138. 


• • 


ds 

dp 


= p = PQ =axp ; 


the intrinsic equation of the involute is s = if « is measured 
from A, where =0. 


Example 11. If V =IW > °> interpret the equations 

dp 

(i) X Bini-ycosi=p ; (ii) x cos ^ + y sin * = dl// ! 

cPp 

(iii) x sin \p - V cos p = - 


(i) is the equation of a line making an Ration 

distance p from O. It touches the curve (S) whose p, * eq 
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is p =/('/')• Hence (S) can be 
found as the envelope of (i) by 
differentiating with respect to \{/ t 
and this gives (ii). Therefore the 
coordinates of the point of contact 
of (i) with (S) are obtained by 
solving (i) and (ii). 

But the form of (ii) shows that 
it is perpendicular to (i) ; there¬ 
fore (ii) represents the normal at 
P to (S). 

The evolute (E) of (S) may be 
found as the envelope of the normal (ii) by differentiating with 
respect to </-, and this gives (iii), which therefore passes through 
the centre of curvature C. But the form of (iii) shows that it 
is perpendicular to (ii) ; therefore (iii) represents the normal at 
C to (E). 

If xf/ is not confined to values for which f(\f) is positive the 
envelope of (i) consists of (S) given by p =f{xf)^0 and another 
curve given by - p = - /(«/-) > 0 ; this is because (i) can be written 
in the form 

x sin (^ +7r) - y cos (\J/ +w)= ~ p. 



Some results previously obtained by other methods can be 
deduced from Example 11 : 


The perpendicular from O to (ii) 



dp 

d^ ; 



339). 


Also, the distance between the parallel lines (i) and (iii) ia p + . 

. cPp ^ 

" p = p+ d?i’ ( P* 350 >’ 


1 . 


EXERCISE XVII d 

that c ° ordinates <£> ’<> the centre of curvature 
at any pomt ( x , y) on a curve are given by 


£=*- 


dy 

df 


v ~y + 


dx 
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Find the coordinates of the centres of curvature at the named 
points on the curves in Nos. 2-5 : 

2. y=x 2 ; (£, £). 3. xy =c 2 ; (c, c). 

4. y = log sec x ; (£-, log 2). 5. y=sin 2 x; (0,0). 


6. Find the equation of the normal at the point t of the parabola 
x=at 2 , y = 2at. Hence determine the evolute and give a 
sketch of it. 


7. 


8 . 


Prove that the evolute of the hyperbola x — ±a ch 0, y =b sli 
can be expressed in the form (ax) 2 ' 3 - (by) 2 ! 3 = (a 2 + 6 2 ) 2 / 3 . 

^2 y2 

Sketch the evolute of the ellipse - 0 + =1 and find its total 

a z b z 

length. 


9. Find the length of the portion of the evolute of the cycloid 
5= 4asin \l corresponding to the arc from ^=0 to = and 
prove that the evolute is an equal cycloid. 

10. Find the length of the portion of the evolute of tho catenary 
y =cch (x/c) which corresponds to tho arc from x = 0 to x=c. 

11. Find the intrinsic equation of the evolute of the catenary 
s = c tan \p. 

12. Find the coordinates of the centre of curvature, C, at the 
point t of the envelope of x cos t +y sin t =a sec t. Also find 
the radius of curvature of the locus of C. 

13. Prove that the intrinsic equation of the evolute of s=/(y') 
is of the form s -/'(^ - \~) =constant, and that, for a suitable 
origin for s and a suitable initial lino, this can be written 

«=/W 

14. Prove that the intrinsic equation of an involute of s =/(>/) 
can be expressed in the form s-c^=J/(^)d^ where c is a 

constant. 

15. Prove that the p, r equation of the evolute of p=asin2il is 
t 2 + 3p 2 = 16a 2 . 

16. Prove that the p, £ equation of a cardioid can bo written in 
the form p=2a cos 3 and find the p, ^ equation of its 

involute. 
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Area of a Sector. In Fig. 140, AB is an arc of tho curve whose 
polar equation is r=/(0), and we shall suppose at first that r 
increases steadily as 0 increases from a at A to fJ at B. 

Take two points P, (r, 0) and Q, (r + £r, 0 +60) on the arc. Then 
the area of the sector OPQ lies between tho areas of tho circular 
sectors OPP', OQQ', that is botween J>r 2 60 and i(r + 6r) 2 60. The 
sector OAB may be divided into sectors like OPQ, and by the 
summation property of a definite integral its area is the common 
limit of e = p 

2^60 and 2i(r+6r) 2 60, 

0 = a 0 = a 

re 

which is I Ar 2 d6, assuming that the limit exists. 

The same argument applies if r decreases steadily as 0 increases, 
and the result holds for any arc which can be divided into a finite 
number of parts for each of which r increases steadily or decreases 
6teadily as 0 increases. 




Fio. 141. 


Example 1. Sketch the lemniscate r 2 =a 2 cos 20 and find the 
area of one of its loops. 

As 0 increases from 0 to \tt, r decreases from a to 0, giving the 

“ * BO Fi ?‘ 141 ‘ AS 9 inCreQSeS fr ° m & to K cos!0 i 

‘ l ; ere ' ore "° Vttlue ° f >• exists. Also, since the equation 
.s unaltered when 0 is replaced by tv - 0 or by - V, the curve is 

symmetrical about O y and about Ox and therefore consists of two 
loops winch touch the lines 0 = ± Jr- at the pole. 
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The area of each loop = 2 


rr/4 


0 


\r 2 dd 



a 2 cos 2d dd. 


I 


= ia 2 sin 26 



Note. To confirm the accuracy of the sketch the reader should 
prove that +26 for this curve, which shows that the tangent 

at A is perpendicular to Ox. 


EXERCISE XVIII a 

Sketch the curves in Nos. 1-3 and find their areas : 

1. r=a cos 0. 2. r =a cos 2 \6. 3. r =a(3 + 2 cos 6). 

Find the areas of the sectors indicated in Nos. 4-6 : 

4. r =e 9 ; 6= — 1, 0= + 1. 5. r =a tan 6 ; 6=0, 6 = \tt. 

6. r 2 sin0=a 2 ; 6 = a, 6 = tt - a, where 0 < a< tt. 

Sketch the curves in Nos. 7-9 and find their areas: 

7. r 2 =a 2 cos 2 0 + 6 2 sin 2 0. 8. r 2 =a 2 sin 26. 9. r=asin20. 

10. Find the area of the minor segment cut off from r =a( 1 +cos 6) 
by the half-line 6 =%-. 

11. Sketch the graphs of r =a sin 6 and r 2 =a 2 cos 26 and find the 
area of the region inside both curves. 

12. With the usual notation prove that pds =r 2 d6 and interpret 
fpcte and jp 2 d\f geometrically. 

Sketch the curves in Nos. 13, 14 and find the areas of their loops : 

13. r=asin 0cos 4 6. 14. r cos ^ =o cos 2^. 

15. Find the area of a loop of r =a sin 30 +6 cos 30. 
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From the formula r 2 dO for tho area of a sector may bo 

deduced a formula applicable to a curve given by cartesian 
parametric equations. 


„ y xd y - y dx . 

tano=-, sec 2 6 du = - 5 -» 

x x 2 


Since 

but x sec 6 =r, .*. r 2 dd = xdy - ydx. 

If a curve is given by the equations 

x =/(«), y=g{t), 

dx dy . 

^ and — may be calculated from these equations, and 


dd 


dy dx 


r “ dt ~ X dt y dt' 


Thus if in Fig. 140 the points A(0=u) and B(6=f3) are given by 
t =t y and t =U, 

CP „ , ft, dO 

area of sector AOB =£j r 2 d0 = £ J r 2 ^ dt 

, H./ dy dx\ , 

-*L 


Note. This result may be obtained independently from the 
cartesian formulae [xdy, [ydx for areas and may then be used 
to establish the polar formula for the area of a sector. 


Example 2. Find the area of the sector of the half-hyperbola 

x=achu, y=bshu bounded by the lines joining the origin to 
the points u =0, u —u^. 

xdy ~ ydx =a6(ch 2 u - sh 2 u)du =ab du; 
area of sector = iJ U ‘ {x^ - j du 

f«i 

= £ abdu=\abu 1 . 

Jo 

This result for the special case a =6 was obtained by a less con¬ 
venient method on p. 272. 
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Example 3. Sketch the curve x 3 +y z = 3axy, (a > 0), and find 
the area of the loop. 

Put y =tx , then x 3 ( 1 +£ 3 ) = 3 atx 2 ; 

3 at 3 at 2 

x= 0 orj ^3 and y = tx = 0 or ; 


the curve is represented parametrically by the equations 

3 at Sat 2 

x= T+t*’ y = T+ T 3 ’ 

and could be plotted by giving numerical values to t. 

Unless great accuracy is required it is sufficient to proceed as 
y . follows : 

If t is small, x^3at, y^3at 2 ; 

s if t is large, x^=3a/t 2 , y^=3ajt ; 

_^ these approximations give two branches 

O ^ •* near the origin like the parabolas in 

^ Fig. 142. 

If frc=- 1, 1 +< 3 is small and therefore 
Fig. 142. the values of x and y are numerically 

large and of opposite signs ; but if t = - 1 
there is no value of x and y, and therefore the line y = - x does 
not cut the curve except at the origin. 


Since 


3at{ 1 +t) 

y+x = iTfi- 


3 at 

1 -t+t 2 


- 1 , 


- 3a 

y + x-> —x—, 


= - a, when t 



Therefore for values of t near - 1 the 
curve approximates to the line 

y + x = - a, 

which is called an asymptote ; and since 

a(l +t) 2 

*+y +a ’ s i _ TT*' 

is positive for all values of t, therefore 
the curve lies wholly on the same 



V \ 

9 \ 

% 


Fig. 143. 


side of the asymptote as the origin. 

There are no very large values of x or y except those given y 
- 1. The graph is therefore as shown in Fig. 143. 
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The reader should consider which parts of the curve are given 
by different values of t ; actually the loop is obtained by allowing 
t to increase from 0 to co. 


• • 


the area of the 




Since 




dy dx _ 9 a 2 t 2 

•* dt y dt ~ x "(i +i 3 ) 2 * 


•co 


9« 2 * 2 


** the area= *J 0 (TT ?) 2 


dt 



Note. Additional examples of curve tracing and asymptotes 
will be found in Chapter XXI. 


EXERCISE XVIII b 

Sketch the curves in Nos. 1-4 and find the areas enclosed by them : 
1. x =3 cos t, y = 2 sin t. 2. x =a cos 2 1, y =a sin t cos t. 

3. x=asin 2 f, y =a sin 2 *cos 

4. x =a cos /(1 - cos*), y=asin<(l - cos t). 

Sketch the curves in Nos. 5-8 and find the area of a loop : 

5. x =a sin 2t, y =b cos t. 6. x 4 - y 4 =x Q . 

7. x=t+t 2 ,y=t 2 +<3. 8. x 4 + y* = 2a?xy. 

9. Find the area enclosed by the curve 

x =a(2 cos t + cos 2 1), y = a (2 sin t +sin 2 1). 

10. Sketch the curve y=t*-l and find the area of the 

loop. 

11. Find the area of the ellipse Sx 2 +4xy +8y 2 = 1. 

12 ‘ “pt™ S P rove that the area of 
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Area of the Surface of a Circular Cone. 

The surface of a cone can be “ developed ” into the sector of a 
circle, and the area of the surface of a cone may be defined to be 
v/ the area of this sector. We assume the for¬ 

mula tttI for this area ; it is easy to deduce 
a formula for the area of the curved surface 
of a frustum. 

Consider the frustum, in Fig. 144, be¬ 
tween two circles PjQj, P 2 Q 2 . °f radii y v 
y 2 ; let VP l =l 1 ,V P 2 = l 2 . Then 

area of frustum = -xy y l 1 - iry 2 l 2 

= -(!/i +2 / 2 )(*i " h) 
since 2 /i/l/ 2 =V / 2 - 

B 

Area of the Surface of a Solid of Revolution. 

When the word “ area ” is applied to a 
curved surface it is used in a new sense 
which needs to be defined. We have defined the meaning for a 
conical surface by using the idea of “ development ”, and wo shall 
now deduce a meaning for the 
area of the surface of any solid 
of revolution. 

Suppose that the surface is 
generated by the revolution of 
an arc BC of the curve y =f(x) 
about Ox, where BC lies above 
Ox. As in Chapter XVI, let 
BP,P 2 . . . Pn-iC be an open 
7 i-sided polygon inscribed in this arc, and denote by S n the sum 
of the areas of the conical surfaces generated by its sides. Now 
let the polygon vary in any manner such that n cc and t ie 
length of the longest side tends to zero. If then S„ tends to a 

definite limit S, the surface is said to be of area iS. 

Let the points B, C be given by 0 =fi, s =y where * is the length 
of the arc of the given curve measured from a fixed point A 1 

denote the coordinates of P r by (x„ y T ). 

Then the area of the conical surface generated by Pr^r+i is 

7r(y r +2/r+i)P/ , Pr+i» anc * 

ft — 1 

S n = 2 7r(?/r +2/r+i)PrPf+l 

0 

where r =0, r =n correspond to B, C. 



i* k;. 145. 






XVIII] 


FURTHER AREAS AND VOLUMES 


367 


The form of S„ suggests that lim S„ = I Y 2-rny ds , and this can bo 

n—»oo J £ 

proved by using the fact that the limit of the perimeter of the 
polygon is tho length of the arc. The proof is resorved for the 
advanced volume. The formula for the area of tho surface is 

S = J* 2-ry ds. 

Example 4. Find the area of a zone of a sphere of radius a 
bounded by parallel planes distant b apart. 

Suppose that the sphere is generated 
by the revolution about Ox of the semi¬ 
circle, centre O and radius a, with dia¬ 
meter along Ox ; then the zone is gener¬ 
ated by the revolution of an arc BC. 

Any point P on tho semicircle is given 
by x=acos B % y—a sin 0, where ZxOP = 0; 
let B, C be given by 6 =/3, V = y, then 

& —a cos fi - a cos y. 

Also, arc AP = s = a0, ,\ ds =add. 

fay 

area of zone = 2ir y ds 

Jal 3 - 



= 2;ra 1 2 3 4 (cos /3 - cos y) = 2~ab. 
Note. Putting b =2a, area of surface of sphere =47ro a . 



EXERCISE XVmc 


Find the areas of the surfaces 
of the arcs in Nos. 1-8 : 


generated by revolution about Ox 


1. 4y=3x from x = l to x = 2. 

2. y =cch (x/c) from i=-atox-+ a , 

3. y = V(4ax) from x = 0 to x=b. 

4. x=t 2 , y =t- £*3 from <=0 to * = ^3. 
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5. x—a cos 3 1, y =a sin 3 1 from t =0 to t =^7r. 

6. x =a{6 - sin 6), y =a(l - cos 6) from 6 =0 to 6 = 2tt. 


7. y =sin x from a; =0 to x =ir. 

8. r =a(l +cos 6) from 6 =0 to 6 = ~. 

Find the areas of the surfaces generated by revolution about 
Oy of the arcs in Nos. 9, 10 : 

9. y = log x from x = 1 to x =2. 

10. x = 20 - sin 20, y = 8 sin 0 from d = 0 to 6 =\ir. 


Theorems of Pappus. 

I. If an arc of a plane curve revolves about an axis in its plane 
which does not cross the arc, the area of the surface generated 
is equal to the length of the arc multiplied by the length of the 
path traced out by the centre of mass of the arc. 


In Fig. 147, G is the centre of mass ( x , y) of an arc BC of length l ; 

the axis of revolution is taken as 
x-axis, and the points B, C are given 
by s = (3, 8 = y where s is the length 

of arc measured from a fixed point A. 



Then y=- 


g yd * = ij 


yds; 


ds 


0 


* J0 

of surface, = 2-J \ ds, =2~yl, which proves the theorem 


II If a plane closed curve revolves about an axis in its own 

plane which does not cut the curve, the volume of the so '‘ d ^ 
' te d is equal to the area enclosed by the curve multiplied b> the 
length of^ tho path traced out by the centre of mass of the area. 

Take the axis of revolution as x-axis and suppose that the 
closed c^e has only two tangents parade, to Oy ; dene e the 
abscissae of their points of contact B, C by 6, c. See F g. 
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In Fig. 148, G is the centre of mass {x, y) of an area A bounded 
by the curve BPCQ, and PQQ'P' is one of the strips into which A 
can be divided by lines parallel to Oy ; P, Q are the points (x lt y x ) t 
{x 2 , y 2 ). Then 

C 

yjdx 

y='~ — 7c - 

I b (^2 - Vl) dx 

the volume of the solid, = J^?r(y 2 2 - y*) dx, =2?ryA, 
which proves the theorem. 

This proof can be extended to a closed area which can be 
divided into a finite number of areas bounded by closed curves 
each of which has only two tangents parallel to Oy, 





a semiZt 3 ' ° f maSS ° f the arc and area ° f 

Let AA' be the diameter of the semicircle, centre O, radius a 

peVenXu^to^ AaT”" “* G> G ' °" ‘ h ° r “ dius OB 

a> bv revn! PUS theorem the area of the surface generated 

aLTthitlf the" 0 t BA ' f ° Ut AA ' iS 2 - OG • - ■ but the 

area is that of the surface of a sphere, 4 -a 2 . 


/. 2tt . OG • 7 ra = 4 7ra 2 ; OG = —. 

(U) % *7;z th ? ™ ,u r of f esom 

volume fra* of the sphere ' *” ! bUt th,S mUSt e( J ual tha 


2*00'. J- a l = 4^ a , . 
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EXERCISE XVIII d 

1. Find the distance of the centre of mass of (i) the arc, 
(ii) the area of a quadrant of a circle, radius a, from the 
centre of the circle. 


2. A square ABCD. side a, is rotated about a line through A 
parallel to BD. Describe the form of the solid generated and 
find (i) its volume, (ii) the area of its surface. 

3 A circle, radius a, is rotated about a line in its plane at distance 
b from the centre, ( b>a ). Find the surface-area and the 
volume of the anchor-ring so formed. 

4 Give the surface-area and volume of the solid obtained by the 
revolution of a circle of radius a about one of its tangents. 


5. Find the volume of the solid formed by revolving the ellipse 
x = a cos </>, y = b sin «/> about the line x = 2a. 

6. Find the volume generated by revolving the half-ellipse 
x=aV(l “ 2/ 2 /^ 2 ) about the y-axis. Hence find the centre ol 

mass of the area of the half-ellipse. 

7. Prove that the volume generated by rotating a loop of the 
curve aV=x 2 (a 2 - * 2 ) about the y-axis is 2 a and find the 
centre of gravity of the area of the loop. 

8 Find the centre of gravity o£ the complete arc of the cardio.d 
r =a( 1 + cos d). 

9 Find the volume of the solid formed by the revolution of the 
cardioid r =a(l + cos V) about the tangent x-2a. 

ofthe 'an "face formed by revolution of that arc about the 
tangent y=2a. 

the plane of the circle has turned through an angle d, the 
of r is a(2 + sin 0). (a < %b). 
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The Notation of Analytical Geometry in Three Dimensions. 

Geometrical methods of illustrating the properties of functions 
of one variable may be extended to functions of two variables. 

Take three mutually perpendicular lines Ox, O y, O z as axes of 
reference in three dimensions. Then it is possible to move from 



O to any point P by successive displacements OM, MN, NP in the 
directions of these axes, and if the displacements are measured 
algebraically by x„ y lt z l respectively, we call (x,, t/„ 2 ,) the 
cartesian coordinates of P. To any set of coordinates (x,, y lt 2 ,) 
for given axes of reference there corresponds one point P, and 
conversely. 

Denote by 2 any function f(x, y) of two independent variables 
x and y. Any pair of values, x = x,, ?/=*/,, can be represented bv 
a point N (Xj, y x ) in the plane xOy, see Fig. 150 ; and if NP is 
drawn parallel to Os and equal to z„=/(x„ y,), its height (positive 
or negative) represents the value of/(x, y) for x = x,, y = y x . 

If x and y vary independently and z=/(x, y), then the point 
r(x, y, z) moves on a surface whose form illustrates geometrically 
the proporties of the function /(x, y) ; we call z~f(x, y) the 
equation of the surface. 

More generally, if the coordinates (x, y, 2 ) of a point P satisfy 
an equation /(x, y , z) = 0, the point P lies on a surface and 
j(x, y, z)~ 0 is called the equation of the surface. 

The equation of a plane parallel to xOy is evidently of the form 

z - c, and it can be proved that the equation of any plane can be 

expressed in the form ax + 6y+cz + d = 0. The reader will find it 

easy to prove that the equation of a sphere, centre O, radius a, 
ib x + y + z* = c # 
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Double Integrals. 

We first illustrate the meaning of a double integral by solving 
an example. 

Example 6. The base of a solid is a rectangle OADB with 
edges OA, OB of lengths a, b along the axes Ox, Oy ; its upper face 
is part of the surface whose equation is z = x 2 y* and its sides are 
planes perpendicular to the base. Find the volume of the solid. 

Let the base OADB be divided by a network of lines parallel to 
Ox, Oy into a large number of rectangles. Take any one of these 
and denote the coordinates of the vertex nearest O by {x, y) ; its 
area may be denoted by 8x8y. On this rectangle erect a column 
whose height is the height of the surface at (x, y), that is x 2 y 3 . 



If this is done for all the rectangles into which OADB is divided, 
the volume of the solid may be taken to be the limit of the sum 
of the volumes of the columns, that is lim Z.x 2 y 3 8x8y, when the 
sides of all the rectangles tend to zero. 

Note 1. The volume of the column over 8x8y is not exactly 
x 2 y 3 8x8y, but is £ 2 t/ 3 8x8y where £ is between x and x +8x and // is 
between y and y +8y. This makes no difference to the limit, 
just as in Chapter X an area is found from lim "LySx though it 
is really lim "LySx where y is between y and y +8y. 

Note 2. The sum ^Lx 2 y 3 8x8y is a double sum in the sense that 
x and y both vary. We therefore write 

volume = lim ZZz8x6y 
where, in the example considered, z =x 2 y 3 . 
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We now proceed to calculate the limit of the double sum. 

We begin by finding the sum of the volumes of columns given 
by rectangles along the strip NN' in Fig. 151 (6). For this purpose 
x and 8x are treated as constants, thus 


2Sx 2 y 3 0x3y =Z{x 2 ca'2(y 3 ^y)} 


and 


lim Z(y 3 <fy) = 


~b 

0 


y 3 (li/=ib 4 ; 


lim 5mx-t/ 3 dz&y =lim S(x 2 8a: |6 4 ). 

We now find the sum of the volumes corresponding to different 
strips like NN' ; this gives 



x*dx=\b 4 la 3 = i \aW. 


The process which we have just explained may be represented 
symbolically by 


Io(Jo 2d2/ ) dXy ° r Sh0rtly ’ \So ZdXdy ’ ° F by ^ ^ Zdy ' 

where in the first integration with respect to y, x was treated as 
constant. 


Alternatively we might have begun by finding the sum of the 
volumes corresponding to the rectangles which compose MM' 
treating y and 6y as constant ; the process is then completed by 
the summation for different positions of MM'. The reader should 
verify that the result is the same. 

This second process may be represented by 


f b j [ a . rb fa 

) o\J o 2 dx J dy ' ° r shortl y> z dy dx, or by 

* 0 J 0 


rb 


d v 


z dx. 


shortened notation the first integral sign refers to the 
first differential but the other integration is performed first 
In this example we see that 


i:j>- 


~ 

but when the limits are not constant the chantr* ~ . 

their value. This is shown in the noxt examplf “ 8ffeCta 
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Example 7. The base of a right cylinder is the quadrant of 



the ellipse ^ = 1 for which * > 0, y > 0. Find the volume of 

the cylinder enclosed between the plane 2 =0 and the surface 2 = xy. 
The volume is 

lim ££ xyZx&y. 

If we begin by summing for a strip NN' bounded by lines parallel 
to Oy the contribution from this strip is 


x&x 


fu 


ydy 


where 0, y x are the values of y at N. N'. This gives 

=\x&xy* =\xb\\ - x 2 /a 2 )Sx, 


since 


*v. 2 _ 1 

Cp b 4 _ 


To sum for the different strips NN' we take values of * from 
0 to a ; this gives 

UbH 1 - *»/«•) dx = \X* - *«v]j = iaW. 

0 L 

In this example we have found the volume by evaluating 
' f"' xy dx dy. If we had first summed for a strip MM' bounded 

by lines parallel to Ot we would have evaluated J o J o X 'J d 'J dx 

3S5 SS£ &£ * SS = 

result is the same. 


xvm] 


FURTHER AREAS AND VOLUMES 


375 


Cylindrical Coordinates. It is sometimes convenient to replace 
x and y by polar coordinates p, (j>, in the Q 
plane xOy ; then p cos </> =x, p sin <f> = y, 
and the position of any point in space is 
given by the cylindrical coordinates (/>, </>, z). 

If the base, in the plane xOy, of a solid is 
divided into a network by a series of circles, y 
centre O, (p = constant), and a series of radii Fio. 1 , 53 . 

{»/>= constant), the area of a mesh may bo 
taken to be pSp <v/>, and the formula for the volume becomes 

J J zp dp </</>. 



Spherical Polar Coordinates. If the plane through O z and any 
point P makes an angle </> with the plane zOx, and if (r, 6) are the 
polar coordinates of P in this plane with Oz as initial line, (r, 0, </>) 
are called the spherical polar coordinates of P. 

In Fig. 154, z =NP =r cos 0 ; andON=rsin0, 

•*. * — t sin 6 cos <f>, y =r sin 6 sin </>. 

Thus cartesian coordinates (x, y , z) are transformed into cylindrical 
coordinates by replacing x, y by polar coordinates p, <f> given by 

x=p cos <£, y=p sin<f>; 

and spherical polar coordinates are then obtained from the 
cylindrical coordinates (p, <f>, z) by replacing p, z by polar coordin- 

ates r, 6 given by 

2 =r cos 0, p =r sin 0. 

In spherical polar coordinates P 
(*» y, 2 ) becomes 

(r sin 6 cos </>, rsin^sin<^>, rcos0). 

The use of double integrals has 
been illustrated in Examples 6, 7 
by applications to measurements 

of volume ; they apply also to 

Fl °* 154< the measurement of any quantity 

_ _.. , , which involves the limit of a douhle 

summation, such as the mass of a body of variable density 
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Triple Integrals. The method may be extended to triple 
summations. 

Consider a solid in the form of a cuboid of variable density 
bounded by the planes x =0, x=a; y= 0, y-=b ; z — 0, z=c; 
the density at any point ( x , y, z) being a given function/(x, y, z). 

It can be divided by planes parallel to yOz, zOx, xOy into small 
cuboids ; and one of these, having (x, y, z), (x + 8x, y +8y,z +oz) 
as opposite comers, would have a mass approximately equal to 
/(x, y, z)8xly8z, and the mass of the solid can be found as 

lim 22S/(x, y, z)8x8y8z, 

which would be denoted by 

ra rb rc f a f b f e 

f(x,y,z)dxdydz, or dx dy f{.x,y,z)dz. 

JoJoJo - 0-0-0 

As with double integrals, if the limits are constant the order of 
integration is immaterial ; but for variable limits a c ange o 
order involves a change of limits. 


Volume in Spherical Polar Coordinates. 

Fig. 155 represents an element of surface PQRS of a sphere, 
centre O, radius r ; it is bounded by two cones, axis Oz semi- 
vertical angles 0, 0 +86, and by two planes through Oz, making 
angles </>> with the plane zOx. 



t o omnll rircle centre N, radius rsin#, and its 
PQ is an arco a- cucle c cl>c/e and its length 

M \he^tke a- of the e.eJent of surface PQRS may 
be taken as r sin 6 8<f >. r86. 
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If a solid is divided into small colls by spheres with 0 os centre, 
cones with Oz as axis, and planes through O z, the volume of the 
cell which has PQRS as base and lios between the spheres of 
radii r, r + 8r, may be taken as r sin 0 8<f>. r80 . 8r, that is 
r^sin 6 8r868<f>. Hence the spherical polar formula for a volume is 

JJJ r 2 sin 6 dr dd d<f>. 


EXERCISE XVIII e 

Interpret geometrically the integrals in Nos. 1-4 and evaluate 
them : 


f 2 f 3 

. dx x dy. 
Jo Jo 


'■ m 


x 3 dxdydz. 


2. 


4. 


r< r/2 


0- 
‘a 


rdrdO. 


dr 


‘"I* „ f 1 

d0\ r 2 s\i\6d<b. 

o Jo 


Evaluate the integrals in Nos. 5-8 : 

•i+v „ 


‘ j:i; 

• M 

mve th 

f p. 

J 0 J 


V* 


dydx. 


n sioM 

Bin® 
b 


w rcos 6 

dO V(1 ~r)dr. 
o Jo 


8. dx 
- o 


rcos 6 d6 dr. 


\ d y f (y 2 

JO Jo 


+ z 2 ) dz. 


9. Pr °^e that the area common to the parabolas y = 2x*, y 2 =4x 
is I I ldxdy and find its value. 


10 ' thofuJT C °°, rdi T tea ,° f centre of cavity of the area in 
the first quadrant enclosed by the curves y 2 ~x, y 2 =x a . 

11. The thickness of a circular disc, of radius a, at distance r 
from the centre .s 2ac/V(4u 2 - r 2 ). Find its volume. 

12. Fmd the area of the portion of the surface of a globe of radius 
^“etr m0rid ’ anS ° f IOn8itUdS * * “ d parallels 

13 ’ (r h fll d - en S y ° f th ° circu,ar lamina r= 2acost) at any point 
(r, 6) is Ar* per un,t area where A is constant. Find its maTs 
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14. The base of a right cylinder is a semicircle, radius a, diameter 
BC, and a plane is drawn through BC making 45° with the 
base. Prove that the volume of the cylinder enclosed by this 
plane and the base is la 3 . 



The section of a right cylinder is a circle, radius a, diameter 
BC ; a sphere is drawn with centre B and radius 2 a. Taking 
the centre of the sphere as origin and using cylindrical 
coordinates, prove that the volume of the space inside both 


the sphere and cylinder is 4 


'tt/2 


d<p 


•2a COS 4> 


p (4a 2 - p 2 ) dp and 


find its value. 


16. Use spherical polar coordinates to prove that 
* 1 

——- 5 - 5 - -zzdxdydz equals tt 2 /S where the suraraa- 

V ( 1 - xZ - Ir ~ z ) 

tion extends to all positive values of x, y, z for which the 
integrand exists. 


CHAPTER XIX 


PARTIAL DIFFERENTIATION 


Functions of Two Variables. 

A graphical method of representing a function z, =f(x, y), of 
two independent variables x, y has been explained in Chanter 

XVIII. 1 

There is no single definite rate of change of z analogous to the 

derivative ^ of a function of one variable. For since the variables 

x and y are independent of one another we may have to consider 
the effect on z of an increase in x while y remains constant, or of 
an increase in y with x constant, or of simultaneous increases of 
x and y. The last case is considered on page 384. 

If 6z is the increase of z due to an increase 8x in x, when y 
remains constant, 

8z=f(x+8x, y)-f(x , y ) ; 

lf ' f ~ +8X ’ 1 f x exists, it is the derivative of z with 

respect to x, y being regarded as constant, and it is called the 
partial derivative of z with respect to x. It is denoted by ~ or 

a dx ' 

y)> °r /*. 

Similarly, if lim - fl x » ?+&/)-/ (*, y) 

y - exist « is called the 

partial derivative of z with respect to y and is denoted by or 


dy 

d yf( X > V), OTfy. 

.J he / art j a L derivativ - ma y be interpreted in terms of the 

geometry of the surface z~f(x u\ +v,~ _ • 

point P (x, y, Z ). J * V) th nei ghbourhood of the 
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If we move from the point P to a neighbouring point Q of the 
surface, the gradient at which we climb relative to the plane xOy 
depends on the direction of the displacement from P to Q on the 
surface. If y is kept constant we are confined to the plane through 

dz 

P parallel to zOx ; is the gradient at P of the curve which is 



the section of the surface by that plane. Similarly ^ is the 
gradient of the curve of section by the plane parallel to zOy. 


Sz dz 

Successive Partial Derivatives. Since are themselves 

dz 


dy 

dz 


dz d“* 

functions of x and y, partial derivatives of ^ may be defined. 
r rU^r nm /"»O llorl qppotuI order nartial derivatives of Z. 



d /dz 

\ d ( dz \ 

d /dz 


dx\dx 

r dy\dx) f 

dx\dy 


dH 

d*z 

d 2 z 

are written 

dx v 

dydx’ 

dxdy r 

or 

fxxt 

fyi' 

Sxyy 

Subject to 

certain 

conditions 

which 


d / dz 


du) 


dy\dy 

d 2 Z 

w 

fvu respectively, 
j usually satisfied by 
* :; but we 

-^ dydx cxvy 

shall content ourselves in this book with verifying it in special 
cases ; see Example 1, p. 382, and Exercise XIX a. Nos. 7-12. 

Partial derivatives of higher orders can be defined in succession, 
but these are not often required in applications. 


ordinary functions, it can be shown that 
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Functions of Three or More Variables. 


Partial derivatives of functions of any number of independent 
variables are defined in the same way. 


For example, if 


V =f(x, y , z). 


and if 


lim /(* +6x, ?/, z) - f(x, y, z) 


6 X— 


fix 


exists. 


this limit is denoted by ^ or y t z) or f x . 

av av 

A so ’%’ Hz' and P artml derivatives of higher orders can bo 
defined as before. 


Calculation of Partial Derivatives. No new principle is involved ; 
the partial derivatives are in effect ordinary derivatives of func¬ 
tions of one variable, because the other variables which occur 
are treated, by definition, as constants. 

If V =/(z) where z is a function of a single variable x, we have 
by p. 50 (Vol. I), 

dV _dV dz f dz 
dx ~ dz dx = f ^dx * 


if instead 2 is a function of two independent variables x and v 
and if we wish to calculate the partial derivative of V with respect 
to x, the work is precisely the same as before, because y is treated 
as constant. But the formula used is now written 


av = dva 2 _ / e z 

dx dz 8x~ ^ ^dx 


to indicate that y has been treated as constant. In this relation 
Tz * the or <^ a ry derivative of V, = /(*), with respect to 2 and is 
therefore not written 

dz 
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Partial derivatives of higher orders are calculated in the same 
way. Thus 

a 2 v a /av 


a* 2 


4© ■ 


hence by the rule for differentiating a product 

a 2 v dz a , a dz 

a ^ 2 ~dx d~x f ' {z) +f ' {z) dx dx ; 

, r , r , av dva: 

but from the formula = writing/'(z) in place of V, 


d 


dz 


dz 


dx^ {z) = J z f' {z) dx = f {z) dx ; 

a 2 v /Sz \ 2 a 2 z 
a ^ 2 = -^ ( 2 ) (a*) + ^ {z) d^' 


X 


Example 1. If z = - log x, verify the relation 

y 


Also, 


a 2 z 


a 2 z 


dx'Cy dydx 

a /x 


cz a (x \ x 

Fy = dy loex ) = -^ loext 

d 2 z a / x \ 1 x l 

dxdy ~ dx\ y 2 ° 8 J ~ y 2 ° g X y 2 x 


dz 

dx 


dfx \ 1 x 1 

= ^~\~ log x ) = - log x + — ; 
dx\y b / y & y x 


d 2 z a (i i\ i. i 

: -^=d-y\y logx+ y)=--y* logx -y*- 


Example 2. If z =ar"/(^)> prove that 


dz dz 
X dx +y dy =nZ ’ 


Take logarithms, then log z =n log x + log/(j^. 


i dz n i a/ 

** z dx x + f dx' 
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Also, 


-•'-."■•"I 

. \dz_n fit) y 
z dx x f(t) x 2 ' 
Idzldfldfot fit) 1 
zdij-fdy-f dt dy~fit) x‘ 

. zdz ydz = ( fjt ) y\ fjt) y 
z dx z dy l” ft) xJ f(t) x' 


XrC + 


dx T y dy 


= nz. 


EXERCISE XIX a 

Find/ X ,for the functions fix, y) in Nos. 1-6 : 

!• */y- 2. ax 2 +2hxy +by 2 . 3. tan" 1 iy/x). 

4. ix-y)Hx+y). 5. sin' 1 ixfy). 6.1 fy/i^+V 2 ) 

Find fxz, fxy> fux> fw for the functions fix, y) in Nos. 7-12 : 

7. xy. 8. ax 3 + 3bx 2 y + cy 3 . 9. log (xy). 

10. e^v. 11. x cos y + y cos x. 12. shxch2w. 


13. If z =/(ax + by), find ^ j 

14. If z =fixjy), prove that xf x +yf v = 0. 

15. If z = log (x 2 + t/ 2 ), prove that + ^?=0. 

C/X* 

16. If tan 6 =|, prove that ^ ^ = °- 

1, Ifr 2 ^^ prove that = 

18. If V = x 2 + y 2 + z 2 , prove that xV x + yVy + zV 2 


= 2V 


•C 

19. If V =tan~ 1 — z , prove that xV x +yV v +zV 2 =0. 
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22\j 22 V/ 

20. If V =f(x +cy) + g{x - cy ), prove that ^ =c 2 ^ 2 ' 


21. If V = l/ x /(x 2 +y 2 +z 2 ), prove that + |^=0. 

Total Variation of a Function of Two Variables. 

The rest of this chapter needs a stricter theory than is suitable 
for Elementary Calculus. 

If z =f(x, y), and 8z is the increase of z due to a simultaneous 
increase 8x in x and 8y in y, then 

8z =/(x +8x,y + 8y) -f(x, y). 

By the mean-value theorem, see p. 129 (Vol. I), 

F(x + &c) - F(x) = 8 xF'(x +68x), (0< 6 < 1) ; 

therefore, assuming that the conditions of that theorem are 
satisfied, 

f(x +8x, y +8y)-f(x, y +8y)=8x^f(x + 6-^Sx, y +8y) 

and f(x, y +8y) -f(x, y)=Sy^f(x, y + 6 2 8y) 

where 0 1% have values between 0 and 1. Adding, 

c) & 

8z = Sx^/(x + y +8y)+ 8y^ f(x, y + 0 2 8y); 




( 1 ) 


• .v, •* „fW % 

hence, assuming the continuity of 

Sz-Sx^Kx, y) +fi} + &yy) + f 2 } 

dz ()z 

i.e. 8z = q^8x + Q^8y + t x 8x + e 2 8y 

where e 1 -*0 and c 2 — 0 when 8x 0 and 8y - 0 . 

Therefore if 8x and 8y are small, and f x =£ 0. f v ¥= 0, 

8z ~-dx + 5 -oy . 
ox dy 

A similar result holds for a function of any finite number of 
variables. 


( 2 ) 
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Derivative of a Function of Two Functions of t. 

Suppose that V, =/(x, y), is a function of x and y , where x and 
y are functions of an independent variable t given by, say, x = </>(£), 
y—*Ht). Then V also is a function f{<f>(t), \f(t)} of the single inde- 

dV 

pendent variable t , and the value of might bo found by the 

ordinary rules of differentiation ; but it is usually simpler to 
avoid the substitution for x and y. 

Let denote a small increase in t y and let 

8x = <j)(t + 8t) - cf>(t) and 8y = if(t + 8t) - tf'(t) 

denote the corresponding increases in x and y ; those will be 
small if the functions </>, \p are continuous. The corresponding 
increase in V, by equation (1) on p. 384, is 

av, av. 

fiv, -faf* + g-ty + (ci&c + c 2 ty) ; 

• ^ ^ &* av Sy f 8x 8y\ 

.. .. ^ 


8t dx 6t dy 8t 
taking the limit when 8t -*■ 0, 


dV = aVdx aVdy 

dt dx dt + dy dt 


' (3) 


This may also be written, in the form of a relation between the 
differentials, as 

av. av. 




< 4 ) 


And this exact relation may be compared with the approximate 
relation (2) on p. 384. 

A similar result holds if V is a function of three variables 

x, y, z given by x =/ l( t), y =f 2 (t), z =/ 3 «) ; the differentials are 
connected by 

av av av 

d ^ =z Fx dx + d y d y + dz dz • 


(5) 
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Euler’s Theorem for Homogeneous Functions. 


If V =f(x, y t z) is a homogeneous function of the nth degree in 
x, y , z, then 


av 

x — 
ox 





It is easy to verify this result for the function x p y q z r where 
p \-q +r = n ; for if V = x p y q z r t by logarithmic differentiation. 


i av _ P i av _q i av _r 

V dx ~ x’ V dy y* V dz z' 




= (p +q +r)V = nV. 


And it follows that it holds also for any function which is the 
sum of terms of the form x p y q z r , that is for a polynomial of 
degree n. 

The general proof is as follows : 

Take any set of constant values x x , y v z x of x, y, z and denote 

f(* v Vi* 2 i> b y V i* 

Then, if x =tx v y = ty x , z =tz v 

V =f(x, y, z) =f(txty v tz x ) =t n j(x v y v z x ) 
since the function is homogeneous of degree n ; 


V =t»v r 


By logarithmic differentiation with respect to t. 


1 c/V n 
V dt ~ 7’ 



dV aV dx aV dy + av dz 
~dt ~~dx ~dt + dy dt ' dz dt 

av av av 

= x ^d~x +Vl 8i) + H dz 


1. 

f dV 

dV 

av\ 


\dx 

+ *dy 

+ Z dz) 

av 

av 

av 

dV 

X dx + 

y 8y 

+ Z dz = 

= t dt~ 


But from p. 385, 
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Equation of a Tangent to a Curve. 

Suppose that V =/(x, y) where y=<b(x) ; then by equation (3), 
p. 385, with t—x, 

clV _dV dV dy 
dx dx dy dx * 

dy 

If (x, y) are the cartesian coordinates of any point on a given curve 
we may regard y as a function </>(x) of x, although this fact may 
only be expressed implicitly by the equation 

f(x, y)= 0 

of the curve. The above result, with V =0, then gives 

°=/x +fv/ x - 

Now the equation of the tangent is sometimes written in the form 

y -y x =m(x- x x ) 

where m is the value of ^ at (x 1 , j/j). Hence it may also be written 

y-yi~ -^\x-x i), 

JUi 

that is (x - x x )fx l +(y~ '/, )/„, =0 

where are the values of f z , f y at (x r , y x ). 

Tliis result may be further transformed by means of Euler’s 
Theorem. 

Suppose that the equation f{x, y) = 0 of the curve is made 
homogeneous by the introduction of z and becomes </>(a\ y , z) = 0. 
where <t> is homogeneous of degree n and reduces to/(x, y) for 2 = 1 ; 
then x 1 <f> Zi +y 1 <t> Ul +z 1 <f> Zl ^n<f>(x 1 , y lt z*), 

.’. for 2j = 1 , +y 1 <t> Vl +2x02, =nf(x 1$ y x ) =0 , 

But when ^ = 1, ^ =f Zi and <t> Ui =/ Vi , 

= 1, x x f Zi +y x f Vl = - Zjt/)^ ; 
the equation (x - x 1 )f Xi + (y - = 0 

therefore reduces for Zj = I to 

x Ux +Vfu, +2x</>z, =0, 

and may be expressed in the form 

Xt b*x +y<t>vx +z<k, =o 

where z, z 1 are put equal to 1 after differentiation. 


(7) 


(8) 
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Example 3. The length of the side a of a triangle ABC is calcu¬ 
lated from measurements of 6, c, A. Find approximately the error 
in the value of a due to small errors y, z, a in the three measure¬ 
ments, if A t. 

a 2 =b 2 +c 2 - 2be cos A, 



2aSa 2(6 - c cos A)c6 + 2(c - 6 cos A )Sc + 26c sin A 8 A ; 


the approximate error is 

^{(6 - c cos A)y + (c - 6 cos A )z + abc sin A}. 

Note. It is assumed that a is measured in radians. If A = \rr, 
it is necessary to proceed to a closer approximation. 


Example 4. Find the equation of the tangent at (x v y x ) to the 
conic ax 2 + 2 hxy + by 2 + 2 gx + 2 fy +c = 0. 

Make the equation homogeneous in x, y, z, thus : 

ib(x, y, z) = ax 2 + 2 hxy +by 2 + 2 gzx + 2fijz +cz 2 ; 

<&r x =2 (ax x +hy 1 +gz{), 

<f> J/i =2(hx 1 +bij x +fz 1 ), 

<f>z t =2(gx 1 +fy 1 +cz x ); 

/. the equation of the tangent at (x x , y x ) is 

x(ax x +hy t +g) +y[hx 1 +by 1 +/) +{gx 1 +fy 1 +c)=0. 


EXERCISE XIX b 

dV _ , 

1. If V=x 2 +y 2 where x=t 2 + 1, y=t - 1, find by first sub¬ 
stituting for a; and y and verify it by equation (3), p. 385. 

2. If x and y are functions of t, find relations between dV, dx, dy 
given that 

(i) V = x 2 y 3 ; (ii) V=x/y; (hi) V = tan' 1 (y/x) - y/x. 

3 . if V = tan x cot y, prove that y — 2(cosec 2x 8x - cosec 2y 8y). 

Find d ~- at any point (x, y) of the curves in Nos. 4-6: 
dx 

4. x 3 +y 3 =a 3 . 


6. xsin y =t/sin x. 
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Find the equation of the tangent at {x ly y x ) to the curves in Nos. 7-9: 

7. ax*+by* = 1. 8. x 2 / 3 + t/ 2 / 3 =a 2 / 3 . 9. (x+yf=Zxy. 

10. Find the lengths of the subtangent and subnormal at the 
point (x, y) of the curve /(x, y) =0. 


11. Find 


d 2 y 

^2 at the point (x, y) of the curve 


(i) x* +y* =a* ; (ii) tani=sh y. 



If the area A of the triangle ABC is calculated from measure¬ 
ments of a, b, C, prove that if C * 

SA 8a 66 

X — ~ + v + cot C 6C 
a o 

where 8a, 8b, 5C are the errors of measurement and 6A the 
consequent error in A. 


13. For the triangle ABC, 2A(cot B + cotC) = a 2 ; prove that 

6A^6 sin C 8a + £c 2 6B + £6 2 6C. 

14 ' Jf th u 6 ^ rea A ° f the trian « le ABC »s expressed in the form 
/(a, b, c), prove that/ a = £a cot A. 

If x he fi 6 C ° f t i le trian 6 le ABC is expressed in terms of 
a, b and the area A, prove that 

8c q c 

fa = - cos A sec C and find 

16. Write down the value of x~ +y#~ + z~ if 


15. 


(i) V =cos -1 


V(* +y-z) 


V&TsTsy <«> v 


17 ' Hat iS * ,,0m ° 8er ‘ eQUS functi0n of - and s, of degree ». prove 

,d 2 V + g d 2 V ,S 2 V 


8x* y 8x8,y = n ( n - W 



& 
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Differential of a Function of Two Independent Variables. 

If V is a function, of a single variable x, the differential dV is 
defined by the relation dV =f'(x)dx, where dx has the same 
meaning as 8x, see p. 25 (Vol. I) ; and 8V *±f'(x)8x. 

If V is a function of two independent variables x , y we have 


from p. 384 


~ x/ av gv 
SV ^8i Sx + S-y Sy; 


and we now define the differential dV by the relation 

dV = d -6x + - d -Sy . 


(9) 


This definition assigns meanings to dx and dy : 

Cx 

if V = x, dx =q 3 P x +0 =8x ; and similarly if V = y, dy =8y. 

We therefore modify the relation (9) into 

av dV 

dV = dx +-z-dy . . , . (10) 

ex dy 


A comparison of relation (4),p. 385, with (10) shows that the ex¬ 
pression for the differential dV of a function of two variables is 
the same whether the variables are independent or not. The 
convenience of the differential notation is largely due to this fact. 
In general 6V is not equal to dV, but when 8x -*■ 0 and 8y — 0 

in any manner, ^ -* 1, and for small values of 8x, 8y, the value 

of dV is a good approximation to that of 8V. Hence it is easy to 
write down an approximate expression for SV by thinking of the 
accurate expression for dV. 

The differential of a function of any number of independent 
variables is defined in the same way. Thus if V is a function ot 


three independent variables x, y, z, 

dv, 

dV = dx dx + - a - dy 



(ID 


Partial Derivatives of a Function of Two Functions. 

Let V = </>(£, >,) where £=/(*, V), »7 V) V are inde ‘ 

^If 1 %ve ^Tto bl V in the form <j>{f(x, y), g(x, y)} we can obtain 

by the ordinary rules of partial differentiation ; but it is 

dx' dy J ... 

usually simpler to avoid the substitution. 
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By definition, since x, y are independent. 


3 V 0 V 

dV = 8x dx + b,f J - 


Also for the same reason 


= 7x dx + Z' J!I and d,/ =ll rlx + l'!r h 

But these values of dV, d£, dy sal isfy the relation 

dv *li d s) *%( S si d * *% d A 


as /? v ?^ + ? v ?iA rf /^va, 

a>,ax/* x+ Va£a1 


dv dtdv*),, 

_ + ^“ a;, R'/- 


&y dy by 

Since dx, dy are independent and arbitrary wo have, by comparing 
the two expressions for dV in terms of dx and dy, P 


av 

dx 

av 

ay 


av a| av a>, 
ax + a-/ ai 

av a£ dv d n 

dy + dy by 


• ( 12 ) 


• (13) 


^These^resultemay be expressed by saying that the operators 
dx and dx at + 8x d>i are equivalent, and similarly with y instead 
of x. To find a higher partial derivative of V, say |5[, we apply 

the operator 1 to % that is we apply the operator J ® + 8 1> l 

ava£ by dy dxd s dxd, i 

° a^ ax + a»; ai* 111 this wa y it is possible to express ? V ^ 

a 2 v a 2 v a 2 v a 2 v av av dx *’ dxdy 

p. <> in terras of —— _ v ov ov 

? v ' , „ a i 2 a., 21 3£' Tw 1110 method is Ulustrated 

m the following example. 
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d 2 V 02 V 

Example 5. Transform the expression from cartesian 

to polar coordinates. 

x =r cos 0 y y =r sin 9, 


We have 
and 


r 2 = x 2 + y 2 , tan 6 = - ; 

cc 


and 


*’• 2r f~ =2;r ’ 

2 fl d0 V 
sec °dx = ~x 2 ' 


8 r x a 
8x~r ~cos 0 ' 


dd 

ax 


2 / 

r 2 


sin 


o 


av av ar ava# .av sm#av 

**• Fx^dr 8-x + d0 d~x =C ° S 6 


80 9 


thus ^ and cos 0^ - ^ are equivalent operators. 


a 2 v 

ax 2 


cos o 7 ^ - 


8 sin 0 8\/ .av sin 0 8V 




a6» 


) 


/ a 2 v sin 0 av sin a a 2 v ^ 

cos 0 ( cos 0 — ~ + 


\ 

sin 0 


8r 2 


8rd0/ 


/ av 

\~ sin0 Tr +COS0 dU8r 


80 r 

a 2 v cos ^ av 

r 80 


sin 0 a 2 V\ 

~T 80 2 ) i 


a 2 v 2 a 2 v 

0x‘= COS * 


ar 2 


2 sin 0 cos 0 r-V 
r 8rd0 


sin 2 0 a 2 V sin 2 0 av . 2 sin 0 cos 0 av 
H-- — t— r + -- — H-15 


a& 2 


ar 


a#* 


assuming 


a 2 v a 2 v . lftn 

fi-jnt,-= 7T » see p. -360. 

that 


Similarly, 


a . . a cos 0 8 

g -=sme gr +—09 

a sin a 

= coS ^1 ar T 


a^ 


where 0 1 =0 - \tt, which also makes d0 1 -dO. 
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w av 
Hence , 

by 


by 2 

0 - ^77. This gives 


d 2 V , „ , , bv 8 2 V . 

can bo found from by replacing 6 by 


0 2 V . a 2 V 2 sin d cos 6 a 2 V 

_ =8in20 _ + —_—_ 


cos 2 fl d 2 V ^ cos 2 # av 2 sin 0 cos 0 dV 
+ r 2 a# 2 + r dr r 2 atf* 

4 a 2 v a 2 v a 2 v 1 a 2 v 1 av 

*** dx 2 + ay 2 “ar 2 + r 2 bb 2 + rb?' 


EXERCISE XIX c 


1. If z is a function of x and y and if x=u-v, y =ur. express 
du and dv in terms of dx, dy ; hence prove that 

{i) {u+ 4l= u Pu-&> <*> 

If z is a function of x and y and if x=e“sint>, v=e*cosv 
prove that * 


2 . 


(1) du ~ x 8x + y% ' <“> tx =c "‘( sin ^ + cose|?). 

3 ' ^ ° art ^ ian and P°> a i- coordinates of a point are (x, y) „ nd 
(r, 0). Illustrate geometrically the meanings of 

... dx 

' X br w b° re x is a function of r, 6 ; 

.... dr 

fa. w here r is a function of x, y. 

What are their values ? Find also the values of f? and of 8 ~ 

dv 

4 ' “v v fv*;V nd if y=rsin9 - p™ va 


that 


dr +y bij and ex P ress qq in terms of x and y . 
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5 . If f(x, y, z) = 0 , explain the meanings of the symbols^ and 


Prove that 


dxdy dxdy 

(l) cydx~ 1; (u) dydz 


dx 

dz’ 


/dV \ 2 £V \ 2 

6. If V =f(x, y) and if x =r cos 0. y —r sin 0, express 
in terms of r, 6. 

7. If x=rcos tf, y =rsin 0 where r and 6 are functions of t and 
dots denote differentiation with respect to t, express x and 
y in terms of r, 0, r, 6 ; also prove that 

(i) x cos 0 +y sin 6 =f - rd 2 ; 

1 d 

(ii) y cos 6 - x sin 6 = ^ ^(re¬ 
interpret these results if ( x , y) is the position of a moving 
particle at time t. 

8. If V =f(x, y) and if x = £ 2 - y 2 , y = 2 $y, prove that 

0 av av av 

(i) 


(ii) 


1 


^a 2 v a 2 v^_a 2 v a 2 v 

4(£ 2 + 7 , 2 )U ? 2 + e ?7 " 8 ^ + 02/ 2 • 


9 # Jf v =/(x + fo, 2 / +ArO where k are constants and a;, y are 
independent of t 9 prove that 


<™ =h ^ +2hk ™ 

dt* 


l 7r~o +2/<A v 0 - + A : 2 ^—2 . 

ax 2 axay ay 3 


a 2 v 


10 . If V =/(*, prove that 


11 . If V =f(x-y,y- 


av av av ^ 
x a^ +y ay +3 a 2 =0 * 

2, z - a:), prove that 

av av av 

dx + dy + dz ~ 


12. 


v ^ 

y 3 + 3 x 2 y + 1 = 0 , prove that 

. . d 2 >/ 


(x 2 + y 2 ) 3 S + 2 (x 2 - y 2 ) = 


0. 
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d^z d^z 

13. If z =f(x, y) and if u =x +y and v =y(x +y), express - ~ + 


in terms of u, v. 


dx 2 dy 2 


14. If x =r sin cos (f>,y =r sin sin </>,z =r cos #,and if V =f(x,y,z), 

, 6 2 V g 2 V £2 V 

prove that — + — + _ equals 


1 £2v 1 a 2 V 2 av cot 0 8V 

dr 2 r 2 dO 2 + r 2 sin 2 0 d(]> 2 + r dr + r 2 ~ 00' 

[Begin by using Example 5, p. 392, to express in 

ox* c>r 

terms of /), </> where /> =rsin 0.] 


15. If V is a function of two independent variables x, y , prove that 
a necessary (though not sufficient) condition for a maximum 

or minimum value of V is that ^ = 0 and ?- =0 

ox dy 

The sum of the volumes of a sphere and a right circular 
cylinder is constant. If the total surface has a stationary 
value, prove that the radius of the sphere is equal to the base- 
radius of the cylinder and is half the height of the cylinder. 


16. For what values of 
x 4 +y 4 -2(x-y) 2 ? 


x and y are there stationary values of 
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Any relation between the variables x, y and the derivatives 
etc., is called an ordinary differential equation. If the 

dx dx* 

. d n y 

highest derivative that occurs in the equation is the equation 

is said to be of order n ; the degree of an algebraic differential 
equation is the power to which that highest derivative occurs 
when the equation is expressed in a rational integral form. 

Construction of Differential Equations. From an equation in¬ 
volving x, y , a which may represent a family of curves there can 
be obtained by differentiation another equation involving x, y, 

d)J , a ; if the constant a is eliminated between the two equations 

we obtain what is called the differential equation of the family. 

Example 1. Find the differential equation of the system of 
parabolas y 2 =4ax where the constant a may have any value. 


By differentiation, 
eliminating a. 


dy 

2y£=4a; 

dy „ 

2xy ( jx=* ax —V* 

2x tx =y ’ 


Alternatively , 


2 log y =log 4a +logx, 

2dy = l 
y dx x‘ 

The differential equation of a system of curves expresses a 
property common to all the members. 

In Example 1, since y / ^equals the subtangent, the differential 

equation asserts that the subtangent is twice the ^sc.ssa for 
any point of any parabola of the system. (This is the prop y 

JA =AN of Geometrical Conics.) 
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The differential equation obtained for the system of curves 
y 2 =4ax was of the first order. Starting from an equation involv¬ 
ing x, y , a, b where a and 6 are both constants, it would bo 
necessary to differentiate twice before the elimination could bo 
performed. 

Example 2. Find the differential equation for the space-timo 
relation x=acost +bsint where a and b are arbitrary constants. 

Here the variables are x and t instead of y and x respectively. 

Differentiating twice in succession with respect to t 

dx 

- a sin t + b cos t, 
dt 


and 


d 2 x 
dt 2 = 


- a cos l - b sin t ; 


the differential equation is 


drx 
dt 2 = 



The differential equation in Example 2 expresses a property of 
the acceleration of any particle which moves according to the 
given law. It is an equation of the second order. 

The method suggests that the differential equation correspond¬ 
ing to a relation between x , y , and n arbitrary constants will be of 
order n. 


EXERCISE XX a 





4. 

5. 




dy 

If y =ae z , verify that —y. 


If xy —c 2 , prove that ^ and interpret the result geo¬ 

metrically. 

If x =a cos nt +6 sin nt where a, b are arbitrary constants and 

d 2 x 

n is fixed, prove that = - n 2 x. (The acceleration is directed 

towards the origin x=0 and is proportional to the distance 
from that point. The motion is called simple harmonic.) 

Eliminate a, € from i=acos (n< + <) and interpret the result. 

Find the differential equation of all straight lines through the 
origin. 


Find the differential equation of all straight lines lx + my + 1 = 0 
and interpret the result. 

Eliminate a, b from (i) y 2 =4a(x+b); (ii) y = a tan" 1 x +6. 
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8. If y =aeP x +be? z , prove that 

d 2 y dy 

^->.p+q) dr +pqy=o. 

9. If x =e-P t (a cos nt + b sin nt), prove that 

d 2 x dx 

dt? +2p dt +(n +P ) x=0 - 



Solutions of Differential Equations. In practical applications 
it is often necessary to proceed from a known differential equation 
to find the relation involving x, y, and constants. This is called 
solving the differential equation. Any relation between x and y 
which satisfies the equation is called a particular solution or 
particular integral of the equation, and a general solution is called 
the complete primitive. Examples 1 and 2 suggest that the com¬ 
plete primitive of a differential equation of order n involves n 
arbitrary constants. 

We proceed to give methods of solution for those types of 
equation which arise most frequently in mechanics, physics, and 
geometry. As regards mechanics it may be said that the funda¬ 
mental reason why differential equations arise is that forces, and 


lienee accelerations, 



are usually known and the problem 


often consists in finding positions (x) ; for this reason the equa¬ 
tions that arise are usually of the second order. 


Equations of the First Order. 

(1) One variable absent. 

If y is absent the equation takes the form 

dy 

£ ='<*> ; 

the solution is equivalent to a mere integration and may be 
written 

2 /=//(*) 

If x is absent the equation may be written 

dy dx 1 

dx or dy ~f(y) 

and the solution is 

* J \h dy - 
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(2) Separable variables. 

If the equation can be expressed in the form 

/( y \f x +9(*)= 0 

we write 

f{y)dy + g{x)dx = 0 ; 

If{y) dy + $ g(x) dx= 0. 

Note. The indefinite integrals in those solutions involve an 
arbitrary constant. 


Example 3. Solve sin 2x ^ + y 2 = 1. 


sin 2x dy = (1 - y 2 )dx y 


dy 


dx 


' • 1 - y 2 sin 2x ’ 
dy _C dx 

1 - y 2 J sin 2x * 

1 +y 

/. \ log y— = £ log tan x + a, 
l °g Y~ri = lo £ ( b tan x), 

. " + y 


• • I 

1 -y 


— b tan x. 


Example 4. Solve ~ +Py=0 where P is a function of x; 
e.g. P = x 2 . 

dy 

+Pdx= 0; logy+/Pdx=0 

y= C -lPdx. 

Note that the arbitrary constant is involved in fPdx ; there is 
no increase of generality in writing logy + JPdx=C. 

ifPsE.r 2 , ;pd*=jxS +a# 

•*. y=e-i*'-* t 

and this may be written y = &e - * 2 *. 
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Example 5. Find the curves for which the subnormal is 
constant. 

For the curve y =f(x) the subnormal is (p. 40, Vol. I). 

dy 

:.ydy=kdx ; 
hj 2 = kx +c. 

This is the equation of a parabola with axis Ox and latus 
rectum 2k. 


(3) Homogeneous equations. 

If the equation is of the form 

dy 

f( x > y)fa +g( x > y)=o, 

where f(x, y) and g(x, y) are homogeneous and of the same 
degree, it can be reduced to the form. 


dy 

dx 


-<!) 


and solved by the substitution - =z. 

* x 

This is illustrated in Example 6. 


Example 6. 


Solve x, J ( ^. =x2 +2/ 2 * 


Put y = xz, then = x ^ x +z * 
x 2 z(^x^. + 2 ^ =x* + x 2 z 2 ; 


xz-r- +z 2 = 1 +z 2 i (x^O) 
ax 

dz 1 

••• XZ dx = 1: ** =x iX • 

\z 2 =log X + c =log (ax) i 

:. y 2 = 2x 2 log (ax). 
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EXERCISE XX b 

Solve the differential equations in Nos. 1-10 : 


1. ^ = 3x 5 . 
dx 

dy 

4 - di =tan2/ - 


2. d J J = 2y 7 . 

dx J 
5. /f =*. 

dr 


3. x 4 ^ = 1 - x 2 . 
dx 


6 . 


— x. 


d y 

7. x + x =0. 

9 - xijd £ =* 2 -» 2 - 
dy 

11. i/T- + x =n. 

J dx 

dy 

13. x +X —a. 
dx 


(S’ - 


r. dy 

8 - ( x + y\j x = x - y- 

10. (1 + * 2 )^=i/ J . 

dl J 

12 . x^^+y=a. 

y a * 9 a 

14. sin- 4 a;-r-=cos*-v* 

dx * 

16. (x 2 +7/ 2 )^| = xf/. 


17. Find the curves for which tan ^ = x 3 + 1 /x. 

18. Find the curves for which the subtangont is constant. 

19. Find the curves r=/(0) for which </> is constant. 

20. Use the substitution x - y =z to solve — =(x - y ) 2 . 

d x 

dy 

21. Solve =cos (x + y) by means of a substitution. 

22. Express d(x n y) in terms of dx and dy. Hence solve 


. d y 

etc 


x Jz + nt J = **. 


23. H the perpendicular from the foot of the ordinate to the 
tangent is of constant length k , find the equation of the curve. 


u>mr 
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Equations of the First Order ( continued ). 

(4) Linear equations. 

A differential equation is said to be linear in y if y and its 
derivatives occur in the equation to the first degree only, 
and in separate terms. Thus any linear equation of the first 
order is of the form 

dy _ 


dx 


+ Py=Q 


where P and Q are functions of x (or constants). 

The solution for the special case Q=0 has been obtained 
in Example 4, p. 399, and may be written 

ye- P(ix = 1. 

This solution is verified by the fact that 


± { ye^) + Py\ 


and this suggests the method of solving the general equation 

dy . n 


dx 


+ P]/=Q. 


Multiply both sides by e^ Pl,x , then 

^ PdX (^dx + Py ) =Q e * PdX 5 

integrating, 

yelPdx - fQ e i?dx dx. 

This process is best understood by examining an example. 

dy 

. « M n 1 ^ . O .^ 


Example 7. Solve ^ + 2y cot x = cos x. 

Here fPdx =/2 cot xdx = 2 log sin x, 

: e^pdx __ e l°gdi n, jr =s in 2 x ; 

we therefore multiply both sides by sin 2 x. 

du . • 

sin 2 x ,+2 y cos x sin x = cos x sm‘ X ; 
dx 

• -^(y sin 2 x) =cos xsin 2 x • 
dx 

y sin 2 x = £ sin 3 x + c ; 
y = h S * J1 x +c cosec 2 x. 
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(5) Exact equations. 

If the equation 

/(x, y)dx + g(x, y)dy=0, 
can be written in the form 


d d 

foF(x,y)dx +g-F(x, ij)dy=0, 

it is called an exact equation ; the integral, given by 

dF(x, y) =0, 


is F(x, y)=c. 

Equations which are not themselves exact can sometimes be 
made so by multiplying both sides by some function of 
x and y ; such a function is called an integrating factor . 

For example, sin 2 x is an integrating factor for the equation 

in Example 7 and e! pdx is an integrating factor for the general 

.. . dy 

linear equation — +Py=Q. 


Example 8. If a current i is flowing at time t in a circuit of 
self-induction L and resistance R with external E.M.F. equal to 
a cos pt, it can be proved that 


, di 

L + Ri =a cos pt. 

Find an expression for the current if L, R, o, p are Constanta. 
For brevity put R/L =6, a/L =c, then 

di 

+bi — c cos pt. 

The integrating factor is e w , 

.di 


ebt fH +bie** =ce b t cos pt ; 
«?• te w — fee 1 * cos pt dt 


u 


6» +J piprinpt +b COB pt) +k t see p. 263; 

A a — 1.^-Rt/L ■ a 

** R c °8 pt). 
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The more general equation 


dy 

dx 


+ Py = Q y n 



where P and Q are functions of x may be reduced to the linear 
form by dividing both sides by y n and using the substitution 
y l ~ n = 2 . This is illustrated in Example 9. 


dy 

Example 9. Solve 4^- + xy +xy 5 =0. 


This may be written 


4 dy x _ 
j/ 6 dx + y* ~~ X ' 


Put y x -z, --sv. = x 


4 dy 


y b dx 


dz 

dx' 


dz 




The integrating factor is e~i x dz , that is e~ x 1 2 ; 

hence dx' ze X ^ ~ X€ * ' 

• ze ~ xf / 2 = - c - z */2 + c . 




Alternatively , the solution may be completed as follows 


dz 


dz 




— x dx 


log (2 +1) = \x 2 +a, y~* +1 =ce z '!\ 
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Solve the differential equations in Nos. 1-10 : 


i d y ^ 

dx- y=l - 


dy 

3. + 2 / cot x =cos x. 


* d y 

5 - di~y= x - 


7 - %+y=y*. 


9. 3^ +y +xy* =0. 


dy 

2. £ + y =e*. 


, dy 

4. cos x^ + y sin x 


dy 

*>• dx ~ y tan * ~ x ‘ 


8 - 2 x %- y = *v. 


, dy 

10. sin x y cos a; = y* 


sin 3 a: cos *. 


11. (Clairaut’s equation.) If y =**| +/(g), prove by differentia¬ 
tion with respect to a; that either ^=0 or else x +f'(p) =0 

dy 

where P = ^ Hence show that there is a complete primitive 

V Z C u+^ and also another solution not included therein 
winch is the envelope of thesystem of straight lines y =c* + f(c). 
(This is called a singular solution.) ^ * 

12. Find a complete primitive and a singular solution for 


M 
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Orthogonal Systems of Curves. 

Suppose the differential equation of a system of curves C, 
F(x, y , a) = 0, is 

fi( x » y)% + fz( x * y)= o. 

Then if P(x, y) is any point in the plane, the equation ^ 

ax Ji 

gives the gradient of the tangent at P to the member of the 
system C which passes through P. If a second system of curves 
C' is such that each member of C' intersects every member of C 
at right angles, the gradient of the tangent at P to the member 

of C' which passes through P is given by the equation 
Hence the differential equation of the system C' is 

/ 2 (*» 3/)^“ y)= o. 

The systems C and C' are called orthogonal , and the curves of 
either system are called orthogonal trajectories of the other. 

More generally, if the differential equation of a system is 

y, = 0, the differential equation of the orthogonal system 

is /( x ’ y ’ ~ ’dy) = °' 

Orthogonal systems are of great importance in physics ; for 
example, in electricity the lines of force are orthogonal to the 

equipotential curves. 


Example 10. Find the system orthogonal to the circles 
x 2 +y 2 =a 2 . 

The differential equation of the given system is 

xdx + ydy = 0 ; 

that of the orthogonal system is 

xdy - ydx =0, 

that is < *(x) = ® ; 

■ the orthogonal system is y/x =b, which represents a system of 
straight linesjhrough the origin (the centre of the circles). 
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Example 11. Find tho orthogonal trajectories of the system 
of circles given by x 2 + y 2 =ay. 

Here it is best to use polar coordinates. The equation 
x 2 +y 2 =ay is equivalent to r 2 =ar sin 6, that is r =a sin 0. 


Hence 


1 dr 

COfc</> = rdd 


= cot 6. 


Rut the j* of the orthogonal system must differ at any point from 
that of the given system by ; therefore the differential equation 
of the orthogonal system is 

1 dr 

- Te =-tan0} 

dt 

- tan 6 dO ; log r = log cos 0 + log b ; 

r =b cos 6 . 

This is equivalent to x 2 +y~ = bx. 


EXERCISE XX d 

Find the orthogonal trajectories of the systems in Nos. 1-9 : 

1. x - y =c. 2. x 2 -y 2 =a 2 . 3. x\j=c 2 . 

4. y 2 — lax. 5 y =cx 5 . 6. r =a0. 

7. r =o(l +cos 6). 8. r 2 =a 2 sin20. 9 . ^ =a 2 cos ^ 

10. Prove that the system of confocal parabolas y 2 =4a(x +a) is 
identical with the orthogonal system. 

11. Prove that the system of confocal conics given by 

a^/(a 2 + A) +y 2 f(b 2 + A) = 1, where A varies, is identical with the 
orthogonal system. 


It Mi S' . 
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Equations of the Second Order. 

dy 

(1) ^ and y absent. 

d?y 

The equation is -^—: z = f(x) and is solved by two successive 
integrations with respect to x. 


dy 

(2) ^ and x absent. 


d 2 y 


The equation is =f(y) and may be solved by the sub 
dy 

stitution =P • Then 
dx 

d 2 y _dp _dp dy dp 
dx 2 dx dy dx ~^dxj 

pdp =f(y)dy ; 

ip 2 =//(!/) dy = F(y) +a, say ; 

. d 'J 


** dx 


= {2F(*/) + 2a} 1 / 2 . 


Hence 


x=/{2F (y) +2 a}- 1 ' 2 dy. 


Note. This method amounts to multiplying both sides of the 
equation by and then integrating ; see Example 12. 


(3) x or y absent. 

The equation can be reduced to the first order by the sub* 
dy 

stitution —V : 


f (& d~x’ X ) = ° becomes/^. p, *) =0 ; 
% ,J ) =° becomes p, y) =0. 
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Example 12. 


cPx 

Solve = - n 2 x. 
at 

dx cPx 


__ 2 dx 

dt dl 2 “ n X di 


d 

•’* dt 

■dx\ 2 


WS)') - - -l.<» 


x 2 ) ; 


/ax \ 2 

= - ln z x 2 + constant. 


and this may be written 

/dx\ 2 

\dt) =^(« 2 -x 2 ); 


dt 


1 


• • 


dx ± ny/{a 2 -x 2 )' 


r dx x 

± = — 77-5 -or =sin ' 1 - +6 ; 

J V( a - *“) a • 

x —a sin ( ± nl ~ b ). 

Since a and 6 are arbitrary the ambiguous sign may bo taken 
to be + and the solution can be expressed in any of the forms 

* =asin (nt +c) ; x =a cos {rU + * a ) ; a: = A sin nt + B cos nt. 

This equation represents simple harmonic motion. 


EXERCISE XX e 

Solve the differential equations in Nos. 1-14 : 
For brevity y x is written for ^ and y 2 for ~ r 


1 . x 2 y 2 = a. 

4. e*y 2 = 1. 

7. y 2 =ay 1 . 

10 . xy 2 + = 0 . 


2 . y 2 =sin nx. 
5. y 2 =n 2 y. 

8 . xy 2 = 2y v 
11 • ViVi = 2 c 2 . 


13. (1 +x?)y 2 +2xy l =0. 


3. y 2 =acos 2 x. 

6 . y*y 2 =zk 2 . 

9 * 2/2= 2 .V?/ 1 3 . 

12 . y 2 +y x 2 = - 1 , 


14. y%+y=a*y s . 
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15. The motion of a particle along Ox is given by ^ = — n^x. If 

it starts from rest where x =a, find the times when its position 
is given by x =\a, x = - \a. 

16. A uniform chain of length l hangs over a smooth peg and is 
initially at rest with its middle point at a depth a below 
the peg. If at time t the depth of the middle point is x, 

C/2 X 

it can be proved that =2 gx. Find x in terras of a, g, l 

and t. 

17. Find the system of curves for which the radius of curvature 
varies as the cube of the length of the normal. 


(i) 


Equations of the Second Order ( continued ). 

(4) Linear equations. 

The general linear equation of the second order is 

d 2 y dy 

where P, Q, R are functions of a; (or constants). 

The solution of this equation depends on that of 

cPy dy ^ 

dJ +p i + ^=° • • • • 

If y z=f(x) and y =g(x) are any two particular solutions of (ii), 
it is easy to show that 

y=Af(x) +Bg{x), 

where A, B are arbitrary constants, is also a solution. 

For if r+Pf'+Qf = 0 

and g" +Pg' +Qg 

then A (/' + P T + Qf) + b (9” + + Qff) = °* 


(») 


that is ;*(A/ + Bjr) + P^(A/ + Be,) + Q( A/ + Bg) =0. 

Hence if we know two solutions y =f(x) and y =g(x) of 
(ii), where f(x)/g(x) is not a more constant, wo can write down 
a complete primitive in the form y=Af(x) +B g(x), since this 
contains two arbitrary constants. 
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If y=4>(z) is any particular solution of (i), the substitution 
y =<f>(x) + z reduces (i) to the form of (ii). 

The substitution gives 

d 2 z / dz\ 

^+2*+s)+«(++*> = R« 

and if <f>" + P<// + Q</> = R, this becomes 


d 2 z 
dx 2 


dz 

+ P(/x+ q 2 =°. 


If then z=f(x), z=g(x) are two solutions of (ii), where 
f(*)l9(x) is not a mere constant, the general solution of (ii) is 

z =A f(x) + Bg(x), 

and therefore a complete primitive of (i) is 

y=<f>(x) + A f(x) +Bg(x). 

y=<f>(x) is called a particular integral of (i) and A f(x) + Bg(x) 
is called the complementary function (C.F.). 


a — 


Exarnple 13. Solve + 4y = 3e*. 

For a particular integral assume y —ae x ; 
by substitution, ae 1 -i-4ae x =3e x ; 

Thus a particular integral is y =^er c . 

To find the C.F. we solve the equation 

dry 

^2+4j/=0. 

By Example 12, p. 409, the solution is y = A sin 2x +B cos 2x 
Hence a complete primitive of the given equation is 

y=$ e * + A sin 2x + B cos 2x. 

It is outside the scope of this book to deal with linear equation* 
in general but we shall show by examples how to proceed with 
equations m which the coefficients P, Q are ccmrfan, , methods of 

XxTnoL 33 38 m ° re 8eneral 0quat,0ns are * nt ^ cafc ed in Exercise 
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dP"ii dy 

Example 14. Solve - 8^ + 15y = 0, 


This equation is satisfied by y =e nx if 

n 2 e nx - 8 ne 7lx + 15e nx =0, 
that is if n 2 - 8n + 15 =0, 

or (n - 3)(n - 5) =0, i.e. n =3 or 5. 

a complete primitive is y = Ae 3z + Be 5z . This may also be 
written in the form e lr (F sh x +G ch x). 


dP* i dl 

Example 15. Solve ^ - 8^ + 16y =0. 

This equation is satisfied by y=e nx if 

n 2 - 8n + 16 =0, 

that is if (n — 4) 2 = 0, i.e. n = 4. 

Hence one solution is y = e ix ; we can find another by the substitu¬ 
tion y = e 4x z ; then 

. <l 2 y dy , 6 4 x^ . 

•• .,- 2 - S -V- + lb ^- e dx 2 


dx 2 dx 
dH = 0 ; 


2 = Ax + B. 


• * dx 2 

a complete primitive is y = (Ax -h B)e 4x . 

dpi d 

Example 16. Solve - 8~ + 25y = 0. 

The equation is satisfied by y = e nx if 

n 2 - 8n + 25 = 0, 
that is if (n — 4) 2 + 9 = 0; 

but this has no solutions (in real algebra). 

Make the substitution y = e 4x z ; then as in Example 15 we get 

€»-a d J> + 25« = e"(fi + 0z). 
dx 2 dx \dx 2 / 

■ d X=-9z. 

# ‘ dx 2 
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Hence by Example 12, p. 409 

2 = A sin 3x + B cos 3a;. 

a complete primitive is y =c'- r ( A sin 3a: + B cos 3a:). This may 
be compared with the second form of the result of Example 14. 

Note. The reader who is familiar with the theory of complex 
number will recognise that this solution may bo inferred from 
the roots 4 ± 3 i of the equation in n, since exp (4a; ± 3xi) equals 
e <z (cos 3x ± i sin 3a;). 


Examples 14-16 illustrate the procedure to be followed in 
solving the equation 



+ cy =0 


where b, c are constants, in the three cases b 2 >c, b 2 =c, b 2 <c 
The reader should now work Exercise XX f, Nos. 1-10. 


To complete the solution of the 


more general equation 
+ cy = R 


where 6, c are constants and R is a function of a; we need to be 
able to find a particular integral of this equation. 

We give in Exercise XX f. Nos. 11-20, indications of how to 
nnd particular integrals for those forms of R which are of 
common occurrence; Nos. 11-15 deal with the types lex" ke p* 
ksmpx+icospx; Nos. 16-20 deal with exceptional cases. The 
reader should now work these examples ; he will then be in a 
position to appreciate the following remarks : 

(i) If R is a polynomial of degree n, a particular integral is 

also a polynomial, usually of degree n but of degree n +1 
u c — U. 


(u) If R =keP*, a particular integral is usually Ae**; but if e P * 

* u 6 [ m ° f C ' F ‘ a P articular integral is Axe** unless 
^belongs to the C.F., in which case a particular integral is 


(iii) If R=keinpx+lcospx a particular integral is usuallv 

A sm px + B cospx ; but if these terms belong to the C / 
it is x( A sm px + B cos px). g 
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Further, if R is the sum of two or more terms, say Rj + R 2 , 
it is sufficient to find particuiar integrals of the separate 
equations 

d z y dy d 2 y dy 

dx 2 + 2b ~dx + °y~ R v ( £ x 2 + +cy = R 2 , 

and to take their sum, since it is obvious by substitution 
that the sum is a solution of the equation 

d-y dy 

dx* + 2b £ + c » = R 1 + R a- 
„ d?y dy 

Example 17. Solve ^ 2 ~ ^dx + — 5e 2X . 

From Example 14, p. 412, the C.F. is Ae 3 * + Be 5x . 

For a particular integral assume y = Ce 2X ; 

by substitution, Ce 2x (2 2 - 8.2 + 15) = 5e 2X ; C =£. 
a complete primitive is y=£e' lx + Ae 3x + Be' x . 


d?y dy 

Example 18. Solve ^ 2 ~ 8^ + 15y = e 3X . 

As in Example 17, the C.F. is Ae 31 +Be sx . 
For a particular integral assume y =Cx-e“ ; 


then 


^=Ce 3x (3a: +1) ; ^ 2 = Ce 3x (9x + 6) ; 


by substitution, Ce^^x +6) - 8(3x + 1) + 15x}=c 3x ; 

- 2C = 1 ; /. C = - 

a complete primitive is y =e 3z (A - %x) + Be sx . 


d?y dy 

Example 19. Solve - 8^- + 16y — e 


From Example 15, p. 412, the C.F. is (Ax +B)e u . 

For a particular integral assume y = Cx 2 e tx ; 
substituting and simplifying, this gives C = £ ; 

a complete primitive is y = e 4x (Ax 2 + Ax + B). 

From Examples 17, 18 it follows that a complete primitive of 

dry dy 


US 


d?- 8 dx + 1S;/=5C “ +e “ 
y=le^ +e sx (A - \x) + Be 
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EXERCISE XX f 

Find complete primitives of the equations in Nos. 1-10: 

1. y 2 ~ + 2y =0. 2. y 2 + 2y x - 3y =0, 

3. y 2 -4y=0. 4.y 2 +9y=0. 

3. y 2 - fy/i + 9y =0. 6 . y 2 + 4y x + 4 y = 0. 

7. ?/ 2 + 2#/! + by =0. 8. ?/ 2 - 2y x + 2y =0. 

9. 2/ 2 “ 6 i/i + 13?/ =0. 10. y 2 + y x =0. 


Find by substitution values of the constants A, B, C such that the 
equations in Nos. 11-20 have the particular integrals indicated: 

11. y 2 + by x + 2y = 7 ; y=A. 

12. y 2 +3*4 +2y = 8x ; y=Ax+B. 

13. y 2 +3yi - 2y = 9x 2 ; y = Ax 2 + Bx + C. 

14- y 2 ~ Vi ~ %y = 5c w ; y =Ae ir . 

15. i/ 2 +yj+5y = 3sin5x+2cos5x ; */ = A sin bx +B cos bx. 

16. y 2 + 4y x = 2x ; y— Ax 2 +Bx. 

17. y 2 - 3y 1 =5x 2 ; y = Ax 3 + Bx 2 +Cx. 

18. y 2 - y x ~ 2y =5c 2X ; y= Aic“ 

19. y 2 + 4y = 3 sin 2 x ; y- x(A sin 2a; + B cos 2a:). 

20. y 2 - 41/j + 4y =e« ; </ = AxV*. 


Solve the equations in Nos. 21-32 : 


21. y 2 ~ +3y = 12 . 

23. y 2 - 3y x = 5 - 24a:. 
25. y 2 - 9y=e^. 

27. 3 / 2 +9y =sin 3x. 
29. y 2 -2y x +y=e*. 
31 . 1/4 = 163/. 


22. y 2 + 3y x + 2y = 4x. 
24. y 2 ~ y = e w . 

26. 2 / 2 - 9?/ =sin x. 

28. y 2 - 3j/! + 2y =cos x. 

30. 2/ 2 - 5?/! +6?/ =e lx . 
32. y 2 - 4y =e x - sin x. 
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33. Us© the substitution x =e z to solve the equations : 

(i) x 2 y 2 + xy t + y = 0 ; (ii) x 2 y 2 - 5xy ± +9 y= 8x. 

34. If y =</>(x) is a solution of the equation 

d 2 y _dy 

dx 


dx 2 + + Qy = 


where P, Q are functions of x, prove that the substitution 

iii • d 2 y dy 

y=z<p reduces the equation + P^- + Qy = R, where R is a 

function of x, to 

. d 2 z dz 

* a? + W'+ p *) £ -R. 

What is the integrating factor of the linear equation obtained 

. • dz 

by putting ^ equal tow? 


35. Solve (1 +x 2 )y 2 +xy x =y given that one solution is y=x. 
[Make the substitution indicated in No. 34.] 

36. Solve (1 - 2x)y 2 +2y x - (3 - 2x)y =0 given that one solution 
is y — e x . 

du „ 

+ P^+Qy = R, where P, Q, R 

d 2 z 

are functions of x, can be reduced to the form +Q 1 z = R 1 , 

where Q x , Ri are functions of x, by the substitution y =ze~^ pdx . 

38. Use the substitution indicated in No. 37 to solve the equation 

2 

V2 + ~V\ + k2 y = o. 

JO 


d?y 

37. Prove that the equation 


CHAPTER XXI 


APPROXIMATIONS: POWER SERIES AND CURVE 

TRACING 


Power Series. An approximation to the value of a function/(x) 
can often be expressed in the convenient form of a polynomial in 
x in such a way that the error can be decreased by increasing the 
degree of the polynomial. 

1 — x n 

For example, I + x + x 2 +.+ x Ml =--, (x=*l); 

1 — X 

the function t —~ can be expressed in the form 

l+x+x 2 +.+x«-i, with an error of x”/( 1 - x). But if 

- 1 <x< +1 this error can be made as small as desired by taking 

n sufficiently large ; thus the polynomial 1 + x + x 2 +.+ x"* 1 , 

if it is of high enough degree, will bo a good approximation to 
1/(1 - x) for the range of values - 1 <x< +1. The infinite series 


1 + x + x 2 


+ x r + 


*9 




is called the expansion of the function 1/(1 - x) in powers of x, 
and the error x"/(l-x) is called the remainder after n terms. 

/(I - x) is called the sum to infinity of the series when - 1 <x < + 1, 
and we write 


I 


1 - x 


= l+ x+x 2 +x 3 + 


• 9 




The practical value of an expansion depends on the rapidity with 
7„; c ^ e remainder after n terms decreases as n increases. For 

/( x) 9 if x =0-01, the remainder decreases very rapidly and 

for many purposes it would be sufficient to take the first 3 terms 
o the expansion, 1+x+x 2 , as an approximation for 1/(1 - x). 

xJ 1 i i^ Ct er ^ x ~0-9 an inconvenient number of terms 

ou ave to be taken, so the expansion would be less valuable, 
os expansions are valid only for a certain range of values of x. 
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Maclaurin’s Expansion. We shall now discuss a general method 
ol obtaining polynomial approximations to a function. 

Consider for example the function f(x), = e x , for values of x near 
a -=0 and construct the polynomial Pj( x ) = a 0 +a ± x, which is so 
related to/(x) that P^O) =/(0), P,'(0)=/'(0) ; 

then a 0 =e° = l, a 1 =e° = 1 ; P x (x) = 1 +x. 

Geometrically these conditions mean that the graph of 1 +x is 
the tangent to the graph of e x at x=0. Thus near x=0 we may 
regard 1 +xas an approximation to e z . 

Next construct P 2 (a:)=a 0 +a x x +a 2 x 2 so that 

P 2 (°) =/(0), P 2 '( 0 ) =f'(0), P 2 "(0) =/"( 0) ; 

then a 0 = 1, a 1 = 1, 2 o 2 = 1 ; P 2 {x)= 1 +x + \x 2 . 

Geometrically these conditions mean that the graphs of 1 +x + §x 2 
and e z meet where x =0 and have not only the same gradient 
but also the same curvature at this point ; they are said to 
have contact of the second order at x=0. Thus near x=0 we may 
regard 1 +x + \x 2 as a closer approximation to e x . 

Similarly, if we construct P 3 (x), =« 0 +OjX +a 2 x 2 + 0 ^, so that 

P 3 «>) =/(0), P 3 '(0) =/'( 0), P 3 "(0) =/"( 0), P 3 "'(0) =f" , (0), 

we find a 0 = 1 , a l — 1 , 2 a 2 = 1 , 2 .3o 3 = 1 ; 

x 2 x 3 

P 3 (*) = 1 + * ■*" 2~i + 3 I * 


and we say that the graph of this polynomial has contact of the 
third order with that of e* at x=0, and we may regard it as a 
still closer approximation to e x near x = 0. 

This process can be repeated as often as desired, and the 
polynomial of degree n whose graph has contact of the nth order 
with that of e x is x 2 x 3 x n 


1+X+ 2! + 3! + 



The following table illustrates the character of the approxima¬ 
tions for the range of values x = - 1-5 to x = +1*5 


X 

- 1*5 

- 1 

- 0-5 

0 

0-5 

1 

1-5 

Po(x) 

0-625 

05 

0-625 

1 

1-625 

2-5 

3-625 

PJx) 

0-062 

0-333 

0-604 

1 

1-646 

2-667 

4*18/ 

PA*) 

0-273 

0-375 

0-607 

1 

1-648 

2-708 

4-398 

e x 

0-223 

0-368 

0-607 

1 

1-649 

2-718 

4*482 
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The reader should represent these results graphically. It is 
evident that for this range of values the graphs of P 4 (x) and c £ 
are almost identical, and for larger values of n the graph of 
P„(x) will nearly coincide with that of c x over a wider range of 
values of x. 

The same process can be applied to any function f(x) which 
possesses differential coefficients of order n at x=0. Let tho 
polynomial P„(x) = o 0 + a x x +a 2 x 2 +. +a n x u bo such that 

P»(0) =/(0), P M '(0) =/'((>).P„»'(0) =/»(0). 

By successive differentiation, 

p n'(^)=« 1 +2 o 2 x + 3a 3 x 2 +4 OjX 3 + . +na„x H ~ l , 

Pj"( x ) = 1 • 2a 2 + 2.3a 3 x + 3.4a,x 2 +.+ (n - 1 )na„x n ~* t 

Pn"'(x) = 1.2.3a 3 +2.3.4a,x + .+ (n - 2)(n - 1 )/ia„x n ‘ s , 

and so on. 


Then Pj,(0) =a 0 , P,/(()) =«,, P„"(0) = l.2 a 2 , 

P« /// (0) = 1.2.3a 3 , . . . 

A «o=/(0), <*!=/'(0), a. i (°)» a 3 =^j/'"«>), . . . 

and in general a, =~/ r (0), (r<n). 

O 

Hence P M (x) =/( 0) + x/'(0) + *“/"(()) +. +~f n (0). 

The graph of this polynomial has contact of the nth order with 

rnt of /(x) at x = 0 and may be regarded as an approximation 

to /(x) for values of x near x = 0. It is beyond the scope of this 

book to determine the error in this approximation, but it can be 
proved that 


f(x) - P n{x) 
where 0 lies between 0 and 1. 

Jo when 0 ™ 10 ” f ° r th ° en ° r in the tend, to 


+ ri fr (°>+ • • 


f(0) + xf'(0) + 2jf (0) + .... 

is called Madaurin's expansion of/(x), and the remainder after n 
terms can be expressed in the form — f n (6x ), o <6 < 1 

Tt 1 * * 


i<=y 
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Thus for the function e x the remainder after n terms of 
Maclaurin’s expansion is — e 9x where 9 lies between 0 and 1, and 

Tt • 

it can be proved that this tends to zero when n -* oo for all value 0 
of x. Hence we write 

e* = l + * + 2! +F!+ . Vl + - 

for all values of x. 


Example 1. Expand log (1 + x) in powers of x. 


lif{x) = log (1 +x), 


.*./(0)=o, no)=i, /"(o) = -1, 

/ ,, (0) = ( - l) 2 2!, 


( - 1 )( - 2 ) 

" (1 + x) 3 ’**• 

(0)=(-l) 3 3!, . . • 


the expansion for log (1 + x) is 

1 1 o 2! , 3» 

0 + r ,x - g-j*- + ^x 3 ~-x*+ . . . . 
that is a: - ix 2 + ^x 3 - £x 4 + . . . . 

This series is convergent only if — 1 < x < 1 ; the expansion is 
meaningless outside this range ; it can be [proved to be valid 
for - 1 < x< 1. 


Example 2. Obtain an approximation for ch x log (1 + z 2 ) 
when x is small and evaluate lim {ch xlog (1 +X 2 ) — x 2 }/x 6 . 

X —►<> 

For small values of x, 


ch x = £(e x +e~ x ) 


(f a; x 2 x 3 x 4 \ / x ^**_** + *l\\ 

^^{( 1+ n + 2! + 3l + 4l) + ( 1 "ri + 2! 3! 4 l)j 


x 2 x 4 


c hx —1 +2i +4l* 

From Example 1, log (1 + x 2 ) ^ x 2 - £x 4 + £x« ; 

ch x log (1 + x 2 ) ^ x2( 1 + ix 2 + z } T x*){ 1 - I* 2 + J* 4 ) 

^=x 2 +£x 6 . 
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Also, ch x log (1 + x 2 ) - x 2 = £x 6 +<*i * 8 +a 2 x x0 + . 

where it can be shown that a lt a 2 , a 3 , . . . are all less than 1 . 
Hence {ch x log (1 +x 2 ) - x 2 }/x 6 - * =x 2 (a 1 +a„x 2 +a 3 x i + . . . .), 
which, for x?< is less than 

x 2 (l + £+ £+• . . . ), i.e. 2 x 2 . 

Hence when x -*■ 0 the function -► 

Note. The approximation for ch x may be obtained directly 
from Maclaurin’s expansion. 


Taylor’s Expansion. 

If ff( x ) =f( x + o)> and if the successive derivatives of g{x) at 
x=0 exist, we have from Maclaurin’s expansion 

9(*)=9(0) +y/W) +^9"'(0) + .... 

x n 

and the remainder after n terms is ^ t g u (0x), (0<0<l). 

also g'(x) =/'(* +a), fir'(O) =/'(a); similarly 
9 (0) =/ (a), etc. J 

/<* +“) =/(«) +f/< a > +^/'"(a) + . . . . 

and the remainder after n terms is —f n (a + Ox), (0 < 0 < 1) 

This is called Taylor's expansion. 


Example 3. Expand sin (x +h) in powers of h. 

If/(x) =sin x, f'(x) =cos x =sin (x +^?r) ; 

.-./"(*>= Sin(x+^r + ^r) ; /"'(*) =8 in (x +^tt + frr +^) . 
lience f'(x) =sin (x + ±r7r). 

siu (» +A)=sin x +y^sin ( a; + Jw) +. + £sin (x +inr)+ .. 


The remainder after n terms is - sin (x + 6h +Jn,r) and there- 

fore its numerical value cannot exceed ; this tends to zero 
when n - . for ail values of h. Thus the expansion is always valid. 
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A Theorem on Limits. 

If f(x) and g[x) are functions which possess derivatives at x=a 
and if/(a) =g(a) = 0 and g'(a)^0, then 

x—*a g(x) g'(a) 
f(x) _ f(x) -/(a) . g(x) - g{a) 
g(x) x - a x - a 

f(x) - f(a) 


x^a. 


But when x -*■ a 


and 


x - a 

g(x) - g{a) 


x - a 

fix) f'(a) 


/'(«) 


g'(a), *0, 


when x -»• a. 


*' g{x) </( a ) 

A more useful theorem, which, however, we shall not prove, is 
as follows : 

If f(x), g(x) are functions which possess derivatives near x=a, 
and if /(a) =g(a) = 0, 

x^a Q( x ) z—>a9 \ x ) 

provided that the second limit exists. 

The advantage of this theorem is that it does not require 

g\a)=t 0. 

e x_ c sinz 

Example 4. Find lim -:—- • 

x —ro x - sin x 

By the theorem just stated 

/>x_esinx # e z — e slDX cos x 
lim-- lim -- * 

x—>a X - sin X x->0 1 - cos x 

provided the second limits exists, and by the same theorem 

„ sin X „os rr .. e z — e s * n x cos“ x + e s * n z sin x 
lim--= lim “ 

x-+o 


1 - cos X 


= lim 

Z— H) 


*-*> sin x 

e x _ e sin X cos 3 x +3e sin r cos * si n a; + c SIPJ 'cos x 

COS X 


provided the last limit exists. ^ 1+1 

But the last limit evidently equals -j or 1. 


Hence the required limit is 1. 
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EXERCISE XXI a 


Use Maclaurin’s series to expand the functions in Nos. 1-4 in 
powers of x and write down expressions for the remainders after 
n terms : 

1. e _2x . 2. cos x. 3. sh x, 4. log (I - x). 

5. Use Taylor’s series to expand cos (x +h) in powers of A. 

6 . Use Taylor’s series to expand log (x +a) in powers of x, (a > 0). 


Obtain the approximations in Nos. 7-14 where x is small : 

7. y/{\ + x) ^ 1 +£x - £x 2 . 8. tan x ^ x +£x 3 . 

9. cos 2 x — 1 - x 2 + \x x . 10. sin -1 x === x + Jx 3 . 

11 . c sinx — 1 + x + £x 2 . 12. log (1 +sin x) ^ x - ix 2 + *x 3 . 

13. sec x =£= 1 +£x 2 +/ T x 4 . 14. x/(c x - 1) =^= 1 - Ax + 1 Vx 2 . 

Evaluate the limits when x -> 0 in Nos. 15-20 : 


15. 


18. 


1 - COS X 


X 2 


log (1 + x) — X 


sin 2 x 


16. 


19. 


X - Sill X 
7.1 ' 


sill X - X 
sin x - x cos x 


17. 


20 . 


e x - I 


sec x - ch x 
c 1 ' + 2 cos x - 3 


21. Describo the graph of ?/=lim S ‘ n x ^ 

p->a p +sin (ttx) 

22. Prove that lim (_ 

X—►<> 


cot 


2 *)=§- 


nth Derivatives. The general term of a Maclnurin’s or Taylor’s 

series involves the nth derivative of the function which is bein<> 

expanded. Hence the calculation of such derivatives is of some 

importance. It is not usually possible to express the result in a 

simple form. We give some examples in which the nth derivative 
is easily found. 


(i) If /(x) =x m , /»(x) =m(m - l)( m - 2) . 
and if in is a positive integer, 

T)l ® ~ ^ 

fn(x)= im- n )t ’ m>n - /”*(*)=’»!; 


(m - n + l)x m ~ n t 


/”(*) =0, m<n. 


(ii) If f(x) -(ax +b) m t 

f n (x)=a n m(m- 1) . . . (m - n + l)(ax + b) m ~ n . 
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(iii) If/(*)=«“*, f n (x)=a n e ax . 

(iv) ISf(x) =sin (ax + 6), f n (x) = a"sin (ax + b + %mr) ; 
if f(x)= cos (ax + b), f n (x) = a n cos (ax + b + \mc). 

(v) If f(x) =e ax sin bx, f'(x) =e°- r (a sin bx +b cos bx) ; 
•‘.if r = y/ (a 2 + b 2 ) and cos a : sin a : 1 =a : b : r 

j'(x) = e ax r sin (bx + a) ; 
hence repeating the process 

f"(x) =e ax r 2 sin (bx + 2a); 
f n (x) =e ax r n sin (bx +na). 


[CH. 


Similarly if f(x) =e ax cos bx, 

f n (x) =e ax r n cos (bx +na), 

where r, a have the same values as before. 

(vi) If f(x) =uv, where u, v are functions of x whose successive 
derivatives are known, f n (x) can be found by a theorem 
which will now be proved. 


Leibniz’ Theorem. If u and v are functions of x and if suffixes 
are used to denote differentiations with respect to x, so that 

d r u d T v d r (uv) 

u ’-d& v '=dP- (uv) ' s s^-' 

n n(n - 1) 

then (uv) n =u n v +^u n . 1 v l +—-—+ . +uv n , 

where the coefficients 1, j, —^+ . . • are the same as those 
in the binomial expansion of (u +v) n and may be denoted by 

Cq, C l9 • • '» 

It is easy to verify the result for n —2, n =3, etc. 

(uv) x = u 1 a + uv x ; 

(uv) 2 = (u 2 v + u x v x ) + (u x v x + uv 2 ) 

— + 2 u x v 1 +uv 2 ; 

(UV) 3 =(U 3 V + U 2 V X ) + 2 ( 7 / 27 .'! + 2 / 1 7 .' 2 ) + (UjV 2 + UV 3 ) 

=: tl^V + SWgtj + 3W|t‘2 “f" ^^*3 l 

and it is evident that, the coefficients arise in the same way as 
they do in the successive multiplication of factors u +v. (Pascal s 

Triangle.) 
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The general result may be proved by induction or as follows : 
From successive differentiation it follows that 

(uv)n =P 0 u n v +p 1 W„. l U 1 +p 2 Un-iV 2 + . +PnUV n 

where the values of p 0 , p lt . . p n are independent of u, v and 
may therefore be obtained from the special case when 

u=e ax t v=e f/x , uv=e( a+b > z . 

We then have 

(a +b) n c( a + b > z =Z(p r a n - r e aT b r e l,z ) =e( a+b >*Z(p r a n ‘ r b r ) • 

(a + b)« = Z(pra n - r b r ) ; c, = p r . 


d s 

Example 5. Find ^ 5 (x 3 e x ). 

With the notation of Leibniz’ theorem, 

if u —e r , u 1 =u 2 =u 3 =u 4 =u & =e x ; 
iiv = x*, v x =3x 2 , v 2 =6x, v 3 = 6, 


v 4=v 6 =°. 


(w) 5 =e I (x 3 + j3x 2 + ^-^0* 


5.4.3 


. 3 \ 

rs 6 ) 


2 ' 1 
= e x (x 3 + 15X 2 + 60x + 60). 

In Maclaurin’s expansion of f(x) it is actually /"(O), not f n (x), 
that is required and advantage can sometimes be taken of this fact. 


Example 6. Expand e sln '' x in powers of x, where | x \ < 1. 

Let y=e* lD '' x and denote its successive derivatives by « 
2 / 2 * 2 / 3 * • • • • 

By logarithmic differentiation ^ =--—— • 

y VU-* 2 ) 


/. {\~x 2 )y 2 = y \ 

Differentiating, (1 - x*)2 y x y 2 - 2xy 2 = 2yy x ; 

.*. (1 - x z )y 2 - xy x =y. 

Differentiate both sides n times by Leibniz’ theorem• 

{(1 - x?)y n+2 +n( - 2x)y n+1 + £n(n - 1)( - 2 )y n ) - (xy n+l +ny n ) =y n . 
Put x =0 and denote the value of y r for x =0 by a r , then 

( a n+2 ~ n ( n - l)a„} - na n =a n ; 


On+a =(n 2 + l)a„, 

and this is true for n>l, and it also holds for 
the value of y when x = 0. 


n — 0 if a 0 denotes 
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Now a 0 =e 8in ''° = l and a 1 =aJ\/( 1-0) = 1, hence the formula 

a n+3 =(n 2 + 1 )a n , 

for a, l+3 proves that 

a 2 = 1, a 4 =(2 2 + l)a 2 =2 2 + 1, a 6 =(4 2 + l)a 4 =(4 2 + 1)(2 2 + 1), etc. 

a 3 =(l 2 + l)a 1 = l 2 +1, a 5 = (3 2 + 1 )o 3 = (3 2 + 1)(l 2 + 1), etc. 
Therefor©, from Maclaurin’s expansion. 


sin* 1 * — 


a 0 + ^,x + 2 2 \ x2 + ^\ x3 + • * * * 


= l+x+~ +-^(1 2 + 1) + ~(2 2 +1) +^(1 2 + 1K3 2 +1) + 


We have not investigated the validity of the expansion ; the 
result does in fact hold for | x , < 1. 


EXERCISE XXI b 


Find the nth derivatives of the functions in Nos. 1-20 : 

1. x n+2 . 2. x - 1 . 3. log (2x + 3). 

4. l/\/(3x+5). 5. sin 3x. 6. sin 2 x. 

7. e x sin x. 8. e 3x cos4x. 9. ch i. 

10. cos 3 x ; use the relation cos 3x =4 cos 3 x — 3 cos x. 


11. l/(x 2 - a 2 ) ; express the function in partial fractions. 

12. l/(x 2 +3x +2). 13. sin 3 x. 14. c^ch 3x. 

IS re 2 *. 16. x 3 e x . 17. x 2 /e x . 


14. c 21 ch 3x. 


15. xe 2 *. 


16. x 3 e x . 


18. x 2 sin3x. 19. x 3 log a:. 20. (1 + x 2 ) sh x. 

21. If f(x)=e z sinx find /”(x) and expand /(x) in a senes of 
powers of x. 

22. If y =cos (log x) prove that x 2 y 2 + xy x + y = 0 and deduce 
x 2 y n+3 +(2n +l)xy /l+1 +(» 2 + 1 )'Jn = 6. 
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23. If y =/(x) = (sin _1 x)fy/(l - x 2 ) prove that 

(i) (l-x 2 ) yi =xy + li (ii) / n+1 (0) r=rj 2 / n_, (0). 
Hence expand i/ina series of powers of x. 

24. Expand (sin -1 x) 2 in a series of powers of x. 

25. If y =ch (p sin -1 x) prove that 

(1 ~ * 2 )*/n+ 2 “ (2n + 1 )xy n , l - (n 2 +p 2 )y n = 0. 
Hence expand y in a series of powers of x. 


Curve Tracing : Form of a Curve near the Origin. 

It is often necessary to determine the nature of a curve in the 
neighbourhood of a particular point. For that purpose it is 
usually best to take the origin at the point. We therefore give 
examples to show how the form of a curve near the origin is 
determined ; the method often amounts to finding approximate 
values of y in terms of x where x, y are the coordinates of a point 
near the origin. 


Example 7. Examine the form of the curve x 2 y 3 + x — y = 0 
near the origin. 

The equation is y =x + a: 2 ^ 3 . 

Near the origin O, x and y are small, therefore x 2 */ 3 is small com¬ 
pared to x and y. Hence for points near O a first approxima¬ 
tion is 

y — x. 


Therefore for points near O, x 2 // 3 — x 5 , and a second approxima¬ 
tion is 


y—x +X 5 . 

Thus near O the form of the given curve 
approximates to that of the curve y =x +X 5 . 
The gradient of y = x + x 5 at x = 0 is 1 ; 
therefore this curve touches y=x at tlio 
origin, and evidently it lies above y=x for 
x>0 and below y—x for x<0. Hence the 
form of the given curve near O is roughly 




j 


y=x 



Fio. 157. 


as in Fig. 157. It touches and crosses the line y—x at O, 


428 


ELEMENTARY CALCULUS [ch. 

Example 8. Examine the form of the curve x 2 y 3 =(x - y){2x - y) 
near the origin. 

\\ hen x and y are small, x 2 y 3 is small compared to the 
separata terms 2X 2 , - 3 xy, y 2 of (x - y)(2x - y) and can only equal 
( x - 2/)(2 x - y) if y — x or y — 2x. This means that there are two 
branches of the curve which in the neighbourhood of the origin 
approximate to the straight lines y=x, y =2x. 

The equation of the curve may be written 


(o) y = x + 


xV 

y -2x 


or (6) y=2x + 


xV 

y- x 


For the branch of the curve te which a first approximation is 
y—x , the second approximation is, from (a). 


y — x + 


x 2 x r 3 
x - 2x 


, that is, y — x - x 4 . 


For the other branch to which the first approximation is y—2x, 
the second approximation is, from (6), 



2x + 


x 2 (2x) 3 
2x - x ’ 


that is y^=2x +8x 4 . 


>' y=2x 


/y = x 



Thus near O the form of the given curve approximates to that 
of the two curves y = x - x*, y = 2x + 8x 4 . The first touches y=x 

, at O and lies below y=x for x^Q; 

the second touches y=2x at O and 
lies above y=2x for xl=0. Hence the 
form of the given curve near O is 
roughly as in Fig. 158. 

The origin is called a double point of 
x the curve; y=x, y = 2x are tangents 
to the two branches of the curve at 
O, and the second approximations 
show on which sides of the tangents 
the curve lies. 

Examples 7, 8 illustrate a general 
theorem that if an algebraic curve 
passes through the origin the term or terms of lowest degree 
(in the rationalised form of the equation) equated to zero usually 
represent a tangent or tangents at the origin; but see Exercise 
XXI c, No. 25. 





Fig. 168. 
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When the terms of lowest degree are quadratic and have dis¬ 
tinct factors, as in Example 8, the origin is an ordinary double, 
point. When the terms of lowest degree are quadratic and have 
no factors, as for the curve x 3 = x 2 +y 2 , the origin is called an 
isolated double point , because no other point in its neighbourhood 
lies on the curve. We shall indicate by three examples different 
forms which a curve can assumo near the origin when the terms 
of lowest degree are of the form (lx + my) 2 , and for simplicity 
we take l = 0. 

(i) y 2 =*?. 

This curve consists of two parts given by y—xy/x, y— -x\/x 
which lie on opposite sides of Ox. Since y is undefined for x < 0, 
both parts of the curve lie on the right of Oy. Ox is the tangent 
at O to the curve and to each part of it separately ; it can be 
regarded as two coincident tangents. A point such as the origin 
on this curve is called a cusp of the first species or, shortly, an 
ordinary cusp. 

Since lim (x 2 /2y)=0 the radius of curvature of y 2 =x 3 at O is 
zero. 

(ii) ( y - x 2 ) 2 + x 5 = 0. 

This curve consists of two parts given by j/=z 2 +x 2 y'(-i), 
y =x 2 - x 2 y/( - x) which lie on the same side of Ox. Since y 
is undefined for x > 0, both parts of the curve lie on the left of 
Oy. Ox is the tangent at O ; it touches each branch and may be 
regarded as two coincident tangents. A point such as O is called 
a cusp of the second species or a rhamphoid cusp. 

Since lim (x 2 /2y)=^, the radius of curvature at O is £ ; the 
two parts of the curve have equal curvatures at O. 

(iii) (y - x 2 ) 2 =4x 4 (1 +x). 

This curve consists of two parts given by y=x 2 ±2x 2 y/(\ +x) 
for which first approximations near O are the parabolas y = 3x 2 , 
y=~x?. The two parts touch Ox at O on opposite sides. A point 
such as O is called a double point with coincident tangents. 

From Newton’s formula, applied to each part of the curve 
separately, it follows that the curvatures at O of the two parts 
are + 6 and - 2. 

If a curve is described by a moving point an ordinary double 
point arises where the moving point happens to cross its previous 
path, a double point with coincident tangents is a place where 
one part of the track touches another part, and a cusp is a place 
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where the moving point stops and moves back in the directly 
opposite direction. 

Triple points and multiple points of different kinds arise when 
the terms of lowest degree are cubic or of higher order. 

Example 9. Find the curvature at the origin for the two 
branches, y=f{x), of the curve y(y + x)=2x 2 y + 2x 5 (y + 2x). 

The two tangents at the origin are y = 0, y+x= 0, and since 
the equation of the curve can be written 

.. 2x 2 y +2x 3 (y +2x) „ . „ „ 2x 3 (?/+2x) 

(a) y = - or (b) y— - x +2x* + 

y + x 

the second approximations are 

0 +2r 3 (0 + 2x) 


y 


(a) 2 / — 


(b) 2 / — - a: + 2x 2 . 


that is 


0+x 

y — 4X 3 and y—-x+2x?. 

dy dr \/ 

For the first branch, at the origin, ^ =0, =0, 

the curvature is zero. 

dy dry 

For the second branch, at the origin, ^ = - 1, =4, 

.*. the curvature is, by p. 346, 4/\/(l + l) 3 , = \/2. 

Note. The first branch is inflexional at the origin, which ex 
plains why the curvature is zero. 


EXERCISE XXI c 

Sketch the forms near the origin of the curves in Nos. 1-8 : 

1. y=x 3 . 2. y=x*. 3. y 2 = x 3 . 

4. y 2 =-x 5 . 5.y=x-x*. 6.y=x 2 -x 3 . 

7. y = x — x 2 l 3 . 8. y=x 2 ±x 2 -y/x. 

Find approximations for y in terms of x (or for x in terms of y) 
when x and y are small for the relations in Nos. 9-20 and sketch 
the portions of the graphs near the origin : 

9. x 3 +2Z 3 = 2/- 10 - ar 3 + y 3 =x-y. 

11. x 3 + y 3 =y 2 - 12. x 3 +y 3 =x(x- y). 

13. ?/ 2 (l - x) =x 3 . 14. x 3 =(y-x 2 ) 2 . 

15. x*+y* =y(y + x). 16. x 3 + y 3 = x 4 + y 4 . 
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17. 2y =sin (x+y). 18. xy(x 2 + y 2 ) = x 2 - y 2 . 

19. x(x + y) 2 =(x - y) 2 . 20. (x - y)Hx +y) = x 4 . 

Find the radii of curvature at the origin of the brandies y =/(x) of 
the curves in Nos. 21-24 : 

21. y =3x 2 +2xy - 5y 2 . 22. y 2 = x 4 ( 1 + x). 

23. x*+y 3 +x 2 =y- 2x. 24. x 2 (y 2 +x) = (3x - y)(x + y). 

25. Are the axes tangents at the origin to the curves : 

(i) y 2 +x*=x 5 ; (ii) y 2 x + x 5 = x 6 + y* ? 


Curve Tracing : Asymptotes. 

An important part of curve tracing consists in finding the form 
of the curve at a great distance from the origin. This is often 
done by finding approximations for y in terms of x and 1/x. 


Example 10. Find the form of the curve y(y - x)(y - 3x) = (jx 2 
for large values of x and sketch the curve. 

The equation of the curve may be written as 


(a) V = 


Gx 2 


(b) y=x + 


Gx 2 


(c) y = 3x + 


G.v 2 


(V - *)(y ~ 3x) ’ ' ^y(y - 3x) ’ 

and second approximations, for large values of x , are 

6x 2 fix 2 


y{y - x) 


(a) y — 2 i (6) y — x + 


x(x - 3x) * 
y—x -3 ; 


(c) y=== 3x + 


3x(3x - x) 
y—3x +1. 


The three straight lines y= 2, y=x- 3, y=3x + l, to which the 
fonn of the curve approximates at a great distance from the 
origin, are called asymptotes of the curve (cf. p. 3G4). 

It is convenient to proceed to third approximations : 

For the branch corresponding to the asymptote y =2 
6x 2 o Sxy - 2y 2 n 16x 

(2/ - x)(y -3 x)~ 2+ (y- x)(y - 3x )~ 2 + 3^ ’ when * is Iar 6° i 

that is 


y — 


c 16 


This shows that the curve lies above y-2 when x is large and 
positive and below y -= 2 when x is large and negative. 
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For the branch corresponding to the asymptote y =x - 3, 


y=*+-J^=x-3 + 3! ' 2 - 9! ' x+6x2 =x - 3+ 3 <y-*Ky- 2 * 


y(y - 3x) 


y(y - 3x) 


**• when x is lai'ge, 2/ —a? - 3 + ~ j a; - 3+ 


y(y - 3x) 

9x 


that is 


y—x - 3 - 


(x- 3)( - 2x- 3) 
9 

2a:* 


- 2a: 2 ’ 


This shows that the curve lies below y =x — 3 when x is large and 
positive, and above it when x is large and negative. 

The reader should now use the same method to show that for 
the branch corresponding to the asymptote y = 3a; +1 the third 

5 

approximation is y^=3x +1 - —. Thus the relation of the curve 

ox 

to each of its asymptotes has been found and is indicated in 
Pig. 159. To trace the curve it is convenient to find the points 
where it meets the asymptotes. This may be done in the ordinary 



Fio. 159. 


way, or alternatively we may rearrange the equation of the curve 
by writing 

y(y - x){y - 9x) - Qx 2 = (y - 2){y - x+3)(y - 3x - l) ....), 

wdiere it is easily seen that the contents of the final bracket must 
be ly - 16a; - 6. 

Hence the points where the curve meets its asymptotes lie on 
the line ly - 16a; - 6 = 0. The points are marked in Fig. 159. 
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Also, near the origin, the curve approximates to y 3 — 6x 2 . It 
may therefore be sketched as in Fig. 160, which is, however, not 
drawn to scale. 

The accuracy of the form of the curve in Fig. 160 may be tested 
by obtaining parametric equations of the curve as on p. 364. 
Putting y =tx we find 

x : y : 6 = 1 : t : t(l - 1 )(l - 3) 
showing that x -*■ co when t -+ 0, i -* 1, $ -*■ 3. 


dy -\2{t-2) , 

Since i 3 jz the tangent is parallel to Ox where t = 2, 


; therefore the tangent is parallel to O y 


that is at ( - 3, - 6). 

Ai dx _ - 6(3t 2 - 8t +3) 

’ dt " tHt - \) 2 U - 3) 2 
at the two points given by t = J(4 ± y/1). 

Further, any straight line lx + my + 6= 0 cuts the curve where 

l + mt +t(t- 1)(*- 3) =0, 
that is 4t 2 +(m +3)< +i=0. 



Hence if fj, ^ t 3 are the parameters of the points of intersection 
oi the line and the curve. 


*1 +t 


2 + ‘3 = 4 . 


hiflA^rP 011 ^ * n ® ex ‘ on *1 -«2 -/ 8 ; hence there is one point of 
inflexion given by t =£, namely ( - 8*1, - 10-8). 
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Example 10 illustrates the method of obtaining successive 
approximations to a given algebraic curve when x is large. 

Suppose for example that an asymptote of a curve of degree 4 
is parallel to y=lx; then a first approximation to one branch 
of the curve when x is large is y— lx, and therefore the equation 
of the curve must be of the form 


2/=7x+p 


Q 3 (*. V ) 


(•c. y) 


where P 3 (x, y) is a polynomial of degree 3 in x, y and Q 3 (x, y) is 
a polynomial whose degree does not exceed 3 ; thus the equation 

of the curve is ( y _ 7x)P 3 (a;, y) - Q 3 (x, y) =0. 


Therefore y - 'lx is a factor of the terms of highest degree in the 
equation of the curve. Hence 

the lines through the origin parallel to the asymptotes are factors 
of the terms of highest degree in the equation of the curve. 

Thus all the possible directions of the asymptotes can be 

obtained by factorising the terms of highest degree. 

If y is a factor of the terms of highest degree there may be an 
asymptote parallel to y= 0. Suppose that y =3 is an asymptote 
of a curve ; then an approximation to one branch of the curve 
when x is large is y= 3 and a closer approximation is usually 
y =3 + a/x where a is constant ; and the equation of the curve is 

of the form Q(x, y) 

y = 3 + P(x, y) 


where the degree of x in P(x, y) is higher than that of x in Q(x, y). 
Thus the equation is 

(y - 3)P(x, y) - Q(x, y) =0 

and consequently y - 3 is a factor of the coefficientjof highest 

power of x in the equation of the curve. If the equation 

arranged in powers of x in the form 

x n ~ l fiiy) + x n ~%(y) + . =0 ’ 

where the degree of /,(?/) in y does not exceed r *nd it 
not a mere constant, then the first approx, .nation, n hen * 

t . v jjyy_i __ o Thus 

j s f ( y ) = 0 and the second is obtained from /i(3/) x 

/l( ;, = 0 is the equation of an asymptote parallel to Ox Sinularly 

if the term x"-'Uy) is absent and U>j) > s not “ and so on. 
any asymptotes parallel to Ox are given by/ 2 (y) -0 , an 
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Hence 

all asymptotes parallel to Ox can be obtained by equating to zero 
the coefficient of the highest power of x ; 

conversely it may be seen that the lines obtained in this way 
are usually asymptotes ; e.g. the asymptote 3y - 6 =0 in Example 
10, p. 431, can be found from the coefficient of x 2 . But it may 
happen that there is no branch of the curve corresponding to a 
line so obtained ; e.g. y=0 is not an asymptote of x 2 y 2 =y - 1 
because y — 0 would imply x 2 y 2 - 1, which is impossible. 

Similarly asymptotes parallel to O y are usually obtained by 
equating to zero the coefficient of the highest power of y. 

For example in x(x - y)(x - 3y) - Gy 2 =0 the coefficient of 
y 2 is 3x - 6 and therefore 3x - 6 = 0 is an asymptote (cf. Example 
10 ). 


Example 11. Find the asymptotes of the curve 

x 3 y 2 -a 2 x 3 - 6V=0. 

Since the term of highest degree is x*y 2 any asymptote must be 
parallel to x =0 or y =0. 

The coefficient of x 3 is y 2 - a 2 ; hence y=±a are asymptotes; 
these correspond to the branches y ± a{ 1 +£6 3 /x 3 ). The co¬ 
efficient of y 2 is x 3 - 6 s , and x 3 - b 3 =0 gives the single asymptote 
x=b, corresponding to the branch x=z=b +§a 2 b/y 2 . 

Asymptotes which are not parallel to either axis may bo 
found by the method of successive approximation illustrated in 
Example 10. Some difficulties that arise when the terms of highest 
degree contain a repeated factor are illustrated in Examples 12, 13. 


Example 12. Find the asymptotes of x(y - x) 2 =4 y. 

Any asymptote is parallel either to x =0 or to y - x =0. 

The coefficient of y 2 is x, and x = 0 is an asymptote which corre¬ 
sponds to the branch x^s= 4 jy. 

If the equation is written in the form 

{y - x) 2 =4yfx or y=x±2 x /(yfx) 

we see that there are two branches of the curve for each of which 
x and y are both large. 

For each a first approximation is y^x. Hence the second 
approximations are y^x ± 2V(i/x), that is y^x ± 2. 

Thus the asymptotes are x =0, y=x +2, y=x~ 2. 
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Example 13. Find the asymptotes of x(y - x ) 2 =4 y 2 . 

The coefficient of y 2 is x - 4, and x=4 is an asymptote, corre¬ 
sponding to the branch x^= 4 + 32/y. 

If the equation is written in the form 

(y - x) 2 =4y 2 /x or y=x±2y/y/x 
we see that there are two branches of the curve for which x and y 

are both large. TT , 

For each a first approximation is y — x. Hence the second 

approximations are 

y~x±2x/y/x, that is y^x± 2y/x t 

and this may be written (y - *) 2 ^4x. 

Thus there is no asymptote m the direction of y -x, but the 

curve approximates to a parabola. The parabola (y - x) -4x 
is not, however, the best parabolic approximation that can be 

obtained. The third approximation is 

y^X± 2 (x± 2 y/x)!y/x, 


that is 


W-V- y- x± 2V*+4- 

Thus the parabola (y - x - 4)’ =4* is a closer approx,mat,on. If 
we sketch this parabola we obtain a good approx,mat,on to the 
p:rt of the cur^e where x and j, are large. The reader should 
now prove that a fourth approximation is J,===x +^2(v'x +4/v/ ) 
and deduce that the parabola (y - x - 4)* =4x + 32 us a still c,o 
approximation to the given curve. Approx,mat,ng curves 
kind are sometimes called curvilinear asymptotes. 


EXERCISE XXI d 

Find the asymptotes of the curves in Nos. 1-16 : 

O -w 2 ^. 


1. x 2 y=x+y. 

3. (y - 2 x){y- 3*) = L 

5. (y-x)(y-2x)(y-3x)=x+5y. 

7 . yHy + 4 x)=x. 

9. (y - x)(y ~ 2x)(y - 4x) =6x 2 . 

li. x* - y* =*( x +2lJ 

13. x(x - yf- x 4-3y. 

15. (x 2 -y 2 f=4*y- 


2. y 2 {a - x) = x 3 . 

4. (y - x)(y - 2 x)-x. 

6. x 2 (y-x)=4y. 

8. yHy +4x)=x 2 . 

10. x 3 +y 3 = 6y 2 . 

12. xy(x 2 +y 2 )=x 3 -y 2 - 
14. (y 2 - x 2 )(y- x)=Sx. 

16. x(x-y) 3 =!/' 2x - 
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17. Prove that approximations for the brandies of the curve 

o 1 1 1 

yHy +x)=x are given by y = 1 - y = - 1 - ^ y = - a; + ^. 

18. Prove that approximations for the branches of the curve 

y(x - y) 2 =x are given by y = -, y=x± 1 - . 


19. Prove that approximations for the branches of the curve 
{y + x) 2 (y - 3x) + x 2 =0 are given by y = 3x - t t j - - * - and 

the parabola (2x +2y - t \ v ) 2 = x; also find the closest parabolic 
approximation. 


.Sketch the curves in Nos. 20-27 ; give the equations of the asymp¬ 
totes and approximations near tlie origin : 

20. y 2 (y+x)=x. 21. y(x-y) 2 =x. 

22. (x 2 +y 2 )(y - 2x) = 10 xy. 23. x* - ij* =2 xy. 

24. x 3 +y 3 =y 2 -4x 2 . 25. (x 2 - y 2 ) 2 +4xy =0. 

26. x 4 = (x 2 — 1 )y 2 . 27. x(x* - tj 2 ) =(x +y) 2 . 

28. Write down the equations of the asymptotes of 

(y- 2x +3)(y +3x- l)(y - 5x) + 3x-ly=2, 
and obtain those of 


(y - x + 1 )(y - x + 2)(2y - x + 3) = 2y + 4x. 

29. Prove that the three points where the curve 

x(y 2 - x 2 ) + 2x 2 + 2y = 10 

cuts its asymptotes lie on the straight line x + 2 y = 10. 

30 Find the equation of the curve of degree 3 which has as 
asymptotes the lines y=x + 1, y+x= 2, t/=0 and which 
touches O y at O and passes through the point (1, 1). 

In Nos. 31, 32 sketch the curves and give the equations of any 
asymptotes: J 

31. x\xy~ l) 2 =x- 1. 32. xV +x 2 +y 2 = l. 


n 
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CHAPTER XXII 

MOMENTS OF INERTIA AND CENTRES OF PRESSURE 


Moments of Inertia. If m^y m 2 , w 3 , . . . are the masses of the 
particles of a system, and r lt r 2 , r 3 , . . . are their distances from 
a fixed straight line AB, the expression 

ra^j 2 + w 2 r 2 2 + m 3 r 3 2 + .... , = 2mr 2 , 
is called the moment of inertia (M.I.) of the system about the 

axis AB. . 

A rigid body can be regarded as consisting of particles of mass 

8m at distance r from AB and its moment of inertia about AB 

is then the limit of the sum, I > 2 5m, taken throughout the body. 

This limit is fr 2 dm. r 2 , • 

If M is the total mass of the body, and if the M.I., J> am, 
written in the form Mfc 2 , k is called the radius of gyration of the 
body about the axis AB. It is the distance from AB at which 
particle of mass M must be situated so as to have the same » . • 

as the given body about AB. . , . , _»• _ tho 

To see why moments of inertia are required in dealing with the 

motion of rigid bodies, consider a body of mass M rotating with 

angular velocity . about an axis AB. The linearveloctyof any 

particle of mass om at distance r from the ax.s is Hen “its 

kinetic energy is iSm(rai) 2 and its angular momentum about 

AB is r(6m)rw. 

the total kinetic energy of the body 

=J|r 2 w 2 dm=£w 2 JV 2 dm =iM k 2 * 2 ; 

and the total angular momentum about AB 

= J> 2 w dm = tuJV 2 dm =Mfc 2 u>. 

Example 1 Find the M.I. of a uniform rod AB of mass M 
and^length 2a about an axis Oy bisecting AB at right angles. 

Let p be the mass per unit of length so tlmt M l-Sap. 

1 M ^ oT-^aP^imatiy. 


—— » 

the M.I. of the rod = J* V d * = 3' ,0, = iMa *- 

43ft 
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It follows that the M.I. of a uniform rectangular lamina ABCD 
of mass M about an axis O y which bisects AB and CD is jMa-, 
where AB=2a. For the rectangle can be divided into narrow 
strips by lines parallel to AB and the M.I. of each strip is 
§(mass of strip)a 2 ; therefore the total M.I. is ?,(total mass)a 2 . 


y ft- 


n 



\-S 

y \ 





• P Q 

O 


A O j ■* 'dx B b 

I A 


a 

a 


Fia. 1GI. Fig. 1C2. 


Example 2. Find the M.I. of a uniform circular disc of mass M 
and radius a about an axis through the centre O perpendicular 
to the plane of the disc. 



Fig. 163. 


Let p be the mass per unit of area so that M =?ra 2 />. Consider 
the portion of the disc between circles of radii r, r+&r con¬ 
centric with it; the mass of this portion is approximately p2rr<$r 
and its M.I. can be taken to be {p 2 ~r ar)r 2 . 

the M.I. of the disc = [ 2-pr 3 dr = £irpa 4 =£Ma a . 

Jo 
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Example 3. Find the M.I. of a uniform elliptic lamina 
x 2 /a 2 + y 2 jb 2 = 1 of mass M about Ox. 



Let p be the density per unit area ; then as the area of the 
ellipse is 7rab, M =rrabp. 

Denote the coordinates of any point P on the ellipse by 
(a cos </>, b sin </>). 

Divide the lamina into strips perpendicular to Ox ; jy 
Example 1 the M.I. of such a strip is $(/>2 y*x)y 2 . The M.I. of 
the lamina is therefore 


f PV 3dx 


-*r ft 


b 3 sin 3 </>( - a sin </>) d(j>. 


since dx =d(a cos </>)=- a sin </> d<f>. Hence 

(■t/3 

M.I. = i/a6 3 sin 4 <f> d<f> 


0 


Alternatively, by using strips parallel to Ox the M.I. about Ox 


= 2 


y 2 2px dy = 4 i>ab' 3 


sin 2 </> cos 2 <j> d*i>. 


which gives the same result. 


EXERCISE XXII a 

[Assume in this Exercise that each body is of mass M and uniform 
density. The results of Examples 1, 2 may be quoted.) 

X. Find the M.I. of a rod AB of length 2a about an ax.s through 

A perpendicular to AB. 

2. Find the M.I. of a rectangular wire AMD .tout a line parallel 
to AB through the centre ; AB -2a, BC -10. 
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3. Find the M.I. of a rectangular lamina ABCD about AB ; 
AB = 2 a, BC =26. 

4. Find the M.I. of a circular cylinder of radius a about its axis. 

5. Find the M.I. of an isosceles triangle of height h about a line 
through the vertex parallel to the base. 

6. Find the M.I. of a circular cone of base-radius a about its axis. 

7. Find the M.I. about Ox of the segment of the parabola 
y 2 =4 ax bounded by the line x=c. 

8. Find the M.I. about Ox of the solid formed by revolution 
about Ox of the area bounded by y 2 = 4«x, y =0, x =c. 

9. Find the M.I. of the astroid x=acos 3 t, ?/=asin 3 £ about Ox. 

10. Find the M.I. of a wire in the form of a circular arc AB, 
centre O, radius c, with zlAOB =26, about the diameter which 
bisects AB. 


General Theorems about M.I. 


The calculation of moments of inertia is often much simplified 
by the use of two general theorems. 

(i) If the M.I. of a lamina about two perpendicular axes Ox 
Oy in its plane are \ x , l„, then its M.I. 

about the axis Oz perpendicular to its 
plane is \ z + \ y . 

Consider first a system of particles in 
the plane xOy. 

If m is the mass of a particle at (x, y) and 
r its distance from O, its M.I. about Oz is 
mr 2 , that is m(x 2 +y 2 ). Hence the M.I. of 
the system about Oz 



Fio. 165. 


= £m(x 2 +t/ 2 ) =£»ix 2 + Z Jtl y* =\ x + | v . 


The same result holds 
may be regarded as made 
by an integral. 


for a lamina in the plane xOy, since it 
up of particles, each sum being replaced 
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(ii) The M.I. of a body of mass M about any axis AB is equal 
to the M.I. about the parallel axis through the centre of gravity 

plus M h 2 , where h is the distance 
between the two parallel axes. 

Consider first any system of 
particles in space. Take the 
origin O at the centre of gravity 
of the system, the line through 
O parallel to AB as axis of z, 
the perpendicular OA from O to 
AB as axis of x, and the line 
perpendicular to Ox, O z as axis 
of y, see Fig. 166; PR, PS are 
the perpendiculars from any point 
P(x, y, z) to O z, AB. 

If m is the mass of a particle 
at P its M.I. about 0 z is m.PR 2 , =m(x 2 + y 2 ), and its M.I. about 
AB is m. PS 2 , =m{{x - h) 2 +y 2 }. Hence the M.I. of the system 

about AB =Xm{(x - h) 2 + y 2 } 

=2m(a: 2 +y 2 ) + Em/i 2 - 2 T,mxh 
=M.I. about Oz +h 2 Hm - 2/iSmi. 

But 2m = M and Xmx = 0 since the centre of gravity of the system 
is at the origin ; hence 

M.I. about AB =M.I. about Oz + Mh 2 . 

The same result holds for a solid body, since it may be regarded 
as made up of particles, each sum being replaced by an integral. 



Example 4. Find the M.I. of a uniform rectangular lamina 
A BCD of mass M and sides 2a, 2b about an axis Oz through its 
centre O perpendicular to its plane. Find also the M.I. about an 

axis through A perpendicular to its plane. ,, a ,„ 0 

By the extension noted at the end of Example 1, pp.• 4 J 8 ’ 
the M.I. about axes through O parallel to the sides are JMa-, . 

Hence by the general theorem (i), 

M.I. about Oz =£M (a 2 +b 2 ). 


It follows by the general theorem (ii) that the M.I. about t »c 
parallel axis through A, see Fig. 162, p. 439, is 

£M(a 2 + b 2 ) + M . AO 2 , that is -JM(a 2 +b 2 ). 

Also for a cuboid of mass M with edges 2a, 2b, 2c the JV I ^ 2 ^ b .°' ,t 
an axis through the centre parallel to the edges 2c is $M(a )• 
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Example 5. Find the M.I. of a uniform circular lamina of 
mass M and radius a about a diameter. 

Let O be the centre. Denote the M.I. about the radius Ox by 
I ; then that about the perpendicular radius O y is also I. Hence 
by the general theorem (i) the M.I. about tlie axis Oz perpendicular 
to the plane of the lamina is I + 1, =21. 

But by Example 2, p. 439, 2 I = iMr/ 2 , 

I=£M 


Example 6. Find the M.I. of a uniform sphere of mass M and 
radius o about a diameter. 

Let O be the centre and Oi, O y, Oz throe mutually perpendicular 
radii. 

Then with the notation of p. 442, see Fig. 166, the M.I. about Os 
is expressed by the limit of + 2 / 2 )- 

By symmetry, Smi 2 =2mi/ 2 =Sm: 2 , 

Sm(i 2 + t/ 2 ) =§2m(x 2 + */ 2 + 2 2 ) 

= §£m. OP 2 , 

since * 2 + i/ a +z 2 = ON 2 + NP 2 =OP 2 . 

Divide the sphere into thin shells bounded by spheres of radii 
r, r +8r , centro O ; then if p is the mass per unit volume, the mass 
of a shell may be taken to be p47rr 2 6r. Hence the M.I. of the 
sphere about Oz 

= § | r 2 .p4-r 2 dr=^7rp] r 1 dr 
Jo jo 

= T* 5~P ab ' 

But M =$-a 3 p, /. M.I. = gMa 2 . 


Example 7. Find the M.I. of a thin uniform spherical shell of 
mass M and radius a about a diameter. 

With the notation of Example 6 the M.I. about Oz 

= Ztn(x 2 + t/ 2 ) =§Em(x2 -f ?/ 2 + 2 2 ) 

= §2mu 2 =§Ma 2 . 
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Routh’s Rule. There is a mnemonic for the M.I. of a few simple 
bodies about axes of symmetry through the centre of gravity 
which some students find useful : 

If GX, GY, GZ are perpendicular axes of symmetry through the 
centre of gravity G, cutting the body at Xj, Y lt Z lf 

GY, 2 +GZ 2 

M.I. about GX = mass x —---—» 

3 or 4 or 5 

where the denominator is 

3 for a rod, a rectangular lamina, a cuboid ; 

4 for a circular or elliptic disc ; 

5 for a sphere or ellipsoid. 

Thus for a circular disc, centre G, radius a, if GX is a radius, 
GYj=fl, GZj = 0 ; M.I. about GX = M(« 2 + 0)/4 ; and if GX is 
perpendicular to the plane of the disc, GYj=a, GZj=a; and 
M.I. about GX =M(a 2 +a 2 )/4. 


Example 8. 



Find the M.I. of a uniform circular cone of mass 
M, height h, and semivertical angle a about a 
line through the vertex parallel to the base. 

Take the axis of the cone as Ox and the given 
line through the vertex as O y. Consider a slice 
of the cone boimded by parallel planes at 
distances x, x +&x from O ; if p is the density 
per unit volume, the mass of the slice can be 
taken to be p7ry 2 8x, and therefore, by Example 
5, its M.I. about its diameter parallel to Oy is 
\(p^y 2 ox)y 2 . Hence by the general theorem 
(ii), p. 442, its M.I. about O y is ($y 2 + x 2 )pi?y ox. 

the M.I. of the cone about Oy 


= \p~ 

« 


rh 

o 

h 


( y 2 +4 x 2 )y 2 dx 

(x 2 tan 2 a + 4x 2 )x 2 tan 2 a dx 


= £p7r tan 2 a (tan 2 a + 4) 


'h 


x 


4 dx 


J o 


= tan 2 a (tan 2 a + 4). 

But M = £ 7 r(h tan a) 2 hp , .'. M.I. = -f^M/t 2 (tan- a + 4). 
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EXERCISE XXII b 

[Assume in this Exercise that each body is of mass M and, unless 
otherwise stated, of uniform density.] 

1. Find the M.I. of a wire in the form of a rectangle with sides 
2 a, 2b about an axis perpendicular to its plane at one corner. 

2. Find the M.I. of a solid cuboid with edges of lengths l, m, n 
about one of the edges of length l. 

3. Find the M.I. of a circular lamina of radius a about a tangent. 

4. Find the M.I. of a solid sphere of radius a about a straight 
line which touches it. 

5. Find the M.I. of a lamina bounded by concentric circles of 
radii a and b about a diameter. 

6. Find the M.I. about a diameter of the solid bounded by con¬ 
centric spheres of radii a and b. 

7. A closed cylinder of base-radius a and height h is made of 
thin sheeting. Find its M.I. about a generating lino. 

8. In Example 8, p. 444, find the M.I. about a diameter of the 
base. 

9. Find the M.I. of a rod AB of length l about an axis through 
A perpendicular to AB if the density varies os the cube of 
the distance from A. 

What is its least M.I. about any line perpendicular to AB ? 

10. The density at any point of a circular lamina of radius a 
varies as the square of its distance from the centre. Find 
its M.I. about (i) a line through the centre perpendicular to 
the lamina, (ii) a diameter, (iii) a tangent. 

11. Find the M.I. of a semi-circular lamina of radius a about 
the tangent parallel to the bounding diameter. 

12. Find the M.I. of a solid cylinder of base-radius a and height h 
about (i) a diameter of its base, (ii) a tangent to its base. 

13. Find the M.I. of the surface in No. 7 about a diameter of 
the base. 
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14. Find the M.I. of the curved surface of a cone of base-radius r 
about the axis of the cone. 

15. A lamina is in the form of an equilateral triangle of side 2a. 
Find its M.I. about an axis through its centre of gravity per¬ 
pendicular to its plane. 

16. The density of a solid sphere of radius a varies as the square 
of the distance from the centre. Find its M.I. about a 
diameter. 


Centre of fluid pressure. If one face of a plane lamina is wholly 
in contact with a fluid, each point of that face is subjected to a 
normal pressure, and, disregarding the pressure of the atmosphere, 
this normal pressure is proportional to the depth of the point 
below the surface of the fluid. 

The total normal pressure on the face can therefore be found as 
the resultant of a system of parallel forces ; the point of the 
lamina at which it acts is called the centre of pressure. 

To determine the position of this point, take as x-axis the line 

in which the plane of the lamina meets the free surface of the 

fluid and as ?/-axis the line of 
greatest slope of the lamina 
through its centre of gravity G. 
Let the coordinates of G be (0, y) 
and those of the centre of pres¬ 
sure (£, 7j ); also let a. be the angle 
between the lamina and the 
horizontal, and w the weight per 
unit volume of the fluid. 

Consider an element of area 

8A of the lamina at the point ( x,y ). The depth at this pouit 
is y sin a, and therefore the pressure on the element is known 
to be wy sin a dA ; taking moments ubout the axes for para e 

forces of which this is typical. 



gfwy sin a dA = fxwy sin a dA, i/fwy sin a dA -fywy sin 


in a dA ; 


. , fxydA 
•* fy dA ’ 


J.V* dA 
7/ " jy dA 


These formulae determine the centre of pressure. 


A convenient 
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form can be found for the depth of the contro of pressure in terms 
of the radius of gyration, k, of the lamina about Ox. 

For if p is the mass per unit area, k is given by 

A M‘ 2 = jpy 2 dA * 

also y is given by A py = jpy dA ; 

y=k 2 /y, and the depth of the centre of pressure is (k 2 sin ")fp. 
Tlie integral jwy sin a dA represents the total normal pressure, 
and since it equals w>sina Ay, 

total normal pressure = (area of lamina)(prossuro at C.G.) 


Example 9. A uniform rectangular lamina — 
in a vertical plane has sides of lengths 2a, 26 
and is wholly immersed in a fluid with the sides 
of length 2a horizontal. The centro of gravity 
of the lamina is at a depth h below the surfuce. 

Find the depth of the centre of pressure and the 
total pressure on one face of the lamina. 

The M.I. of the rectangle about the lino 
joining the mid-points of the edges 26 is £M6 2 ; 
therefore the M.I. about the line in which the 
plane of the rectangle meets the surface is 
^M6 2 + M/j 2 . Also the depth of the centro of gravity is h. 

Therefore, with the notation explained above, 

depth of centre of pressure = (X; 2 sin u)fy 

»(i&* +h*)/h. 

Also the pressure at the centre of gravity is wh and the area of 
the lamina is 4a6, 



total normal pressure = -iabwh. 


EXERCISE XXII c 

[Assume in this exercise that the plane of the lamina is vortical 
when not otherwise stated, and that the weight of the fluid is w 
per unit volume.] 



Find the total pressures on the upper and lower halves of a 
rectangle with sides 2a, 26 if the upper side (2a) is in the 

“ 6 v^ c r PlSne ° f ^ lamina b (i) vertical » (ii) at 00° 
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2. Find the total pressure on a circular lamina, radius a, if its 
highest point is (i) in the surface, (ii) at depth h below the 
surface. Also find the depth of the centre of pressure. 

3. Find the total pressure on a lamina in the form of an equi¬ 
lateral triangle whose upper side, of length 2a, is in the sur¬ 
face and whose plane is inclined at 30° to the vertical. 

4. Find the centre of pressure of an isosceles triangle of height 
h whose base is horizontal and vertex is (i) in the surface, 
(ii) at depth c. 

5. The segment of y 2 =4ax cut off by x=c is placed with the 
origin in the surface and Ox vertically downwards. Find the 
total pressure and the depth of the centre of pressure. 

6 . A square lamina, side a, is placed with its upper coiner in the 
surface and one diagonal vertical. Find the depth of the 
centre of pressure. 

7. A lamina in the form of an ellipse x 2 /a 2 + y 2 /b 2 = l is placed 
with the y -axis horizontal at depth h, greater than a , below 
the surface. Find the depth of the centre of pressure. 

8. Find the depth of the centre of pressure of a semicircular 
area of radius a with its base in the surface and vertex down¬ 
wards. 

9. A lamina OABC in the form of a trapezium is placed with its 
upper edge OA in the surface. OC is perpendicular to the 
parallel edges OA, CB. If OA = a, OC =h , CB = b, prove that 
the depth of the centre of pressure is h(a + 3b)/{2a +46). 

10. A lamina is in the form of a rectangle, sides 2 a, 2b, together 
with two isosceles right-angled triangles having the sides 2a 
as hypotenuses. It is placed so that the sides 2b are vertical 
and the top point of one triangle is in the surface. Find the 
depth of the centre of pressure. 



APPENDIX 

TO VOLUME II 

The subject matter of each exerciso is identical with that of the 
exercise which has the same heading in the book itself. To avoid con¬ 
fusion, the Appendix examples are numbered from 51 upwards. There 
are no test papers in this volume, but a collection of 125 Miscellaneous 
Examples is given at the end of the Appendix. 

Selected numbers suitable for a first course are printed in 
brackets at the head of each exercise. 

EXERCISE XI a 

[51, 53, 58, 62, 64, 65, 66, 68, 70, 72] 

Use the given substitutions to find the values of the integrals in 
Nos. 51-65 : 

51. jx(3-2x) 1 dx ; 3-2 x=z. 

52. Jx(x - I) -4 dx ; x — 1=2. 

53. /{x 2 /V(l ~ x))dx ; l-a;= 2 a . 

54. jx(a +6x) 10 dx ; a+bx=z. 

55. $(x +a)y/(x +b) dx ; x+b=z 2 . 

56. jx\/(l+x 2 )dx ; x 2 — z. 

57 . $x(a+bx 2 )” dx, n*; - 1 ; x 2 =z. 

‘jS. Jcos x cosec 4 x dx ; sinx=z. 

59. Jcot 2 x cosec 2 x dx ; cotx=z. 

60 * JO /(a 2 + x 2 ))dx ; x = a tan 6. 

61. Ja^VO - 9* 2 ) dx ; x 2 =u, and then 1 - 9u — z. 


62. 

f x 2 dx 

63. 

f 

r dx 

J (1 +x 2 ) 2 ’ 


64. 

f la +x 

J \J a- x dx,a>0; x ~ a cos 20. 

65. 

« 

f dx 


J l)’ x ~ se ° e - 
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Find the values of the integrals in Nos. 66-74 : 

x dx C x 2 dx 


66< J(a+ 6 x) n ’ n * 1 » n * 2 - 

68. Jx\/(3x + 4) dx. 


67 


■1 


72. 


70. Jsin x sec 4 x dx. 
dx 


J (a 2 + x 2 ) 3 ! 2 ’ 


73. 


x 3 d .i 


V(1 + x )' 

69. jx 2 \/(l + x 3 ) dx. 
71. Jsec 2 x tan 2 x dx. 

dx 


y/(l - 9a; 2 )’ 


74. 


x 2 V(l -**) 


EXERCISE XI b 

[51, 53, 55, 57-60, 64, 66, 68] 

Find the values of the integrals in Nos. 51-65 : 

" 1 x dx 


51. 


53. 


55. 


dx 


0 Via +bx)‘ 
Cn l 2 cos X 


52. 


77 


/6 sin 5 x 

"n/1 


dx. 


J o V(« +fea: ) 

p/va 


54. i V(* 6 + * 10 W*- 
. o 


57. 


cos 5 a: sin i(fx. 


da; 


56. 


"I *o 

I ~ 


dx 


J !/ 2 V(2* c “ **)’ 


n/4 

o v(i-4**r 


r. 


59. 


2/3 da: 


4 + 9x 2 


c\ 


60. 


J 2 X 2 y/(X 2 “ *) 


dx . 1 

—-——, by the substitution = 1 - z. 


61. — ^2 da;, by the substitution x + --z • 

62. f' + j - dx , by the substitution a: - - = 2 . 

J 1 * + 1 

63. T V( 4 - * 2 ) da: » b y the substitution a; = 2 sin 0. 

J 0 


■ 5/2 


64. 


da; 


65 




_ by the substitution x=cos*0 + 3sin*0- 

3/2 V«*- 1><3-*)} 

3n l i sin 0 + c° s t) ha substitutions +<!>, sin <!>=*■ 

rji 3 - sin 2d 
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+ 1 dx 
of «, 

+ .J X i 


and 


66 . Use the substitution y = 1/x 2 to find the values 

~ x dx 
-*^ 2 ‘ 

r +i 

67. Calculate the value of x 1 dx by making the substitution 
x 2 =z 3 and check the result by direct integration. 

r b x 2 - i 

68 . Use the substitution x =tan 0 to find the values of I + ^ y 2 dx , 

for (i) a = 1, b — y/3 ; (ii) a = - l, b = - \/3 ; 

(iii) a = - 1, b = + 1. 


EXERCISE XI C 

[51, 54, 57, 59, G2, 63] 

Evaluate the integrals in Nos. 51-56 : 

51. Jxcosnxdx. 52. Jx 2 sin2x<2x. 53. Jx 3 cos xdx. 

54. Jx tan -1 xdx. 55. Jx tan x sec 2 xdx. 56. Jx cot' 1 xdx. 

57. By writing J cos 6 # <20 in the form J cos 5 0c2(sin 6) and inte- 

Cnlt 

grating by parts, obtain a relat ion between cos 6 6 dO and 

° 

cos 4 6 dd. In the same way obtain a relation between 

I a 


o 

«-/3 f t/ 2 fir/a 

cos 4 6 dd and J cos 2 6 dd. Hence evaluate J cos 6 0 dd. 


Jo JO jo 

58. Use the method of No. 57 to evaluate 1 sin 6 d dd. 


fWa 

si: 
J o 


59. Prove that Jx n cos xdx =x n sin x - njx n ' 1 sin x dx. 

= x* sin x + nx"* 1 cos x - n(n - 1)Jx n ‘ a cos x dx. 
Hence find the value of Jx 4 cos xdx. 

60. Find a relation between Jx n sinx<2x and Jx n-a sin x dx. 
Hence find the value of Jx 4 sin x dx. 


61. Find the value 


of x sin 2 x 

J o 


cos 2 x dx. 


62. Find the values of Jx sin x sin 4x dx and Jx cos x cos 4x dx . 
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63. Prove that 


n 


n 


n 


x m ( 1 - a.')” dx = 

Jo m+\ 


x m+ i(l - x)” -1 dx where 


J o 


^ Vj ^ v 

m and n are positive integers. Use the result to find the 
ri 


value of 


x 5 (l - x) 4 dx. 


r 

64. Verify that JVU - x 2 )dx =x\/(l - x 2 ) +J 


X' 


V(1 - x 2 ) 


dx and 


that 


- - Trdx — sin -1 x - f-y/t 1 “ x 2 )dx. 

1 - X“) 


-1 


Deduce that 


65. Prove that 


-v/(l - x 2 )dx=\~. 


o 

x 2 dx f x • i 1 

(1_X 2 )3T2- ± { V ( 1 -X 2 )- Sm *) 


66 . Prove that 

f sec” x dx =sec”‘ 2 x tan x - (n - 2)J(sec” x - sec”* 2 x) dx 
and deduce a relation between f sec” xdx and / sec”' 2 xdx, 


EXERCISE XII a 

[51, 56, 57, 58, 61-64, 66, 68, 69, 70] 

Differentiate with respect to x the functions in Nos. 51-65: 

51. log (x”). 52. log sec x. 53. sin log x. 

54. (log x) 2 . 55. (log x)/y/x. 56. log log x 

57. log (sin x cos x). 58. (log sin x) cos x. 

59 . log {(1 + x 2 )/( 1 - x 2 )}. 60. log (a 2 + x 2 ). 

61. log{x + V(* 2 - !»• 62 * l°g (^c x+tan x). 

63. log tan (Jr + \x). 64. log (x + V(« 2 + **»• 

65. x m (log x)”. 

d 3 y d 2 // dt/ _ 

66 . If y = (log x) 2 , prove that x 2 ^ + 3x dx* + dx 


67 What are the least possible values of x log x and x 2 log x ? 

68 . Sketch the graph o£ ,=log<*« + ^> and find its point* of 
inflexion. 
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69. Prove for the curve y =a log sec that x =a\p. 

Cl 

70. If x>0, prove that the functions log (I + x) - {x - hx 2 ) and 
(x - \x 2 +§x 3 ) - log (1 + x) increase as x increases. 

71. If x > I , prove that tan -1 x < \tt + £ log x. 

72. What value of 0 between 0 and gives a minimum value of 
tan 0 + 3 log cos 6 + 0 ? 


EXERCISE XII b 

[52, 53, 55, 57, 58, 02, G3, 04, 00, 70, 71, 73] 
Integrate with respect to x the functions in Nos. 51-50 : 


'1 2 

co 

i 

CO _ 

x +a 

V/ 

1 - X 

UA| 

p-qx 

Oo. — 
X* 

1 + 2 ox +6* 

_ , sec 2 x 

54. --. 

55. 

log x 

A 

56. — 

1 


tan x 

X 

X 

log X* 

Evaluate the integrals in Nos. 57-68: 



57. 

' b dx 
' • 

58. 1 

‘t* dx 

• 

59. 

r* 

• 

a x 

J 

ac X 

Je x 

60. 

*~ 3 dx 

61. 

J 

*S7r/4 


[n /2 

-9 X' 

cot x dx. 

n/2 

62. 

J ^ tan £xdx. 

63. 

r x 2x + i , 

-r dx. 

64. 

r3 x 3 dx 

65 

r e ' dx 

• 

o x + 1 


j 1 + X 2 * 

vV» 

J e xlogx* 

... 

67, f x\og(l +\x)dx. 
J 0 

68. 

f x 2 tan -1 x dx. 

.1 n 

69. Find the area 

bounded 

by the x-axis, the ordinates x=vn 

X = 

Q 

►— 

A 

A 

3), and the curve y(x - 

a) = c 2 , (a > 0). 


70. Find the area bounded by the x-axis, the ordinates x=0 
x =£tt, and the curve y =tan 3 x. 9 

71 * Fin d the volume generated by rotating about Ox the segment 
of xy* =c 2 (a - x), (a>0), cut off by x=Aa, (0<A<1). 

72. Prove directly from the definition (cf. pp. 251, 254) that 

log a b =b log a. 


n 


p 
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73. The acceleration of a body falling vertically from rest in a 
resisting medium is g - v/k where g, k are constants and v 
is the velocity. Prove that its velocity is \gk after time 
k log 2 and that the distance fallen in this time is 

i&g (log 4- 1). 

74. The retardation of a body projected vertically upwards in a 

v 2 

resisting medium is g + j- where g, k are constants and v is 

the velocity. If the initial velocity is u, prove that at height 
s the velocity is given by the equation v 2 = (u 2 +gk)c~ 2 * lk - gk 
and find the greatest height attained. 


EXERCISE XII c 


[51, 52, 56, 60, 63, 65, 66, 69, 73, 74, 75] 
Differentiate with respect to x the functions in Nos. 51-59: 
51. logfe*). 52. e l °s*. 53. x n e x . 

54. e^ x . 55. xe x \ 56. eP*cos bx. 


57. 


sin ax 

a bz 


58. 


e z - 1 
e £ +1* 


59. 


e x - e~ x 


e x +e 


-z' 


Integrate with respect to x the functions in Nos. 60-65: 

60. (i) log (e M ); (ii) e xIO « J ; (iii) e°- lo « £ . 

62. 63. e*(a: _1 +log x) 


61. e'°8 <“>. 


64. e x \l + 2x 2 ). 


65. e w log (1 +e- x ). 


66. Prove that 


67. Prove that 


68. Prove that 


, , e 2 + l 

- - x dx=\o S — 


e z +e 


•n/3 


e 6ec z sec x tan xdx =e(e - 1). 


log 2 e xdx 




0 


69 Find n such that satisfies the equation 

ptV-Oy^O. 

dx z (lx 
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70. Prove that y = Ae 21 + Be 31 satisfies the equation 

<Py Jit . r , n 

d^- o dx * G,J=0 
for all constant values of A and B. 


71. Find the values of x which givo turning points on the curve 
y =e' x sin (x\/3). 

72. Find the length of the subtangent at any point of the curve 
y =ae bx , proving that it is constant. 

73. Find the values of x which give points of inflexion on the 
curve y =e~ 2z * and sketch the curve. 


74. PN is the ordinate at any point P of the catenary 
y=ic(e x t c +e~ x ! c ) ; prove that the length of the perpendicular 
from N to the tangent at P is constant. 


75. The space-time relation for a particle moving along the x-axis 
is x =e~ at sin (u<), (a > 0) ; find the times when the particle 
is momentarily at rest. What is its greatest distance from 
the origin ? 


76. The tension T at any point of a rope which is slipping round 
a rough cylindrical post, coefficient of friction /x, is given by 
dT 


j-j =/*T, where is the angle the tangent at the point makes 


with a fixed line in the plane of the rope. Find the relation 
between the tensions at the ends of the rope if it makes one 
complete turn round the post. 


EXERCISE XII d 

[51, 52, 55, 57, 58, 60, 63, 66, 67] 

Differentiate with respect to x the functions in Nos. 61-56 : 

51. x?a x , (a > 0). 52. log p sinx. 53. (ex>*. 

54. (1+x) m log (1+x). 55. x n e z tan x. 56. er x {x + l)*+(i/a) 

Integrate with respect to x the functions in Nos. 57-59 : 

57. lO 2 *. 58. logp x. 59. e* (tan x +sec 2 x). 

60. If log y = tan x, prove that ^ / ^=(I +tanx)>. 
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d?y d 2 y dy 

61. If y = log (1 + sin x), prove that ^ + d ^ 2 dx =0 ‘ 

62. If logx +log y=xjy, prove that x(x +y)dy =y{x - y)dx, 


63. If y = xe~ z cos x, prove that 

. 2 ' 


x-^ +2x(x - 1)^ +2(x 2 - x + l)y =0. 


64. If Ac"-* -3 - Be~( x ~ c)t has a stationary value at x=x 1 , prove that 
that value is Ac(c - Xj)'^"***. 

dy . 

65. If x =a log tan \t, y -a sin /, find m terms of t. 

66. If y-a + xlogy, (a > 0), prove that when x=0, j|=loga and 

d 2 y _, 

“S3= 2 log 

67. If y = e e and sin 6 = 1- 2x 2 , (0 < 6 < Jtt), prove that 

dPu dij . 

< 1 - a:2) 53- ;l '<ir' 4j/=a 


68 If x = 


eM and u is a function of x, prove that 

d 2 ?/ d 2 ^ du 


■2 _ 


dx 2 dy 2 di/* 


EXERCISE XII e 

[52, 54, 56, 58, 60, 62-65, 70, 72] 

Integrate with respect to x the functions in Nos. 51-62 : 

/ v i co -r n \a(f x 53. e^sin 3x, 

51. (^x)\ogx. 52- x 1o S x ' 

log (ax) 


54. e' lz cos 3x. 

57. e* sin 3xsin 2x. 


55. -tz • 

V 1 

58. e* cos 3x cos 2x. 


56. x(logx) 2 . 
59. (xlogx) 2 . 


60. log {x + Vi* 2 ~ 1 ))- 


61. log{x + V( a2 +x2 ))* 


62. (xsin ~ l x)jV(l ~ 
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Find the values of the integrals in Nos. 03-68 : 

•5 


63 


65 


r*iog 

• Ji 

•J 1 * 


X 


dx. 


log (1 + x) dx. 


67. I xlog(l + £x 2 )dx. 
0 


64. f log{x + y/{x z - 10)}c/x. 
66. f x 4 tnn -1 xdx. 

J o 


i 

68. | xsin -1 xdx. 
o 


69. Prove that J log ^ 1 + dx =x log ^1 + —+2 tan -1 x. 


70. Prove that 1 x(7r - x)sin x dx =4 by using the substitution 

o 

x=\tt +y. 


71. Prove that 


' e { I 1 ) . _ 2 

2' log X (logx) 2 / * C 


log 2" 


72. Obtain a relation between Jx”e T dx and Jx” -1 ^ dx. 

73. Prove that (n 2 + 1 )fe z sin” x dx 

=n(n - l)Je x sin” -2 xdx + (sin x - n cos x)e T sin" -1 x. 


EXERCISE XIII b 


[51, 52(i), 53, 54, 55. 02-65, 08, 09, 71] 


51. Prove that th (6 - <f>) =~ - Tzrn~~r^T‘ 

1 — th u th <p 

52. Prove that 

(i) sh 30 = 3 sh 0 +4 sh 3 0; (ii) ch 30=4ch s 0 - 3ch0. 

Write down the formula for th 30 in terms of th 0. 

Write down simple alternative forms of the expressions in Nos. 


53. 1 - ch 2x. 


56. sh 0 ch <£. 

59. (ch x - sh x) -1 . 


54. th x +coth x. 

57. ch 0 ch </>. 

60. (chx+shx) n . 


55. 2 sh x sh y. 

58. ch 2A - ch 4A. 

61. sh x/(l - ch x). 



458 


ELEMENTARY CALCULUS 


62. If shx=2, find th x. 63. If th x = \> find ch x. 

64. If ch 2x =7c , find sh x. 65. If th \x = t , find ch x. 

66. If th x = £, find e 2 * and prove that x = b log 2. 

67. If x = sin a ch b and y =cos a sh b, prove that 

x 2 cosec 2 a - ?/ 2 sec 2 a = 1 
and find a relation between x, y, b. 

68. Simplify sh (log x) and ch (log x). 

69. If sh x =tan 6 and 0 < 6 < J-, express ch x and th x in terms 
of 0 and prove that x = log (sec 6 + tan 0). How are the results 
modified if ^7r<^<7r? [Remember that ch a; is always 
positive.] 

70. If sh x cos y = sin a and ch x sin y = cos a, prove that 

sh 2 x = cos 2 y = | sin a |. 

71. Simplify (1 +shx+chx)/(l -shx-chx). 

72. Sketch the graphs of sech x and cosech x. 


EXERCISE XIII c 

[51-59, 63-67, 75, 78, 81] 

Differentiate with respect to x the functions in Nos. 51-62: 

51. ch 2 a;. 52. sh x ch x. 53. cosech x. 

54. coth 2x. 55. ch 2 x + sh 2 x. 56. 2x+sh2x. 

57. log ch x. 58. tan' 1 (coth x). 59. log (ch a; +sh x). 

60. sh« (ax). 61. 3 th a;-th 3 a:. 62. sinarshx +cosxchx. 

Integrate with respect to a: the functions in Nos. 63-71 : 

63. sh 3a:. 64. th £ar. 65. ch 2 3x. 

66 th 2 2x. 67. cosech 2x. 68. log (ch x - sh r). 

69. ch 3a; ch 2a:. 70. sh3a:sh5a:. 71. ch3xsh2x. 

72. Find the values of 

(i) A ( c h x cos x + sh x sin x); (ii) / sh x cos x dx. 
dec 

Cn/2 

73. Find the value of J ^ 2 ch x sin x dx. 
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d~i 

74. If y = cos x ch x, prove that = - 2 sin x sh x. 

75. If tan 6 =e kt , prove that ^ =£fcsech (&*)• 

76. Use the method of integration by parts to find the values of 
Jx 2 sh xdx and Jx 3 ch x dx. 

77. Differentiate x 8hx with respect to x. 

78. Integrate e? z sh bx with respect to x. 

79. Integrate e~ x (sech 2 x - th x) with respect to x. 

r log v/2 

80. Prove that 


81. Prove that 


o 

- log 2 


sh x sh 2x sh 3x dx = . 

sh x dx 

(1 +chx)(2 +ch x) = ,0g 2 *' 


EXERCISE XIII d 

[53, 54, 55, 56, GO] 

(Miscellaneous Applications) 

51. Find the condition that achx+6shx steadily increases as 
x increases. 

52. Prove that the length of the normal at any point (x, y) of the 
curve y =c ch (x/c) is j/ 2 /c. 

53. Prove that e~*sh (\x) has a maximum value when x =log 3. 

54. Prove that the length of the tangent at any point of the curve 
x =a(t - th t), y =a sech t is constant. 

55. If the tangent at any point (x, y) of the curve y =cch(x/c) 
makes an angle \p with Ox, find tan \p in terms of x and provo 
that, if i (/ is acute, y = c sec and x = c log (sec ^ + tan ). 

56. Find the area bounded by the curve y =sech x, the x-axis 

and the ordinates x = 0 and x=a. * 

Does the area tend to a limit when a increases indefinitely ? 

57. Find the angle of intersection of the curves y = I +chx and 

y—e~ x . 
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58. Prove that the parametric equations x = - a th 2 u , y =a sech u 
represent part of a parabola and find the area bounded by 
the curve and the axes. 

59. Sketch on the same diagram the curves represented parametric¬ 
ally by: 

(i) x =cos 3t, y =cos 4t ; (ii) x =ch 3£, y =ch 4t. 

60. The area bounded by the straight lines x=0, x=k , (/b > 0), 
y = 1, and the part of the graph of y =th x for which x is 
positive rotates about the line y — 1. Find the volume of the 
solid so formed ; also find its approximate value when k 
is large. 

EXERCISE XIII e 
[51, 52, 53, 56, 57, 58, 63, 64, 65] 

Find from first principles the values in the form of logarithms of 

the expressions in Nos. 51-53 : 

51. ch _1 5. 52. coth -1 3. 53. coseclr 1 I. 

• > 

54. Discuss the behaviour of the function coseclr 1 x as x increases 
from - oo to + co . 

55. Sketch the graphs of Sech' 1 x and coth' 1 x. 

56. Prove that t^seclr 1 x) = - dx/{x y/( 1 - x2 ))> (0 < x < 1). 

Differentiate with respect to x the functions in Nos. 57-63: 

57. ch' 1 (2x + 1). 58. th' 1 (tan £*). 59.ch-V< 1+ * 2 >- 

60. S h-ii—61. th-VUd +*)>• 62. coth- 1 

63. (i) sir 1 tan x; (ii) ch' 1 sec a:; (iii) th^sinx. 

64. Find the values of ^ 

(i) ^xy/{l +x 2 )+sh~ x x) ; (ii) ^ V ( 1 + x2 ) dx - 

65. Find the value of * for which 2 sec’* x - eh’ 1 x is a maximum. 

66. If sin <9 is positive, prove that 

sir 1 cot 0 =log (cot 6 + cosec 6). 

Express sir 1 cot 0 as a logarithm if sin 0 is negative. 

67. Express th” 1 x + th _1 y in the form tlr 1 z. 
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EXERCISE XIII f 

[51, 53, 55, 59, 60, 63, 64, 72, 74, 75, 80] 

(Assume in this exercise that x is positive except in Nos. 54, 55.) 
Find the values of the integrals in Nos. 51-56 : 


51. 

r dx 

52. 

f dx 

53. 

mm 

* (x + 1 ) <7x 

V(4x 2 +9)* 

J V(25x 2 - 1 )* 

V(9 - 4x 2 )' 

54. 

f° dx 

55. 

f-« dx 

56. 

** x e/x 

-1 V (* 2 +4)' 

J_3 V(^ 2 -4)* 

oVIi* +1>‘ 


Use hyperbolic substitutions to integrate with respect to x the 
functions in Nos. 57-62 : 

V(a^+1) 1 1 


57, 


60. 


\/(x 2 - 4x)* 


58. --»t. 

Xy/(l +X l ) 

61. y/ (x 2 + 6 x). 


59 ‘ *V(1-**V 

62. y/{{x + a) a + fc 2 }. 


Use integration by parts to find the values of the integrals in 
Nos. 63-68 : 

63. f ch -1 (£x) dx. 64. Jx sh " 1 x dx. 65. Jx 3 th -1 x dx. 

66 . J coth " 1 (2x) dx. 67. Jx 2 ch - 1 x«2x. “ ^ ^ X 


68 . 


Vd +x 2 ) 


dx. 


ax 

69, Find the value of 3 - sh ’ 1 - for (i) a > 0, (ii) a < 0. 

dx a w 

70. Differentiate ch -1 (x/a) with respect to x, when a >0, 


71. Verify that 


dx 1 , x 1 a + x 

- 5 —C h— th -1 - —c +— log-. 

a 2 - x L a a 2 a ° a - x 


Is the result altered when a is changed to - a ? 

Differentiate with respect to x the functions in Nos. 72-76• 

72. sech " 1 (x/a). 73. cosech " 1 (x/a). 74. coth " 1 (x/a). 

75. xy/(x? - a 2 ) - a 2 ch " 1 (x/a). 76. x^/(a 2 + x 2 ) +a 2 sir 1 (x/a). 

77. Prove that the curves y =sh _1 x, y =ch _1 ( 2 x) intersect where 

X:= i\/3 and find the area bounded by the x-axis and these 
curves. 

78. Sketch the graphs of ch -1 (sec x) and sh -1 (tan x). 
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79. If y =th _1 (sin x), prove that ^2 = 5 sh 2y. 


80. A particle starts from the point (a, 0) and moves in the 
x-axis so that its velocity, v, at the point ( x , 0) is given 
by v = ky/(x 2 - a 2 ) where k is a positive constant. Find the 
time it takes to reach the point (6, 0). 


EXERCISE XIV a 


[51, 54-59, 64, 65, 68-71, 74, 75, 76, 78-81] 

Write down or obtain the integrals with respect to x of the 
following functions : 


51. 

55. sin nx. 


52. 


1 


59. 


63. 


sin x 


\/x s ' 
56. cotnx. 
sh x 


53. 


1 


1 +e~ z ' 
57. sech 2 2x. 
x 


54. 


1 - cos x’ 


60. 


1 - ch x‘ 


61. 


*>• 


4 + x- 


1 +e z 
58. cosech 2 Jx. 

62. 


cot X 


log sin x* 

66. cosec n x cot x. 
1 


64. cosec \x. 

1 


65. sec x tan x. 
x 


67. 


69. 


V(25- 16x 2 )* 

72. th(2x +3). 

1 


70. 


V(16x 2 +25)* 
x + 1 

V(16x 2 +25)* 

73. cosecli 2x. 

1 


68 . 


75. 


78. 


81. 


(2x + l) 2 + 1' 
1 


84 


V{(2x + l) 2 + 1}* 

1 

x 2 + 2x + 2* 
dx 


■ jvi( x 


76. 


79. 


82. 


. 85. 


(2x + l) 2 - 1* 

1 


•y/(25 - 16x-) 

71. coth^x. 

74. sech|x. 

1 

77. 


V((2x+3) 2 - 1}* 

1 

y/{x 2 +4x + 3}' 
dx 


80. 


83. 


1 - (2x + 3) 2 ’ 

1 

V{1 - ( 2x ~ ^ 

1 

\/{4x - x* - 3 ) 
dx 


. 86 . 


~ JV <« 2 

dx 


87. 


a 2 - (x +k) 2 


; a > (x + A:) > 0. 


88 f— 

88 * J V(a 2 - * 2 ) 
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EXERCISE XIV b 


[51, 52, 54, 50, 00-63, 06, 71, 72, 75, 7G] 
Integrate with respect to x tho following functions : 


5 


51 - (9 * <8) - 52 - 8 hrs <9x>8) - 53 - 


54. 


57. 


60. 


63. 


66 . 


69. 


72. 


3x 


1 - 2x 


ax 2 +bx +c 
x +p 

2x 


x 4 + 1’ 

lx- 8 

(x + l)(4x- 1)' 

x 2 ~ 4x + 2 
x 2 - 5x + 6‘ 

x 4 + a- 2 
x 2 - 1* 

x 


(x- l) 3 ' 
75. 


55. 


58. 


61. 


64. 


67. 


70. 


73. 


x - 1 
x + 1 


X 


I 


x - Y 

X - 1 

.r 2 + 1 

x- - r 
{X - l)(x 


-4) 


(x- 2)(x 

x 3 - 1 
x 2 (x + 1) 

2x 2 


-3)' 


3 - r 


56. 


59. 


62. 


65. 


68 . 


71. 


74. 


x 2 - 1 

2 - x 


3x 2 - 5* 
6 


8x +9 


3x 2 - 2x - 3 


77. 


79. 


(x- l)(x - 2)(x - 3)‘ 
x +1 


(x- 3)(x- l) 3 ' 
px + q 

(x-a)(x-6)* 


76. 


78. 


80. 


14x 2 - 4lx + 15' 

2x 2 + 1 
x(x- l) 2 ' 

2x + 1 

(x 2 - l)(x +2)' 
x 

(x-l)(x + 3)(x + 5)' 
3x + 1 


(x- l)(x 2 - 1)- 

X 2 

(x - n)(x - bY 
x 4 

(x +a)(x +6)' 


EXERCISE XIV c 

[51, 54, 5G, 58, 60, 03, 04, 08, 70, 73, 76, 78] 
Integrate with respect to x the following functions : 

x - 1 2x - 2 


51. 


1 


4x 2 - 25‘ 


52. 


4x 2 - 3’ 


53, 


x 2 + 2x — 1 
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54. 

X 

55. 

X 

56. 

2x +3 

x 2 -T 

x 2 +r 

x 2 + 7 ’ 

57. 

x 2 + 2x 

58. 

X + 1 

59. 

X 4 

x 2 + 2x + 2 9 

(x- l) 2 +5' 

x 2 + 3* 

60. 

X 

61. 

1 - 2x 

62. 

1 

x 4 - r 

1 + x 3 ' 

(x +3) 2 - 2' 

63. 

i 

64. 

1 

65. 

a- + 1 

x 2 + 8x + ir 

x 2 + 8x +21' 

x 2 + 8x + ir 

66. 

2x +3 

67. 

1 

68. 

X + 1 

x 2 + 8x +21' 

1 

K> 

H 

1 

to 

• 

l-2x-x 2 ‘ 

69. 

3x +5 

70. 

3 + 2x + x 2 

71. 

2x - 1 - x 2 

• 

% 

1 

1 

(1 +x)(l +x 2 )- 

(1 + x)( 1 + X 2 )* 

72. 

i 

73. 

1 

74. 

X 3 

X 3 + X 2 + x’ 

X° + X 3 ’ 

(x- 2)(x 2 + 1)' 

75. 

x 3 + 2x 2 + x + 1 

76. 

X 2 

77 

x 4 - 2x + 1 

(x 2 + l)(x 2 + x + 1)' 

(x 2 + l)(x 2 +2)’ 

l I. 

x(x2 +1) 2 * 

78. 

1 

79. 

x + 5 

fin 

x + 3 

(x 2 +o 2 ) 2 ’ 

(x 2 +a 2 ) 2 ' 

ou. 

(x 2 + 2x + 3) 2 ’ 


EXERCISE XIV d 


[51, 52, 53, 55-59, 61, 63, 65, 66, 68, 70, 72, 77, 84] 


Integrate with respect to x the functions in Nos. 51-83 : 


51. 

1 + y/x 

52. 

1 

53. 

• 

X 

(2 - X)y/X 

54. 

i - i/x 

55. 

1 

56. 

• 

X 

x( 1 + </x)* 

57. 

1 

58. 

1 

59. 

y/(x 2 - 2X)* 

V(2x - x 2 )' 

60. 

X +2 

61. 

X - 1 

62. 

V(^ 2 - D* 

V(* 2 + 2x)‘ 

63. 

2x +3 

64. 

x + 1 

65. 

y/(x 2 + 2x + 2)’ 

\/(x 2 + x + 1)' 


1 

x\/(l - x)‘ 

_ 1 

y/ X + y/(x + \) 

__1 _ 

y/(X 2 - 2x +2)' 

2x +3 

\/(x 2 + 3x +2) 
x +a 

x /(2az - x 2 )' 
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66. 

/x-1 

67. 

2x + 1 

68. 

x +2 

V X +1* 

\/( 1 - x 2 )' 

-v/(x 2 + 1 )’ 

69. 

1 

70. 

I 

71. 

1 

x\/(2x 2 - x)’ 

X y/ ( X 2 + 4x)’ 

xy/( 3x 2 + 4x + 1 )* 

72. 

1 

73. 

3x + 2 

74. 

1 

(X + 1)V(* 2 +lj* 

(X- 1 )V(«* + 4 )’ 

x-v/(x 4 - 1)* 

75. 

X 2 

76. 

v (J* 2 - i) 

77. 

1 

v(i -* 2 r 

x a 

xVi* 2 - l)' 


( 2 x - l)(x - 2 ) 

VU-* 2 ) ’ 

X - y/(x 2 - 1)' 


79 _ 

'*• v(x + d -v(x-\y 

Qi x 2 + 2 a 2 

V(* 2 +a 2 )' 


82. 


2 x + a +6 


■\/(x 2 + xa +« 2 ) 


83. 


x 2 - 1 


x-v/(x 4 + !)■ 


84. Find the value of 


dx 


J V{(* - «)(fe - *)} 

substitution a; =o cos 2 6 + b sin 2 6. 


, where a<x<b, by the 


85. Find the value of $\/{(x - a )(x - b))dx t where x>a >b f by the 
substitution x=a ch 2 ti - b sh 2 6. 

. Find the value of ^ - ^ dx, whore a<x< 6 . 


86 

87. Prove that 


f_ dx _2 lb - x 

J (x - a)y/{{x - «)(6 - x)} ~a - b\J x - o’ where a 


<x<b. 


EXERCISE XIV e 

[51-54, 57, 60-64, 67, 77, 78] 

Integrate with respect to x the functions in Nos. 51-74 : 
51. cosec 2 xsec 2 x. 52. (I - cos x)~K 53. see 4 x. 

54. sin x tan x. 55. cos x cosec 2 x. 56. cosec 6 x. 


57. 


sin x + cos x 
sin x — cos x 


58. 


1 + tan 2 x 


V(1 + tan x)* 


59. 


cos X 


o +6 sin x* 
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60. 


63. 


8 - 17 cos x 
sin x 


61. 


64. 


17-15 cos x‘ 
1 


3 cos x + 2 sin x‘ 5 cos 2 x - 1' 

6+3 sin x + 14 cos x 


62. 


65. 


1 


25 +24 sin x‘ 

1 


66 . 


68 . 


3+4 sin x + 5 cos x ’ 


cos 2 x 


(1 +cos x) 2 ' 


67. 


69. 


1 - cos x +sin x' 
sin x cos x 


a cos 2 x - b sin 2 x 

(2 cos x + 1)(2 - cos x) 
cos 2 x 


70. 


sin x 
cos 2x* 


71. 


sin 2x 


72. - 


sin x cos x 


73. 


1 +sin x 
5-4 cos 2 x 


(a+b cos x) 2 ‘ sin 4 x + cos 4 x‘ 

y/(a 2 + b 2 cos 2 x) 


74. 


COS X 


In Nos. 75-80 find the values of the integrals by the substitutions 
indicated : 

dx _ f dx « 

3*5 *=acot<9. 76. J 2x=z + 


75. 


-\/(a 2 + x 2 ) 


77. 


dx 


; x =sin 0. 


Xy/ (1 — X“) 

78. JV(1 +secx)dx ; sin£x=z. 

dx 


79. 


1 


y/{( 1 +sin x)(2 +sin x)} ’ ^ +s * nx z ’ 


80. ${y/(ta.nx) + >/(cotx)}dx ; sin x - cos x =z. 


EXERCISE XIV f 

[51-54, 58, 60, 64] 

Integrate with respect to x the functions in Nos. 51-59 : 

51. sin 5 x. 52. cos 2 3x. 53. sin 8 x cos 5 x. 

54. sin 4 x cos 2 x. 55. cos 6 x. 56. sin 3 xcos n x. 

57. sin 3 x sec 4 x. 58. cosec x sec 4 x. 59. cos 2 xsec2x. 

Prove the results in Nos. 60-64 : 

60. f sh 3 x ch 4 x dx = 1 ch 7 x - } ch 5 x. 

61. j sh 2 * ch 4 x dx = T V sh 3 2x + sh 4x - X V*. 


tv 
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62 . 


63. 


2 dx 


a^V(l ~ * 2 ) =1 ° g{1 "VC 1 “ x 2 )}- logx- x'VU ~ * 2 )- 


2x 4 dx x 3 

,7 -s-* = 3x - - - r, - 3 tan -1 x. 

(1 + X 2 ) 2 1 + X 2 



( ' dx= i~~~ 2 + tan_lx + J log (1 + x 2 ). 

y (i +x 2 ) 2 l + x 2 


EXERCISE XIV g 


[51, 52, 53, 55, 56, 57, 62, 64, 66] 


51. If u n = Jx”e ar dx, prove that au n +nu„. l = x”e ax . 

52. Find a reduction formula for J(x 2 + a 2 )~”dx. 

53. If u n =J cot” xdx, find a relation between u n and u„_ a . 

54. If u n — J sec” x dx, prove that 

(n - 1 )u n =sin x sec ” -1 x + (n - 2 )u n _ a . 

Use reduction formulae to find the integrals in Nos. 55-60: 

55. J sin 7 6 d6. 56. Jcos 6 0dd. 57. Jcos 3 flsin 6 6d0. 

58. J cos 2 0 sin 8 9 dd. 59. J cosec 7 6 dO. 60. Jsec 8 0dd. 

61, If u n = Jx m (log x)” dx, prove that 

(»n + l)u„ = x mfl (log x) n - nu n _ x . 

Hence find Jx ” 1 ' 1 (log x) 2 dx. 

62. If u n = Jx” cos (ax)dx and v n = jx 11 sin (ax) dx, prove that 

(i) au n =x”sin (ax) - 
(ii) av n = - x” cos (ax) +nu n _ 1 . 

Hence find a relation between u n and tr„_ 2 . Deduce the 
value of Jx 4 cos 2xdx. 

Find reduction formulae for the integrals in Nos. 63-67: 

63. Jx 2n (l +x 2 )' 1 dx. 64. Jch»xdx. 65. Je*sin” xdx. 

66 . Jx”shxdx. 67. Jx cosec” xdx. 
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68 


Find a reduction formula for 
dx 


f dx 

J (1 - x 2 ) n 


and use it to evaluate 


(l-* 2 ) 3 ' 


Verify by the substitution x=(l +z)/( 1 - z). 


69. If u n — 


x n dx 


, prove that 


70. If u„ = 


\/(x +a) 

(2 n + l)w n =2x n -y/(x +a) - 2 nau n . x , 
x n dx 

, prove that 


\/(ax- + 2 bx +c) 
nau n =x n ' 1 \/(ax 2 +2bx +c) - (2 n - !)&?/„_! - (n - l)cu n _ Q . 


51. 

fWa 

sin 9 0 dd. 

52. 

~n/2 

cos 8 0 d0. 

53. 

j 

54. 

0 

"TT 

sin n OdQ. 

55. 

0 

*2n 

cos n 6 dd. 

* 

56. 

j 

0 


0 



57. 


'",2 


0 


sin 8 0 cos 5 6 dd. 


f«r/2 

'■ Jo 


EXERCISE XV a 

[51-59, 61, 62, 66, 70, 71, 73, 75, 81, 84, 86] 

Find the values of the integrals in Nos. 51-74 : 

sin 2 0 cos 4 SdO. 


sin 4 \Ud6. 


58. I cos 8 0 sin 6 0 dd. 

o 

60. sin 3 29 cos 4 Odd. 

. o 

x 3 y/(a 2 - x 2 ) dx. 

J o 

64. J x(a-x) n dx. 

f + n/1 

66. x sin 2x dx. 

J -ir/3 

Cn/2 

68. x sin x cos 3 x dx. 

c 


59. (1 - cos 6) 5 dd. 

. o 


. r* 


61. I x 2 y/(l - x)dx. 

J 0 

63. I x 4 \/(a - x)dx. 

J 0 

65. sec 6 0d0. 

. o 

*rr/2 

67. cos 3 x sin 5x dx. 

J o 

*ir/2 

69. x(^t - x)cos xdx. 

. 0 


62. 


70 


J" + (1 + x) 3/2 ( 1 - x) 2 dx ; put a; = cos A 
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71 


. J +1 V{(1 +*)(! - x)*}dx. 72. J^(x- l) 3/2 (2- xf‘ 2 dx. 

7T/4 


tan 7 0 dd. 


frrl 2 

74. 

J *1* 

-1 m ! n! 

75. Prove that J ^ x m ( 1 - x) M dx = (m +n + j). 


cot 8 0 dO, 


~+\ 
J - l 


76. Prove that (1 + x)”*( 1 - x) n dx = 


in ! n! 2 Wf "+ l 


1 


(m +n + 1)! 

77. Use the substitution x = (l - y)/( 1 +2/) to find the value of 

1 

(1 - x) w x"(l 
o 

78. Use the substitution x=2ch 2 0-sh 2 0 to find the value of 
V{(rc- l)(x- 2)}dx. 

2 

logo 

th n xdx, find the relation between v n and r„_ 9 . 
o 

Hence find the value of v s . 

logi d x i (At 2 - 1) cos a 


79 


. If u«=J 


80. Prove that 


sin 2 a -+• sh 2 x 


= 2 cosec 2a tan 


Q OH 1 U. T Oil (A 2 + 1) sin u ’ 

81. The curve y 2 =(b - x)(x - a), b>a> 0, is rotated about Ox; 
prove that the volume generated is ?r{6 - a) 3 /6. 

82. Prove that the area of the loop of y 2 (a + x) = x 2 (a - x) is 
a 2 (2 - £») and that the volume generated by rotating the 
upper half of the loop about the x-axis is 2-o 3 (log 2 - §). 

83. AB and CD are perpendicular diameters of a circle, radius a. 
Prove that the mean value of the reciprocal of the distance 

* . , . . 2 
of A from points on the semicircle CBD is — log (1 + y/2). 


a 


85. Evaluate 


84. Prove that the centroid of the area contained by the loop of 
the curve 4y 2 =(x- l)(x-3 ) 2 is at a distance l'f from the 
origin. 

Wa 

cos 3 x \/sin x dx. 
o 

[ n dx 7T 

J o a 2 cos- x +b 2 sin 2 x =ab’ where a5 is P ositive - 
»/2 

sin 6 tan" 1 sin 0 dO = £-( y/2 - 1), 


j; 


86. Prove that 


87. Prove that 

n 


j. 


Q 
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EXERCISE XV b 


[51, 52, 53, 55, 58, 59, 63, 65] 

Discuss the infinite integrals in Nos. 51-62 and when possible 
lind their values : 


51. 


54. 


roo 

1 

roo 


dx 


r 00 


; *>!• 


52. 


x dx 
x- +4 


dx 


57. 


J 2 (x- \)y/x' 

® X 2 dx 
o <**+!)(**+4)' 


- 0 
I* 

55. I e~ x dx. 
o 


53 


56 


f-2 dx 

• J _oo X 2 - 1 * 

. r° xe~ z *dx. 


59. 


61. 


*00 


dx 


2 X log X 
+ 00 dx 


-oo (a 2 + x 2 ) 2 ' 


58 


60 


62. 


j: 

r 


x dx 


(x 2 + l)(x 2 +4) 


sin 2 x 


ir/a e 


a* 


dx. 


63. If a > 0, prove that xe~ ax dx =- 2 . 


r 


•GO 


64. If a>0, prove that J e“ gx cos bx dx= ^ + ^2 

65. If - ~ < a < tt and a =£ 0, prove that — 2 

J o x 


dx 


2x cos a + 1 sin « 


66 


r «/* 1 ,b , , _ 

. Prove that -s -;—rm ~ . tan' 1 -, where a6=?t0. 

I 0 a x e x + o x e x ao a 


EXERCISE XVc 

[51-54, 57, 58, 62, 64, 65, 67] 

Discuss the infinite integrals in Nos. 51-62 and when possible 
find their values : 


51 


f 1 dx 

• U : 0 




52 


r° dx 

' Jo^* 
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53. 

** 

' a dx 

54. ! 

" a e/x 

55. 

0 y/ia - X)' 

0 V(« a - **)■ 

56. 

y/x 3 dx 

57. J 

'+*dx 

~3 * 

— co J 

A 

58. 


'+* x 2 dx 


-l V(! " x ) 
1 dr 

o V( x ~ x ' 1 )' 


59. 


61. 


ri 


dx 


0 (1 +a:)V(l - x ~) 

%n l‘ l cos 3 x dx 
0 \/sin x 


60 


f" si 


sin a :dx 


J o cos- r 
‘a 


62. 


log x dx. 


63 


fb dx 

. If - a< 0< b, prove that -jj- = :!(6 2 3 - a 2 ' 3 ). 

J -a V x 

If n >- 1, prove that |" x n log xdx = - I/(n + l) 2 . 

J o 


64 


65. If 0<a<6, prove that 


66. If 0 < a < 7r, prove that 


dx 


u x\/{(b - x)(x - a)) y/(ab) 
dx 


r CO 


a 


J 1 (x +cosa) v /(x 2 - 1) sin 44* 


rcc 


67. If Un = 


sech n u du, and n > 2, prove that 
(n- l)w„ =(n - 2)u„_ 3 . 


Hence find the values of u g and u 


68. If - ! < n < 0, prove tliat P da; = f* dx 

Jo 1+a^ Jo 1 + a: 


69. If u n = 


fi x n e x dx 
o ~y/(\ - x) and n > prove that 

2w «+i +(2n - l)u„ - 2nu n . l =0. 


70. Prove that if 0 < 0 < £tt, 0 cosec 0 < 2, and that the integrals 


f l 1 fW» 

J 0 log 6 d * and J 0 lo S cosec 0 dQ exist. 

71 . Provethat (p u t, + i =J .) 

Find the value of J"*’ Is it equal to J*’ JL * ? 
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EXERCISE XV d 

[51, 53, 54, 55, 58, 60] 

51. Sketch the curve y 2 (a - x) =x 3 where a > 0 and show that the 
area between the curve and the line x=a is f~a 2 . 

52. Sketch the curve y 2 = c 2 (x - a)/(b - x) where 0<o<6 and 
prove that the area between the curve and the line x=b is 
—c(6 - a). 

53. Sketch the curve y 2 (a - x) = x 2 (a + x) where o> 0 and prove 
that the area between the line x=a and the part of the 
curve for which x is positive is r +4)a 2 . Also find the area 
of the loop. 

54. Find the area between the y-axis, the line y =b, (b>0), and 
the part of the graph of y =b thx for which x is positive. 

55. Discuss the existence of a volume for the solid generated by 
revolving about Ox the area between y = 0, x = 0, x = l, and 
the part of the curve y =x~ k for which x is positive. 

56. Answer the same question as in No. 55 for the curve 

y = Vi ~ logO ~ *)}• 

57. Prove that the volume of the solid generated by revolution 
about O y of the area between the x-axis, the negative y-axis, 
and the part of the curve y = log x for which x< 1 is 

58. Prove that the volume of the solid generated by revolution 
about the line y — 1 of the area between the y-axis, y = L an< 
the part of y =th x for which x is positive is 7 r(log 4-1). 

59. The centre of a variable circle of constant radius a is on xOx; 
P is the point of contact of the tangent from O to the circle. 
Prove that the area between the part of the locus of P or 
which y > 0 and the line y =a is |-a 2 . Sketch the locus. 

60. Find the centre of gravity of the area between the x-axis and 
the curve y = 1/(1 + x 2 ). 

61. In No. 60 discuss the existence of a centre of gravity for the 
half of the area for which x is positive. 

62. Find the area between the witch y 2 x =a 2 (a - x), a> 0, and its 
asymptote x =0 and show that the centre of gravity o 

area is (\a> 0 ). 
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63. The area between the positive axas and the curve 
y =a\/{(a - x)/x } where a > 0 is rotated about Oar. Show that 
the volume of the solid generated is ^ 7 r 2 « 3 and that the centre 
of gravity of the volume is (\a, 0 ). 


EXERCISE XV e 

[51-50, 00, 03, 04, 65, 07, 71] 
Evaluate the integrals in Nos. 51-50 : 


51. 

cos 7 x dx. 

52. 

“rr 

cos 8 xdx. 

53 . f 

54. 

0 

"3?r/2 

sin 10 x dx. 

«* 

55. 

0 

(a +6 cos x) 3 dx. 

j 

56. [ 




0 

mf 


sin 9 x dx. 


sin x dx. 


57. If m, n are positive integers, under what condition is 

“2»r 

sin OT la; cos n iar dx zero ? 
o 

58. If m, n are positive integers, prove that 

ft 

J x n { 1 - x) n {x m ' n - (1 - a:)”«-"} dx = 0. 

I " sin x (t 

59. If ab=t 0, find the value of .. ——-rx-. 

J o V( a * ~ 2 a 6 cos x + b z ) 

. .. .. ... . 2 


J «r/« r «■/« 

log(l + tan 0 )^ 0 , = log 

0 Jo 1 


+ tan d> 


d<j> by 


putting 6 = - </>. Deduce that u = log 2. 

dH 


61. If 0<e< 1, prove that 


r_ 

Jo a + 


e cos 0) 2 (1 - e 2 ) 3/2 ' 

cos b 


62. If 0 < b < a, prove that ----— d0 — - 5 - 

J 0 (a + b cos 0) 2 (a 2 - 6 2 ) 3 /*’ 

63. Illustrate geometrically the inequalities in (iii), p. 320. 

fn+i 1 

Hence use the integral - dx where n > 0 to show that 
l/(fi + 1 ) < log (1 + 1 /n) < 1 /n ; also prove that 

1 + logn>^l+£+£ -.log(rt + 1 ). 
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64. Prove that x cos 4 xdx=\ r - x) cos 4 x dx, and hence find 

Jo Jo 

the value of each integral. 

65. Prove that 

[ n ' 2 « ( V /3 

(a cos 2 x + b sin 2 x) dx = ( a sin 2 x + b cos 2 x) dx 

- 0 Jo 

and deduce from the sum of these integrals the value of each. 

66 . If m and n are positive integers, evaluate f (x - a) m (b - x)"dx 

J O 

by the substitution x =a + (6 - a)z. 

-00 Iqct X, 

67. Prove that r— 7 —g dx =0 by dividing the range of integration 

( 0 , 00 ) into the two parts ( 0 , 1 ) and ( 1 , 00 ). 

68 . Find £ such that 0<4-<< and f e x dx=te*. 

J 0 

fi /2 dx 1 

69. Prove that 0-5 < - -r. < sin ' 1 £+^—< 0-511. 

Jo V (1 “ z) 4 Vio 


70. Prove that 


f 1/2 d * 

— .. - 3 - lies between 0-5 and $tt. 

J 0 V ( 1 “ x ) 


J " 1 - 

•\/(sin x)dx lies between 1 and ^rry/(2-). 
0 

frr/2 

72. Prove that sin 2x log tan x dx =0. 

J 0 

f^/log x \ 2 f®/logx \ 2 

73. Prove that (---) dx = 2 (- -) dx. 

J 0 1 x J1 1 x ' 


EXERCISE XVI a 

[51, 52, 53, 56, 59] 

51. If the length s of an arc of the tractrix 

x =a{u - th u), y =a sech u 

is measured from the point given by u= 0 , prove that 
ds=athudn and that dsjdy = - a\y. Also find y in terms 
of 8. 
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52. If the tangent at any point P on the curve x =a(t - ^t 3 ), y - at 1 
cuts Ox at T, prove that tho arc OP equals twice OT. 

53. Prove that the length of the arc of the curve x=acost, 
y=\a cos 2 1 from * = 0 to *=Jtt is \a{V 2 + log(l + \/ 2 )}. 

. I +x\ 

54. Prove that, for the curve y =log (1 - x 2 ), 8 = log [ Y^x) ~ x ' 
From what point is 8 then measured ? 

55. Prove that the length of the arc of the curve ay 2 =x 3 from 
x =0 to x=c is 8 a{V(l + 9c/4a) 3 - l}/27. 

56. Prove that the length of the loop of the curve 3y 2 =x(l - x ) 2 
is fi’y/d. 

57. Prove that the whole length of the curve 8 ary 2 = x*(a 2 - x 1 ) 
is Tray/2. 

58. Prove that the arc of tho curve 

x =a cos t - J(a - 6 ) cos 3 t , y =b sin t +${a - &)sin 3 ( 
is given by 8 =£(a +b)t - \{a - b) sin 2 1. 

59. Prove that the arc of the curve 

b a+ 6 , ,.&/* a +b 

x — (a + 6 ) cos -0 +5 cos- 6, y =(a +b) sin -6 +6 sin-o', 

a a a a 

for - tt < 6 < + 7 r, is given by as =46(a + 6 ) sin and find the 
intrinsic equation of this part of tho curve. 

60. Find a in terms of 6 , c if the length of the perimeter of the 
ellipse x 2 /a 2 +y 2 Jb 2 = l is equal to that of one complete period 
of y =c sin (x/ 6 ). 


EXERCISE XVI b 

[51, 52, 53, 55, 56, 58] 

51. For the curve y =logcoth \x, find and express 8 in terms 
of x. 



For the semi-cubical parabola x=at 2 y y =at 3 , prove that 


when y > 0 , 


d-s / / 9x. 
dx V 1 + 4a, 
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53. For the curve given by ax =c 2 cos 3 1, by =c 2 sin 3 1 , (c 2 =a 2 - b 2 ), 
prove that for ab > 0 

ds 3c 2 I sin 2 1 1 

dt ~ " 2aby/2 ^ (a + 6 “ ) " (a2 ~ 62 > cos 2 0- 

54. For the curve y—e x , prove that , = -^/(l +y 2 ). 

2 / 

55. If the intrinsic equation of a curve is s=c\p t prove that the 
cartesian equation is (x - a ) 2 + (y - (3) 2 =c 2 . 

56. Express dx and dy in terms of 8, ds for the curve «=csec \l. 
Also, if x =y =0 when s =c, express x and y in terms of 8 and 
prove that { ± y +c sec' 1 ( e x ! c )} 2 +c 2 =c 2 e z */ e . 

With the usual notation for a curve prove the results in Nos. 

57-60 : 

57. If y =log tan h'p, then x + cosec ip is constant. 

58. If sec xp +tan \p=e s /°, then dx=ad\p. 

59. If sec x =eV, then cosec 2 x =(ds/dy) 2 . 

60. If x 2 =a 2 + 8 2 , then xdy = ±ads. 


d^x 1 

61. If y=cch(xjc), prove that = - - sh (x/c) sech 3 (x/c) and 


3? =c sech ’ W c) 


EXERCISE XVI c 

[52, 53, 56, 57, 59, 64] 

51. Express the equation x 3 + y 3 = 3axy in polar coordinates. 

52. Express the equation l/r= ± 1 +e cos 0 in cartesian coordinates. 

53. Prove that the parameter 6 of the equations 

x =a(2 cos V - cos 20 - 1), y =a {2 sin 0 - sin 20) 
may be regarded as the polar 0 , and find the polar equation 
of the curve. 

54. Find what curve is represented by the polar equation 
\jr = 1 - 2 cos 0, (i) when r is restricted to be positive, and 
(ii) when there is no such restriction. 
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55. Sketch the lima^on r = 3+2 cos 0 and give an integral formula 
for its total length. 

56. Sketch the curve r=2acos 3 ^6A Prove that, for this curvo. 
ds — 2a cos 2 \0dd and show that the total length is 3n-a. 


57. Prove that the length of the arc of the spiral rd—a from 
0 = £ to 6 = 1 is a(v / 5 - y/2 + log (2 + \/8) - log (1 + V 5 )}* 

58. For the curve r n sin n0=a n , prove that dsfdO = \r n + 1 ja n |. 

dh- 

59. For the curve r n =a” cos nO , prove that a an ^ +nr*”" 1 =0. 

60. If 6/a is small, prove that the perimeter of the lima^on 
r=a +5 cos 0 is approximately 27ra(l + 6 2 /4a 2 ). 

61. Prove that the perimeter of the lemniscate r 2 =a*cos20 is 

(*»/« 

4a V(sec 2 0) d6 and use the substitution y/2 sin $ =sin 

f*r/a <£</> 

to reduce it to the form 2a W 2 - - — s —. 

Jo Vd-isin 2 </>) 


oi *i * 6A 

vz. fchow that x — ^ + A4 , y = A4 are parametrio equations of a 
lemniscate whose perimeter is f 46 d A 

JoV(l +^ 4 ) 

63. Prove that the length of the arc of r =ncis\nn0 from 6= ft 

to 0 —y is equal to that of the arc of the ellipse x=acos* 
y —an sin t from t =n/3 to t =ny. 


64. Prove that the cartesian coordinates of a point in the first 
quadrant on the lemniscate r 2 = 2« 2 cos20 are given by 
x=a^/(t + t 2 ), y=ay/(t - t 2 ) where *=cos 20, and that the aro 

from t =t 1 to t = f 2> where 0 < t x < 1 2 < 1, is \a^2 P*-^ . 

J < a V(< -i 3 )' 

Prove also that if (*, +1)« 2 + 1) = 2, the arc from t= 0 to 
<=f i equals that from t =t 2 to t = 1, and hence find the mid- 
point of the arc of the lemniscate in the first quadrant. 
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EXERCISE XVI d 

[52, 53, 54, 58, 61] 

Find the p, r equations of the curves in Nos. 51-56 : 

51. r =a cos 6. 52. xy =c 2 . 53. r=ae 9cota . 

54. r n =a n cosnd. 55. r=acosecn0. 56. a =r ch mO. 

57. Express tan <f> in terms of 6 for the curve r m 0 n =k m . 

58. Prove that the curves r=a 2 e 9 , r =b 2 e~ 9 intersect at the point 
( ab , log (5/a)) where ab > 0 and find their angle of intersection. 

59. Obtain the formula tan </> =rd6jdr directly from tan (\p - 0). 

60. Prove that the curves 

r n cos ( nO - a) =c” sin 2a, r n = 2c” sin (n9 +a) cut orthogonally. 

61. Pro ve that three points ex is ton the curve r 2 = a 2 cos 2 ^ +6 2 sin 2 0 
for which 0 +cf>= ir and rsin 0> 0 provided that a 2 >2b 2 and 
interpret this geometrically. Sketch the curve when (i) a =26, 
(ii) a = £6. 


EXERCISE XVI e 

[51, 52, 54, 57, 59, 61, 62, 66, 67, 69, 70] 

51. Find the polar equation of the pedal of r=ae 9cota with 
respect to the pole. 

52. For the curve given by 

x =a(2 cos t +cos 2t), y =a(2sin/ - sin 2t), 

prove that p =a sin 

53. Prove that the p, $ equation of the curve r"=a n sin »0 is 
p = a sin m (^/m) where m = 1 + 1 /n and a > 0. 

54. Prove that pds =r 2 d0. 

Find the p, r equations of the pedals with respect to the pole of 
the curves in Nos. 55-57 : 

55. r( 1 + cos 0) = 2a. 56. r=ad. 57. r" =a" cosnti. 
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Find the polar equations of the pedals with respect to the polo of 
the curves in Nos. 58-60 : 

58. r n sin n6 =a n , where n is an integer and a is positive. 

59. r 3 =a?p. 60. p =f(\fi). 

61. Find a cartesian equation of tho curve p = asin 2 \\p. 

62. Find the polar equation of the curve pr =a 2 . 

63. Express the cartesian coordinates of a point of the curve 
a =ch _1 sec in terms of s. 

64. Use the relation 5= to find the length of tho arc 

of the parabola p 2 = ar from r=a to r = 2a. (Cf. No. 72.) 

65. Show that the length of the arc of the pedal curve of r =/(if) 
with respect to the pole is given by Jrd\£. 

66. The curve s=csin»^ touches Ox at O, and the tangent at 

any point P cuts Ox at T. Prove that the arc OP equals 
(1 + l/n)TP. 

67. If ch ( s/c) — e~ui c , prove that th (s/c) = - sin \p. 

68. Show that the pedal of the curve r = 2a cosec 26 with respect 
to the pole lias a cartesian equation 

(x 2 + y 2 )(x 2 + y 2 - a 2 ) 3 =27a 4 x 2 y 2 . 

69. If a body moves in a known orbit under the action of a force 
^dp^ tHe P ° le ^ Can be pr ° ved fchafc the force varies as 

- 3 d ~. Find for what law of force the following orbits are 
described : 

(i) the ellipse 6 2 /p 2 =2a/r - 1 (focus as pole), 

(n) the ellipse r 2 =a 2 +6 2 - a 2 6 2 /p 2 (centre as pole), 

(in) the curve r cos nd =a. 


70 ' t^° dy - iS att ? Ct€d ^ owards a fix ed point O with a force which 
varies inversely as the square of the distance from O. Use tho 

result stated in No. 69 to prove that its path is a conic. 

71. Find the polar equations of the curves 

(i)p=acosec^ ; (ii) p = - a coseo ifr 
where a is positive. 
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72. Prove that, subject to a certain restriction, the length of the 
arc of the curve p =f(r) from r=r 1 to r=r 2 is equal to 
r dr 


\ 


r, V( r2 ~P 2 ) 

It can be proved that the p, r equation of the astroid 
x = a cos 3 1, y =a sin 3 1 is 3p 2 + r 2 = a 2 . Point out the mistake in 
the following argument : 

For the points t =0 and t = r =a ; 

. [ a r dr 

the arc from t =0 to t = is — 6 — rr~i —laTv that 

J a V( r " “ r)} 

is, zero. 

Use the formula to find the true length of this arc. 


EXERCISE XVII a 

[51, 53, 54, 55, 56, 57, 60, 62, 64] 

51. For the catenary of equal strength given by 

sec if + tan \)/ =e*l c , 
prove that the curvature varies as cos 

52. Find the intrinsic equation of the curve for which p 2 +s a =o 2 . 

53. If the radius of curvature of a curve at P varies as the length 
of the arc AP measured from a fixed point A on the curve, 
find the intrinsic equation. 

54 For the parabola cy=x 2 , prove that 2c 2 p =(c 2 +4x 2 ) 3 ' 2 and 
determine the sign of the root. 

55. Find the curvature at the origin of the curve y =x +2x 2 +CX 3 . 

56. Find p in terms of t for the curve x = at, y =at 3 . 

57. Find | k | for the ellipse + % = 1 at the on g ,n - 

58. Find | k | for the ellipse in No. 57 at the point (a, b) by trnns 
ferring the origin to that point. 

59. Find p in terms of t for the curve a; =3 at 2 , y=al{3- t 2 ). 

60. Show that the curvature at the origin of y=xP is zero when 
p > 2 and also when 0 < p < 
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61. Prove that | k | for y = - x is greatest at x*± ± 1-07. 

62. Find | k | at the origin for each branch of the curve 
x 2 + xy + y 3 = 0. 

63. For the tractrix y —ae~ s i a prove that 

a sin xp — - y and a cot = - p. 

Also show that the length of the normal varies as the 
curvature. 


64. Prove that the length of the chord of curvature parallel to O.r 
of the curve sin =be z / a where a, b, c are constants is 2a. 


65. Find | p\ at (0, - 4 a) for x(x 2 +y 2 ) — a(x + y)(4a - x + y). 

66. Prove that for any curve 

cLk _dx (Py dy <Px 
ds da ds 3 da ds 3 " 


EXERCISE XVII b 


[51, 52, 53, 55, 60, 63, 65] 

51. Find k in terms of p, r for the curve r m p n =k m+n . 

52. Use the p, r equation r 2 =a 2 + kp 2 , where k > 0. of an epicycloid 
to find the radius of curvature at any point in terms of r. 

53. Prove that the curvature at any point of the reciprocal 
spiral r ~a\Q is pV' 4 . 

54. Find the curvature at any point of the spiral of Archimedes 
given by r =a6. 


55. Find the curvature at the pole of r =a sin nO. 

56. Prove that the oliord of curvature through the pole at any 
pomt of the cardioid r =a(l +cos 0) is *r. 

57. Find the radii of curvature of the conic r =f/(l +e cos d) at the 
points 0=sO, 0 =£tt, 8 = 77 . 

58. What is the geometrical significance of the fact that p + *— 

is zero when p —a 6in or p —a cos \p ? ^ 
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59. Express in terms of \p the radius of curvature at any point of 

dp 

the curve for which =e^ cos \p. 


60. Prove that for the curve r =a(sin n9) x ! n , (n + l)p =r cosec nd 
and deduce the value of p in terms of 6 for the curve 
r =a sin 3 ^ 0. 


61. Find p in terms of 6 for the curve r = a sec 2 9. 


62. If for the cardioid r =a(l +cos 6) the arc s is measured from 
the point 9=0, prove that 9 p 2 + s 2 = 16a 2 for 0<9<rr. 

63. If r=a sec t and 9 =tan t - t are polar parametric equations of 
a curve, prove that for this curve <J> =t and p = p • 

64. If C is the centre of curvature at any point P on the curve 
p=a sin n\p and the line joining the pole O to C meets the 
tangent at P in S, prove that OC =n 2 OS. 

65. If a curve is given by the equation r=f(9) and if u = l/r, 
tu=du\d9, and u 2 =du i /d9, show that the formula for the 
curvature is kV(« 2 +u l 2 )*=u 3 (u +u 2 ) where 5 is measured so 

that it increases with 9. 


66. Prove that, for any curve, r =f(9), 

/1 1/dr'y d?r ^ / ^\ 2 \ 1/2 

Hr " r W "d£\ ” l 1 W / * 

where the sign of the root is that of r. 


EXERCISE XVII c 


[51, 53, 57, 58, 59, 61, 63, 65] 

Find the envelopes of the systems in Nos. 51-60 whore t, a are 


parameters : 

51. xcos* +y sin t=a sect. 
53. x sec t +y tan i =a. 

55. x log* - yt 2 =c. 

57. y =t 2 (x-2a) 

58. (i-acosO 2 


52. xcos 3 t +ysin 3 t =a. 

54. ax sec t - by cosec t =c 2 . 

56. xV(c°sO +yv / ( sin ^ ==a ' 
2 at 3 . 

(y - a sin t ) 2 =b z . 
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59- xjs +ylt = 1 ; 8 2 +t 2 = a 2 . 

60. x 2 ',8 2 + y 2 fl 2 = 1 ; y/ 8 + y/t = y/a. 

61. Find the envelope of normals of ?/ 2 =4 ax. 

62. Find the envelope of normals of x =at 2 , y —at \ 

63. What are the envelopes, when t varies, of 

(i) {a v t +a 2 )x +(6^ +b 2 )y +(c^ + c 2 ) =0, 

(ii) (a^ 2 +2a 2 t + a 3 )x + (b 1 t 2 +2b 2 t + b 3 )y + (c x t 2 + 2c 2 * + c 3 )=0? 

64. P is a variable point on a given curve and O is a fixed point. 
Prove that the circle on OP as diameter touches the pedal 
of the curve with respect to O. 

65. Show that the envelope of a circle having its centre on 
y 2 —±ax and passing through the origin is x(x 2 +y 2 ) +2ay 2 =0. 


EXERCISE XVII d 


[51, 53, 54, 56, 57, 61, 62] 

51. Find the coordinates of the centre of curvature at any point 
( x i* V\) of the curve y = log cosec x. 


52. Find the coordinates of the centre of curvature of the 
rectangular hyperbola x=ct, y-eft at the point t v 

53. Find the coordinates of the centre of curvature at any point 
of the cycloid x =a(0 +sin 8), y = a (l - cos 8). 


54. Find the length of the portion of the evolute of the parabola 
y -4 ax which corresponds to the arc from (0, 0) to (a, 2a). 

55. C is the centre of curvature at any point P of the equiangular 
spiral r-ac cota . 0 is the pole. Prove that ^COP^^and 
that the evolute is r=be e ™'"* where b tan a =ae'^ cot a. 

56. Find the radius of curvature of the envelope of 
x sec t +y cosec t =a at an arbitrary point. 

57 ' Jic cotfc/’ ^ eqUation ° £ the evoIute the epicycloid 
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58. If C is the centre of curvature at any point P of the curve 
p =a sh n\p and the line joining the pole O to C meets the 
tangent at P in S, prove that OC =n 2 SO. 

69. If C is the centre of curvature corresponding to a point P, 
( p , *p), of the curve p =f(p) and O is the pole, prove that 

oc 2 ={/W > 2 Hf’W) 2 - 

tlO. An epicycloid is represented by the equation p 2 /a 2 +s 2 /b 2 = 1, 
where s and p are the arc and radius of curvature. If Sj and 
Pi are the corresponding quantities for the evolute, prove that 
p x z=pdp/ds and deduce that the p, s equation of the evolute 
can be written p 2 ja^ + s l 2 /b 2 =a 2 /b 2 . 

61. Prove that the p, r equation of the evolute of the curve 
p =f(xp) may be found by eliminating \p from the equations 

Pi =/W and r \ - Pi ={/"(v0} 2 - 

62. Prove that the p , r equation of the evolute of the curve 
p = 4a sin \yf/ is 4(r 2 - a 2 ) = 3 p 2 . 

63. Given the p, r equation of a curve, show how to find the 
p , r equation of its evolute. Apply the method to the 
parabola p 2 = ar. 

64. Prove that the curvature of the pedal curve of r=f(p) with 
respect to the pole is (2 r 2 - pp)/^. 


EXERCISE XVIII a 

[52, 54, 55, 58, 61, 62] 

51. Find the area of the sector of r=a+bd bounded by the radii 
$= - 1, 0= +1, (a >b). 

52. Sketch the conchoid r =a sec 6 +b, (ab > 0), and find the area 
bounded by 6 =£-, 0=0, r=a sec 0, and the curve. 

Find the area of a loop in each of Nos. 53-56 : 

53. r =a sin nO. 54. r =a sin 0 (1 + cos 0). 

55 . r 2 = a 2 sin 6 . 56. r(cos 0 +sin 6) =asin 20. 

57. Prove that the area of the sector of l =r(l +cos 0) bounded by 
0=0, 0 = 2a is ^ 2 tana(l +£tan 2 a). 
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58. Find the area bounded by the lines 0 = 0, 0 =\tt and the parts 
of the spiral r=aO given by 0 < 0 < £rr and 2 tt < 0 < *tt. 

59. Answer the same questions as in No. 58 for the equiangular 
spiral r =ae ,,a . 

60. Sketch the curve 20 =r + 7- 1 and find the area bounded by the 
line 20 = 7 r and the part of the curve given by r x < r <r 2 where 
*i» r 2 are the roots of the equation r 2 - ~r + 1 = 0 . 

61. Prove that the area common to the ellipses 

r 2 (a 2 cos 2 0 + 6 2 sin 2 6») = 1 , r 2 ( 6 2 cos 2 0 + a 2 sin 2 0) = 1 
where 0 < a < 6 is 4(a6 )‘ 1 tan 1 (a/ 6 ). 

62. Show that for the curve r =a(2 cos 0+cos 30) there are 
maximum values of r equal to 3a and \ay /3 and that the 
areas of the loops are T \a 2 ( 10;r + 9^/3) and a 2 ( 57 r - 9^3). 

63. An area is formed of the circle r=a and the portions of the 

four loops of r = 2a sin 20 exterior to the circle. Show that 
the whole area of the figure is £( 5 ;r + 3 -\/ 3 )a 2 . 


EXERCISE XVIII b 
[51, 53, 54, 57, 59, 61] 

“■ byte = 2 *"‘ ‘ h ° 

etteVby it"™ * =a °° S3 ‘’ and — 

53. Find the area of a loop of the curve a: =at 2 , y =bt(t 2 - 1 ). 

54. Find the area of a loop of the curve 

x = a cos t, y =a cos t ( 1 + sin t). 

5 5. Un - 1 is a positive integer, prove that the area enclosed bv 

x —n cos t - cos nt, y =n sin t - sin nt is n(n + 1 )tt. y 

56. Prove that the area enclosed by 

x =a cos 6 +6 sin $ + c, y =Oj cos 0 + 6 , sin 0 +c, 

is Trlobj - o 1 6|. ^ 

n 
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57. Prove that the area of the sector of the curve 

x =a(cos£ +t sin t), y =a(sin t - tcost) 
bounded by the lines joining the origin to t =0, t =t x is 

58. Prove that the area of the loop of 

a; =asin St cosec t, y=asin St sect 

is 3a 2 \/S and equals the area between the curve and its 
asymptote, x = - a. 

59. Prove that the area of each loop of x 6 +y 6 =a 2 x 2 y 2 is ra 2 . 

60. Prove that the area of the curve 

x =a/( 1 +t +t 2 ), y =bt/( 1 +t + t 2 ) is ?j~aby/3. 

61. Sketch the curve (x - y) 2 =y 2 ( 1 - y 2 ) and prove that the area 
of a loop is §. 


EXERCISE XVIII c 


[51, 53, 54, 60, 61, 62] 


Find the areas of the surfaces generated by revolution about Ox 
of the arcs in Nos. 51-60 : 

51. x = cost, y =2 + sin t; t =0 to t = 2jt. 

52. x =a(log tan t + cos 2t), y =a sin 2t ; t=Q to t=\n. 

53. y =2 cosec x ; x=$~t ox = .Vtt. 

54. 3 ay 2 =x(a-x) 2 ; x=0 to x=a. 

55. y = cos x ; x=0 to x = 1tt. 


56. y=e x ; x=0to x = logc. 

57. Sy = 2\/x* ; x=0 to x = 1. 

58. y = ^{x 2 -c 2 ); x =c to x = %cy/2. 

59. r(l +cos 0)=l; 0 = 0 to 0=a, (0<a<7r). 


60. r = 2asin 6 ; 0 =0 to 6 =-. 

61 Find the area of the surface generated by revolution about 
' O y of the arc of the curve y = $x 2 - log (\x) from * = 1 to « 

62 Find the area of the surface generated by revolution about 
2 * O y of the arc of the ellipse * =a V( 1 " 2/ 2 / &2 > from x = 0t ° 
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EXERCISE XVIII d 

[51, 52, 54, 55, 58] 

51. The ellipse x 2 ja 2 + y 2 (b 2 = 1 rotates about the tangent at (a, 0). 
Find the volume of the solid generated. 

52. Assuming the approximate formula 7?{a +b +£( y/a - y/b) 2 } for 
the perimeter of the ellipse in No. 51, find the approximate 
area of the surface of the solid generated by the revolution of 
y 2 = 1 - about the tangent x =4. 

53. If the perimeter of the ellipse in No. 52 is 17-1587, find the 
percentage error in the approximation given, and also in the 
approximation ~{3(a +6) - y/(3a 2 + 10a6 + 36 2 )}. 

54. Give the approximate volume of the solid generated by revolu¬ 
tion about the initial lino of the small sector bounded by an 
arc of the curve r =f(9) and the radii 9—a, 9—a + 8a. 

55. Apply the result of No. 54 to find the volume of the solid 
generated by revolution about the initial line of the upper 
half of a loop of the lemniscate r 2 — a 2 cos 29. 

56. Find the volume of the solid generated by revolving a loop 
of the curve r 2 =a 2 sin 29 about the initial line. 

57. The area bounded by the lines y= 0, x=a, and the part of 
the parabola x —at 2 , y—2at given by values of t from - I to 0, 
revolves about the line x=a. Find the volume of the cup^ 
shaped solid so formed and the area of its curved surface. 

58. A solid is formed by the revolution of the ellipse x*lp 2 + y 2 jq 2 = l 
about the line x =c ; p and q vary so that when the plane 
has turned through an angle 9, p = a(l +sin 9),q =6(1 +cos 9), 

where a, 6, c are constant and c > 2a. Find the volume of 
the solid. 


EXERCISE XVIII e 


[51, 52, 54, 55, 57, 59, 61, 63] 
Evaluate the integrals in Nos. 51-58 : 


51. J" J * 2 x 2 dxdy 


52. f dx f (x +y) dy 

J o J o 
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53. 

55. 

57. 

58. 


o 

'a 

J 0 

(i) 


J> si 


sin 6 dr d6. 


dx dy xy dz. 


■1 


jo jo 

X 


dx [ dy 
jo Jo 


■n/ 


o 


a ftr/3 Cit it fir/2 


56 


ra fc sin I 

J 0 J 0 

. f 1 *, r 1 

Jo Jo 


r cos 6 dQ dr. 


dy 


yzdz ; (ii) 


r i 
o 

2 IT 


xy 2 z s dz. 


dr d6 r^sinddtj). 


J o J o Jo Jo 


r 2 sin 2 d sin <f> dr dO d<f> d\p. 


59. O is the centre of a rectangular plate and A is a fixed point 
in the plate. The thickness at any point P is AAP 2 where A 
is constant. If the lengths of the sides are 2a, 2b, prove that 
the volume is 4Aa6(a 2 + 6 2 + 30A 2 )/3. 


60. The density of a lamina in the shape of a cardioid 
r =a(l +cos 6) at any point is Ar 2 where A is constant. Find 
the mass of the lamina. 


61. The density of a semicircular lamina, radius a, varies as the 

distance from the bounding diameter. Prove that the centre 
of gravity is at a distance f rom th© centre. 

62. The base of a right cylinder is one loop of the lemniscate 
r 2 =a 2 cos 26. Prove that the volume of the cylinder which 
lies inside the sphere, centre the pole and radius a, is 
(3- +20- 16 \/2)a 3 /18. 

63. Find the volume which is interior to each of two cylinders 
of radius a whose axes intersect at right angles. 

64. Find the volume which is interior to each of three cylinders 
of radius a whose axes are three mutually perpendicular 
intersecting lines. 


EXERCISE XIX a 

[52, 56, 58, 63, 65, 67, 68, 70] 

Find f x , f v for the functions/(x, y) in Nos. 51-56 : 

51. xvyi. 52. xyl{x+y). 53. e ax sin6y. 
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54. 


* 2 - y 2 

x 2 + y2‘ 


55. Sh - 1 


56. log 


x + y/{x 2 +y 2 ) 


Find /xx, fj, Jt fy r , fyy for the functions f(x, y) in Nos. 57-62 : 

57. x n e». 58. log (x 2 y 2 + xy 2 ). 59. asin (bx +cy). 


60. log{xV). 

. chi 


61. e**+n/+i/\ 


62. sh x ch y. 


63. Find if m =x 2 tan' 1 ( yjx ) - y- tan’ 1 (x/y). 

64. If z 2 =(x +6) 2 /(a 2 - y 2 ), prove that yz(^^ =f 2 . 

c , Tfw2 2 2 o a 2 v 0 2 v a 2 v 2 

65. If V 2 = * 2 +2/ 2 +z-, prove that ^ ^ + ^2 =v‘ 

66. If z =f(x 2 +y 2 ), prove that yz x =xz u . 

67. If uz = prove that +~ =1". 

Cx- cy 2 Cz 

68. Prove that, for a suitable numerical value of n, U =('• 
a solution of |(r^) =r*§?. 

69. Verify that 1/z = •%/(! - 2ax + a 2 ) satisfies the equation 

3 f.. 2 . \ 3/ o 0z\ 

70. If z —y z f(x/y), prove that 


- t n e -r'Ht j 3 


71. If c 2 


72. If 2 = 


,a 2 2 d 2 z n d 2 z 

"te +2a ‘ ) fc3» + »V- 2 » 

= (y 2 - nx) 3 , prove that 

£ 2 2 d 2 z ( d 2 z \ 2 

d^dp'\d^J => 2 * 

y(3x - y 2 ) + (y 2 - 2x) 8 / 2 , prove that 

ch. d 2 z _ ( d 2 z \2 
dx 2 dy 2 ~ \g&j) * 
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51. If 2 = 


EXERCISE XIX b 

[52, 54, 58, 60, 63, 66, 68] 
xPyQ where a:=ash «, y =achu, prove that 

^=~J^ 2 + P y 2 ). 


52. If V — xPy* where x =a{t - sin t), y =a( 1 - cos t), prove that 

cN V 

~di = ^ py qx +a v xt )- 

53. If V =sin? x cos? y, prove that if 0 < x, y < 

6V 

— ^ p cot x dx - q tan y by. 
dy 

Find ^ at any point ( x , y) of the curves in Nos. 54-56 : 

54. x 3 + y 3 = 3axy. 55. logy =y logo;. 56. (x + y)P + « =xPy*. 


Find the equation of the tangent at any point (x v y x ) to the curves 

in Nos. 57-59 : 

57. ax* + 2bxy + cy 2 = 1. 58. y/(ax) + y/(by) = 1. 59. x p y q = 1. 

60. Find the equation of the normal at (x v y 1 ) to the curve 
f(x, y) =0. 

(py 

61. Find ^ at the point (x, y) of the curve 

(i) x 3 +y 3 =3axy ; (ii) x log y=c. 

62. Prove that the curves sin x eh y =a, cos xsh y =b cut at 
right angles. 

63. If the angle A of a triangle is expressed in terms of the sides, 
prove that be sin A SA ^ a(ba - Sb cos C - 6c cos B), if B, C ^ 

64. If the side c of a triangle is expressed in terms of a, b, and the 

8c , dc 

c ire urn radius R, prove that o'- = ~ cos C sec A and find 
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65. The radius R of the circumcircle of the triangle ABC is ex- 

cjR R cos A cos B 

pressed in terms of a, b, C ; prove that - _ =-:— -and 

gu sin o 

dR __ R cos B . YVrite down an approximation for SR/R due 
to small errors 8a, 8b, 8C in a, b, C, assuming A, B# 

66. If V =x v where x and y are functions of t, find a relation 
between dV, dx, and dy. 


67. Find the gradient at the point (r cos 6, r sin 6) of the curve 
x 2 tan -1 (y/x) - y 2 tan' 1 (x/y) = c. 

68. Prove that the angle of intersection of the curves f(x, y) =0, 
0{x,y)=0 is ta r\- l {(j 1 g u -f u g x )/(f I y ;[ +jyO y )). What is the 
condition for the curves to cut at right angles ? 

69. Use the condition obtained in No. 68 to prove that the 
curves x 2 +y 2 =e 2X and y —x tan y cut at right angles. 

70. Prove that at any point of the curve f{x, y) =0, 

Nl 

a-v 

= “ ifv 2 fxz ~ 2/xfvfzv + fz 2 fw)lfi? 
and that the curvature is given by 

WJrx - 2 JzfvSzy +fz 2 fvv)Hfz* +fy 2 )*!'. 


EXERCISE XIX c 

[51, 53, 54, 55, 56, 59, 62, 63, 65, 66] 


51. If V =/(x, y) and x =r cos 6, y = r sin 0, express + 

. a \oxJ \dy ) 

m terms of r, 6. v 

52. If x =r cos 0, y =r sin 6, express 1 + 
in terms of r, 6. 

53. Express % in terms of 

dx 3 dy’ dy* dy ** 


3/2 


<Py 

dx* 
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o4. If V =/(x, y) and a; =£ sin a + >, cos a, y = c cos a - v sin a 

I • / 6 V \ 2 /av\2 

where a is constant, express + ^—J ^ terms of £, 7 ;. 

^2.\j 

55. \\ ith the data of No. 54 express 5 - + ——^ in terms of A jj. 

ox* cy~ - ' 

56. If u =/ 1 (x, y), v =f 2 (x, y) and </»(m, v) =0 for all values of x and 

du dv du dv 

y ' prove that ax dy = &j ax- 

57. If u, V are functions of r, 6 such that r~ ~ and =r^ 

or oQ dd or 

o z u 1 du 1 cru 

prove that + - vr- + = 0 . 

or- r or r* Ob* 

58. If z =/(x, y) is transformed into Z = F(X, Y) by the sub¬ 
stitutions x=aX+ 6 Y+Z, y=a 1 X+b l Y+ Z, z=X+Y-Z. 
prove that 

az _ 1 - ap - a 1 7 az _ 1 - - 6 ^ 

ax 1 -i-p + q ’ d Y 1 + p +0 

, az a= 

where p = 0 ~, q = —. 

ax 


59. If V =f(x, y) and x =r(sec # + tan 6/), y =r(sec 0 - tan 0), prove 
that 


av av /av \ 2 1 

ax ay — \ dr ) r 2 COS 




€ 0 . 


If z=f(x,y) and if the functions m, t; are defined 
mx + vy = 1, vx +uy =uv, prove that 

(« 2 =('’ 2 - W ** 4 * - *“%}• 


bv 


61. In No. 60 write down an expression for ^ and prove that 

dz w 2 +v 2 oz 2uv oz 
OX V 2 - 1 du u 2 - 1 dl 

62. If z =/(x, y) and x + y=log(u + v), x - y = log (m - v), prove that 


*L ?1-, U 2 8H 

8a* dy*~ ( ){ 


du 2 dv 2 . 


)• 
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63. If V =/(#, y) and if x cos 0 - y sin 0 = a;sin 6 +y cos 0 =r, prove 
that 


S 2 V £ 2 V 1 £7V 1 C7‘V\ 

3x* + dy* = *\Jr* + r V 2 W-)' 


a 2 v i av i a 2 v 


a 2 z a 2 c . 


64. If z=J(x,y) and u=x+y, v=y(x+y), express ‘ n 

terms of u, v. 

65. Find the greatest value of xy-z 3 if x +y +z =6. 

66. Find the greatest value of sin A sin B sin CifA+B+C=-. 


EXERCISE XX a 
[52, 53, 55, 56, 59] 
dx 

51. If y =a log x , prove that y=x log x. 

52. If x 2 +y 2 =c 2 , prove that — - and interpret the result 


geometrically. 


cP-x 


53. If x=ae n t +be~ nt , prove that -j^=n 2 t and interpret the result 
kinematically. 

54. Write down tho differential equation of all circles of unit 
radius. 


55. Eliminate a, b from the relation 

(i) y =ax? +bx ; (ii) y 


= a log x +b. 


56. If y = 


(a +bx)e nx , prove that 


57. Obtain the differential equation of the third order satisfied 
by y = (o + bx + cx 2 )e ttx . 

58. If xy =ae nx +be~ nx , prove that 

<py 2 dy 
d^ + xdi- n ^ 0 - 
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59. If y —a cos (log x) +b sin (log x), prove that 

0 ef 2 w dy 

3 *di? +X dx + y=0 ‘ 

60. Prove that the differential equation of all circles is 

/, . (<ty\ 2 \d?y_dy/cPy\* 

\ \dxj J dx? dx\dx 2 ) 


EXERCISE XX b 


[51-54, 57, 59, 60, 62, 65, 66, 67, 74, 75, 79] 


Solve the differential equations in Nos. 51-65 : 


51. 

dy 

dx 

= ax n . 


52. 

dy _ 
dx ~ 

ay n . 


53. 

dr 

54. 

2 dy 
xry . - 

J dx 

= k. 


55. 

dy 

x dx 

=ny. 


56. 

to 

II 

<< 

• 

57. 

dy 

dx 

= tan x 

tan y. 

58. 

II 

«i-a 

sec 

K 

59. 

^1=1^- 



60. 

(a 2 

ll 

H 

N 

N 

1 

=y- 


61. 

dy _ 
dx 

<* + 

a)(y +6). 



62. 

dy 

dx 

+ 2 / log x 

= 0. 


63. 

2 dy 

dx 

=y( 

a; +y). 



64. 

dy 

• 

dx 

- - = tan 
X 

y 

• 

X 


65. 

dx 

y dy 

= x 2 

+ xy. 


66. Find the curves for which the subtangent is constant. 


67. Find the curves r=f(6) for which </> = 20. 


68. Find the curves r =f(6) for which OT is constant where T is 
the point where the tangent at P meets the perpendicular at 

O to OP. 


69. Find the curves for which (1 +y 2 ) 3 / 2 = 


dy 

rlr 


dp dy 

70. Find the curves for which (l+p 2 ) 3 / 2 =^ where P=j x - 

Explain the connection between this result and the formula 
on p. 346. 
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71. What are the curves for which |l + (^) j =C di? * 

72. Use the substitutions x - y + 1 =u, x+y - 3 =v to solve 
(x +y- 3)i iy=(x-y +1 )dx. 

73. Solve the equation + x - y'j =xy. 

74. Solve the equation xdy +y dx =x 3 dx. 

75. Express d(yfx) in terms of x, y. Hence solve the equation 

jiy 2 dy 

x dx-y= x ^dx 


76. Solve the equation a:(l - x)dy =ydx. 

77. Solve the equation ( kx - y)dy =(x +ky)dx. 

78. Find the curves for which the length of the normal is constant. 

79. Find the curves r =/{0) for which r 2 varies as p. 


EXERCISE XX c 

[61, 53, 64, 56, 59, 61] 

Solve the differential equations in Nos. 51-60: 


dy 

51 * X dx +y = xn - 

53. (\-x*) d d y x -2xy = l. 
55. + 2xy = 2x(x i + 1), 

__ d y 

57 * dx +ythx = x ’ 
cn dx 


52 - x % +n y 


= x m 


dy 


54. cosec a; ^ - yseox=cos 2x, 


56. 


dy 


fl^. +a y =5 sin cx 


S8 ' ^+»=*v. 

<&y dy 

6 °’ S3= a+ di- 
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61. Find a complete primitive for 



Is there any singular solution ? 



If the tangent to y =f(x) makes intercepts l, m on Ox, O y, and 
if these are connected by a relation m=</>( - m/l), prove that 
the coordinates of the point of contact satisfy 



Hence find the curve for which Im = a 2 and interpret the result. 
[Use No. 11.] 


EXERCISE XX d 

[52, 53, 55, 56, 57] 

Find the orthogonal trajectories of the systems in Nos. 51-59 : 

51. 3x+4y=c. 52. x 2 +y 2 =2c(x - y). 53. cy =chx. 

54. 2cy=x 2 -c 2 . 55. y=cx n . 56. rd=a. 

57. r =csin 2 0. 58. r n =a n sin nO. 59. r^cos 2 20 =c 2 sin20. 

60. Determine the curves which intersect the lemniscatos 
r 2 =c 2 cos 2d at a constant angle «. 


EXERCISE XX e 

[51, 52, 53, 55, 59, 65, 66] 
Solve the differential equations in Nos. 51-65 : 


51. xy 2 =a. 

54. yy 2 =ny 2 . 

57. y 3 = 1cy 2 . 

60. (1 - x 2 )y 2 -xy x . 


52. y 2 sin 2 x =a. 

55. y 2 2 = 1 

58. xy 2 + 2y x = 1. 

61. y 2 = */j( 1 - y,). 

^ cPx dx 
64. y-j-r, =j — 1. 
J dy 2 dy 


53. y 2 —ay 2 . 

56. y 1 n y 2 = a - 

59. y 2 = (1 +y)yi- 

62. (I - x 2 )y z = 2xy l . 

d 3 x _ a dx 
65 ' dxf~ m dy 


63. yy 2 =y x ( 1 - y x ). 
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66. The motion of a particle along Ox is given by the relation 


3T* = - 2k * 


and it starts from rest at a distance a from O. Prove that it 
passes through O after a time ^nk^a 2 ' 2 . 


67. Find the curves y =/(x) for which the radius of curvature 
is equal to the normal. 


EXERCISE XXf 

[51, 52, 53, 56, 57, 59, 60, 62, 63, 66, 67, 72, 73, 76, 78] 

Find complete primitives of the equations in Nos. 51-56 : 

51. 2 / 2 - 2 /! = 12^/. 52. y 2 + 10^ +25y =0. 

53. y 2 +4y=0. 54. y 2 = 2(y x +y). 

55. 2/3 - 2/2 = 2 y v 56. y 2 + 8y l + 17y = 0. 

Find values of A, B, C such that the equations in Nos. 57-62 have 
the particular integrals indicated : 

57. y 2 + 4y x + 3y = 5x ; j/=Ax+B. 

58. 2y 2 + 3y x + 4y = 4x 2 + 2x + 5 ; ?/=Ax 2 +Bx+C. 

59. y 2 - 3j/j - Ay = 12c 2 * ; y = Ae 2 * 

5®* 2/2 — ~ 4 y = 10e 4x ; y = Axe 4X . 

61 - 2/2 + 2/i " 20y = sin 2x ; y =Asin 2x + B cos 2x. 

62. y 2 + 16y = sin 4x ; y =x(A sin 4x + B cos 4x). 

Find particular integrals of the equations in Nos. 63-70 : 

63 ' +2/=^. 64. y 2 - 3y 1 - 18y = e Bx . 

65. y 2 - 5y x - 14y =sin x. 66. y 2 - 3^/, - !8y = e 6x . 

67. y 2 - 2y x - 15 y = sin 5x. 68. y 2 - 6y x + 9 y =e™. 

69, 2/2+2/ 1 =2x-f3. 70. y 2 -Gy l+ Qy=e™. 

Solve the differential equations in Nos. 71-80 : 

71* 2/2 ~ +8y =c z + e' x + x a . 

72. y 2 - 6 y x + 8 y =e^ x +sin 2x. 

73. y 2 + 6y x + 9»/ = e -a*. 
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74. y 2 + Qy x + 9 y = cos 3x +sin 3x. 

75. y 2 - 4y =e z sin x. 

76. y 2 + 4y =e z cos x. 

77. y 2 + 2by x + (6 2 +c 2 )y = cos nx. 

78. x 2 y 2 +3xy x +y =0. [Putx=e z .] 

79. x z y 2 + 3 xy x + y = 9x 2 . 

80. xy 2 + 2y x —xy. [Put y =vz, where v=f(x), and 
choose v so that the coefficient of z x is zero.] 

EXERCISE XXI a 

[51, 52, 56, 57, 59, 61, 63, 66, 67, 69] 

Use Maclaurin’s series to expand the functions in Nos. 51*56 
in powers of x and write down expressions for the remainders 
after n terms: 

51. e ax . 52. sin ax. 63. cos6x. 

54. (1 +x)P. 55. chax. 56. log{(l + x)/(l - x)}. 

Find polynomial approximations of degree n for the functions in 
Nos. 57-62 : 


57. 

tan x ; n=5. 

58. 

sec 2 x ; n = 

= 4. 

59. 

th x ; n= 3. 

60. 

x cosec x ; 

n = 

61. 

e z sin x ; n =4. 

62. 

tan -1 x ; n 

= 5. 


63. Verify that log (1 +cos x)^ log 2 - \x 2 - x 4 . 

64. Verify that log (sec x + tan x) x + ^x 3 + t^x 5 . 

65. Use Taylor’s series to expand ch (x +h) in powers of h. 

66. If y=a + xlog(y/6) and x is small, prove that 

y — a + x log (a/6) +x 2 a _1 log (a/6). 

Evaluate the limits when x-*0of the functions in Nos. 67-70 : 

67. (x 2 - sh x sin x)/x 6 . 68. (x cosec x - 1 - £x 2 )/x 4 . 

a sin x-sin ax tan ax - a tan x 

x (cos x — cos ax) sin ax — a sin x 


69 . 
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EXERCISE XXI b 


[51, 52, 64, 59, 62, 64, 65, 67, 69, 71, 74, 75] 

Find the nth derivatives of the functions in Nos. 51-68 : 

51. (ax +6) 2n . 52. 1 j\/(ax+b). 53. log (ax+6). 

54. sin mx. 55. cos 2nx. 56. e az ch 6x. 


57. x 3 cos 2x. 

60. x n logx. 


58. x 4 sin x. 


61. x 2 (l - x) n . 


59. x 2 sin 2 x. 

62. e x cos x. 


63. (1 +x +x 2 ) ch x. 
65. x sin 3 x. 

67. l/(x 2 -x-2). 


64. sin 3 x. [See No. 10.] 
66. cos 4 x. 

68. e^sin 4x. 


69. If/(x) = e x cos x, show that/ n (0) =( ^2") cos \mr 

and lienee write down the expansion of/(x) in powers of x, 

70. If y =a cos log x +6 sin log x, prove that 

n+a +(2n -f l)xy„ +1 + (n 2 + l)i/ n =0. 

71. If y =f(x) =log{x + y/(x 2 + 1)}, prove that 

(i) (1 +x 2 )y 2 + X y 1== 0 ; (ii) /n+ 2 (0) = - n 2 / n (0). 

Hence expand j/ina series of powers of x. 

72. Expand sin (m sin -1 x) in a series of powers of x. 

73. If log y =tan _1 x, prove that 

(1 +x 2 )?/ n+1 + (2nx - l)j/ n +n(n~ 1 =0, n>l. 

74. Find a cubic polynomial a + by + cy 2 +dy* which is an approxi¬ 
mation to x sin x for values of x near to £tt where y = - x. 

75. Expand (x - r) cot x in powers of x-^as far as the cubio 
term. 

76. U t/ = y/(x + V(1 +^)}, prove that a„ +2 = (* - „s )0n , where ^ 

ie the value for * = 0 of and hence obtain the expansion 
of y in powers of x. 
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EXERCISE XXI c 

[51-54, 58-62, 66, 70, 72, 74, 76] 

Sketch the forms near the origin of the curves in Nos. 51-59 • 
51. 52. y 3 =x 2 . 53 , y=x _ x 3 

54. y 4 =x 5 . 55. y 4 =x 3 . 56. y 3 =x 5 . 

57. y=x 2 -x*. 58. y =x + y/x 3 . 59. y =x - x 3 ' 2 . 

Find approximations for y in terms of x (or for x in terms of y) 
when x and y are small for the relations in Nos. 60-71 and 
sketch the portions of the graphs near the origin : 

60. y*=(x-y) 2 . 61. x 5 + y 5 = x 2 y 2 . 62. y( 1 - x) 2 = x 3 . 

63. x 5 = (y-x 2 ) 2 . 64. 2 x 3 + jj 3 = x 2 - y 2 . 65. x 3 +y 3 =x 2 +y 2 . 

66. y 2 ( 1 - x) = x 3 + x 4 . 67. (y - x) 2 (y + x) =2x. 

68. (y - x) 2 (y+x)=2x 2 . 69. y =log cos (a:+y). 

70. 1 + x =cos (x + y). 71. sin x =log (1 +y). 

Find the value of | k | at the origin for the curves in Nos. 72-77 : 
72. y =ax 2 +2hxy +by 2 . 73. x 3 +y 2 +2xy =y +2x. 

74. 2X 3 + y 3 =x? - y 2 . 75. (x 2 - y 2 )(x +y) =4axy. 

76. y{y - x)(y - 3x) =x 4 . 77. e-v =x +y + 1. 

EXERCISE XXI d 

[52, 53, 55, 56, 61, 62, 63, 66, 67, 70, 71, 74, 77, 78] 

Find the asymptotes of the curves in Nos. 51-62 : 

51. x 2 y 2 =a 2 x 2 + b 2 y 2 . 52. x 3 (y - 1) =y 2 (x + l)(x - 2). 

53. y(y 2 - x 2 ) = 3x + 4y. 54. x(x 2 - y 2 ) =x 2 +y 2 . 

55. xy(y - x) =x 2 +2y 2 . 56. x*-y*=2xy 2 . 

57. x(x 6 - y 6 ) =y. 58. (y 2 - 4 x 2 )(y + 2x) =4x 2 . 

59. y 3 (y 2 - x 2 ) = x 4 . 60. x 2 (y - x) +x(y +x) +x +2=0. 

61. (x-y) 2 (2x +y)=x +y. 

62. (x - y)\x 2 +y 2 ) +(y - x)(2x 2 +y 2 ) +x 2 = 0. 
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63. Prove that approximations for the branches of the curve 
V(y+x)(y- 2x) = fix 2 are y = - 3 - 9/(2*), y = - x+2 + 16/(3x), 
and y = 2x + I - 5/(Gx). 

64. Prove that the curve x° + y 5 = 3x 2 y 2 approaches its asymptote 
from the same side at both ends by obtaining the approxima¬ 
tion y=- x + j; - 27/( 125x 2 ). 

65. Obtain the approximation y = - 2x ± 2y/x - 5 ± 2Q/(4^/x) for 
the parabolic branch of the curve xy(y + 2x) 2 = 8x 3 +2 >/ 3 . 

66. Find an approximation of the form y = 2x ± + B ± C/ y/x 

for the parabolic branch of the curve y(y - 2x) 2 =2x 2 . 

67. Prove that the three points where the curve 

x(x 2 - y 2 ) +x 2 +y 2 +x+y=0 
meets its asjmiptotes lies on the line 2x + y + 1 =0. 

68. Prove that the asymptotes of the curve x(x 2 - y 2 ) = x 2 + y 
meet the curve on the line x + 4y =0. 

69. Prove that the eight points where the curve 

xy{y 2 - X 2 ) - 8xy 2 =x 2 - 1 6xy + 6 y 2 - 25 
meets its asymptote lie on an ellipse. 

70. Find the equation of the cubic curve which has asymptotes 

y — l, y — x +4, y =4 - x, meets them on the line y =2x + 3 and 
passes through the point (2, 3). 

Sketch the curves in Nos. 71-80 and find their asymptotes: 

71 . xy(x - y) +y(x +y) + (x - y) =0. 

72. xy(x-y) + (x-y) = \. 

73. (y - x) 2 (y +x) ~ (y - x)(4y - x) +(2y - x) =0. 

74. x*y=(2y +x)(y- 2x). 

75. y 2 (y - x) 2 +(y- X )(y 2 +x 2 )=(x+ y) 2 . 

76. (x- 2)y 3 =(y- 3 )^ 2 . 

77 . y 2 (l + x 2 ) =4y ~ 1. 

78. X 4 =ay 2 (y - 2x). 

79 . **(*+y)(x+2y)+2xy+3x+y=0. 

n 80 - x2 y +x4 =(x 2 +y 2 )( X -y)2 ym 

s 
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EXERCISE XXII a 

[51, 52, 53, 55, 56, 59, 60] 

51. Find the M.I. of a rod AB about a line AC where AB=2a 
and Z.BAC = a. 

52. Find the M.I. of a rod AB of length 2 a about a line perpen¬ 
dicular to AB and meeting it at a distance c from the middle 
point. 

53. A lamina is bounded by concentric circles of radii a, b. Find 
its M.I. about a line through the centre perpendicular to the 
plane of the lamina. 

54. A cylinder of lead (6j oz. per cu. in.) is 3 ft. long and of base- 
radius 1 in.; a cylinder of base-radius £ in. on the same 
axis is bored away. Find the M.I. about its axis of the solid 
that remains. 

55. A triangular lamina ABC has AB=3c, BC=4c, CA=5c. 
Find its M.I. (i) about AB, (ii) about CA. 

56. Find the M.I. about Ox of a lamina in the form of the segment 
of ay 2 =x 3 cut off by the line x = b. 

57. Find the M.I. of a segment of height h of a sphere of radius a 
about the axis of the segment. 

58. Find the M.I. about the line x=b of a lamina in the form of 
a segment of a parabola y 2 =4 ax cut off by the line x=b. 

59. Find the M.I. about 0» of the solid formed by revolution 
about Ox of the area bounded by y= 0, x=a, and an arc of 
the curve y = x?. 

60. A solid anchor-ring is formed by the revolution of a circle 
of radius a about a line in its plane at distance b, greater 
than a, from the centre. Find the M.I. of the solid about 
its axis of revolution. 

EXERCISE XXnb 

[51, 53, 54, 56, 59, 60, 61, 64, 65] 

51. Find the M.I. of a circular wire of radius a about a diameter. 

52. Find the M.I. of the elliptic lamina x 2 /a 2 +y 2 /b* = 1 about a 
line through the centre perpendicular to its plane. 
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53. Find the M.I. of the lamina 4.r 2 +25//* = 100 about the lino 
x =5. 


54. ABC is a uniform rod ; AB=BC=o. PN is a straight lino 
which meets ABC at right angles at N, and PQ is a line 
perpendicular to the piano of PN and ABC at P. Find the 
M.I. of the rod about PQ (i) when N is at B, (ii) when N is at A. 

55. Find the M.I. of a thin tin sheet in the form of a closed cube 
with edges of length l about an edge. 

56. Find the M.I. of a solid cylinder of base-radius a about a gener¬ 
ating line. 

57. Find the M.I. of a solid hemisphere of radius a about a dia¬ 
meter of its base. 


58. Find the M.I. of a hemisphere of radius a about a tangent 
line at its vertex. 


59. Find the M.I. of an isosceles triangular lamina of height h 
about 

(i) the line through the vertex parallel to the base ; 

(ii) the line through the centre of gravity parallel to the 
base ; 

(iii) the base. 


60. A solid is formed by revolution of the curve y 4 =a 2 x(a - x) 
about Ox. Prove that its M.I. about Ox is 2Ma 2 /(3»). 

61. Find the M.I. of a thin hemispherical shell of radius a about 
a tangent line drawn at the vertex. 

62. Find the M.I. of a thin shell in the form of the anchor-ring 
of Exercise XXII a, No. 60, about its axis. 

63. A solid is generated by the revolution about Oy of the curve 
c-y 2 =(x 2 - a 2 )(b 2 - x 2 ). Prove that its volume is - 2 (6 2 - a 2 ) 2 /4c 
and that its M.I. about Oy is iM(a 2 + b 2 ). 

64. The density of a solid sphere of radius a varies as the dis¬ 
tance from the centre. Find the M.I. about a diameter and 
about a tangent line. 


65. A circular lamina of radius a has a density which varies as 
the distance from a point P of its circumference. Find the 

M.I. (i) about the perpendicular at P to the plane of the 
lamina, and (u) about the tangent at P. 

66. Find the M.I. about the directrix y=0 of a uniform wire in 
the form of the arc of the catenary y =c oh (x/c) for which y^k. 
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EXERCISE XXII c 

[51, 52, 54, 55] 

(Assume, except in No. 55, t/iat the plane of the lamina it vertical.) 

51. Find the centre of pressure of a triangle ABC with BC hori¬ 
zontal and A in the surface of the fluid. 

52. Find the centre of pressure of a triangle ABC with BC in 
the surface of the fluid. 

53. A trapezium has parallel sides of lengths a, 2 a at distance h 
apart and is immersed in a fluid vertically with the side a 
in the surface. Prove that the depth of the centre of pressure 
is ttj h. 

• 

54. Find the depth of the centre of pressure of a rectangle with 
sides 2a, 26 when the upper side (2a) is in the surface. 

55. Find the depth of the centre of pressure of an isosceles triangle 
of height h if its base is in the surface, its vortex downwards, 
and its plane inclined to the vertical at an angle a. 

56. Find the depth of the centre of pressure of a semicircular 
area of radius a if its base is horizontal and its vertex is in 
the surface. 


MISCELLANEOUS EXAMPLES 

These examples are arranged by subjects and therefore a selection 
of the odd or even numbers will secure satisfactory revision. Selections 
of easy and harder examples are given : 

[Easy : 2, 6, 10, 12, 15, 17, 22, 27, 30, 34, 40, 41, 42, 51, 52, 

57, 60, 61, 65, 67, 70, 75, 77, 80, 85, 86, 88, 90, 92, 94, 99, 101, 
103, 106, 108, 113, 116, 119, 121, 124.] 

[Harder : 5, 7, 11, 13, 16, 18, 23, 29, 35, 44, 45, 47, 49, 55, 5(5, 

58, 63, 69, 74, 76, 78, 83, 87, 89, 96, 105, 107, 109, 112, 
118, 120, 122, 125.] 

Differentiate with respect to x the functions in Nos. 1-8 und 
sketch the graphs of those in 6, 7. 

, 1+2 cos a; 0 f l - xy i ^ * n _ 

2 + cos x ' 2 ‘ \1 +x) * ' tan x +cot x' 


4. sec 1 . j -r ——• 

v 1 + x 
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5. cot 


Jil- 1 )- 


6. tan' 1 
2x 


cos x - sin x 
cos x +sin x 


7. cot 1 (1 - x) - cot' 1 (1 + x) - sin -1 ——- - r . 

V (4 + x*) 

8 . {\/(* 2 + a 2 ) - V (* 2 - a 2 )}/{\/(^ 2 +« 2 ) + V (* 2 ~ « 2 )}. 

t/ 2 !/ 

Find terms of t for the relations Nos. 9-11 : 

9. x=acost, y =6sin*. 10. x =t + sin t, y = 1 + cos t. 


11. x-a sin t - b sin (at/6), y =a cos t - b cos (a//6). 

12. Two sides of a triangle have fixed lengths a, b and include a 
variable angle 0. If the area is y when the third side is x, 
prove that- dy = \x cot 0 dx. 


13. A particle moves a distance s along a straight lino in timo t. 

If the acceleration varies as the cube of the velocity, prove that 
d?t . 

^2 is constant. 


14. If y — x(l ®)(1 +ax + 6x 2 ) and if is zero for x =0 and x = 1, 


dy . 


find a, b and prove ^ is zero for x = x = 1( 1 ± y/3). 


15. /(x) is defined by the relations 

/(x)=l+ t ,x<0;/( I ) 5 l,0< I< l; /(x) = 2x 2 -4x +3,x>1 ; 

find f'(x) for all values of x for which it exists. 

16. If f(x)~ -£x*, x<0 and /(x) = x”sin x>0, find whether 
/'(0) exists if (i) n =2, (ii) n = 1. 

17. Prove that (tan x)/x increases as x increases from 0 to Irr. 

18. Prove that 3sinx/(2 +cos x)< x if x > 0. 

Find the values of x for which the functions in Nos. 19-23 have 
maximum or minimum values ; distinguish between them. 

IQ X ~ ° 2 X 4 

’ x*n 20, (x- i)(x- 3) 3 ’ 21 - v(i +*>- v(i -*). 

22. (x - a) 2 (x - 6)3 if (i) a > 6, (ii) a =6, (iii) a < 6. 

23. sin x + £ sin 3x + \ sin 6x. 
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24. If tan y = 2 tan x, prove that the maximum value of y - x is 
cot -1 \/8, assuming 0 < x < y < r. 

25. f(x) = x 2 + x, 0<a:<l; f(x) = 6 - x - 4/x, l<x<3; for what 
values of x between 0 and 3 is f(x) greatest ? 

26. f(x) = 1 - 2x + 3x 2 , 0<*<1 ; f(x) = £(x + 3/x), l<x<3; find 
the greatest and least values of f(x) in (0, 3) and find whether 
these are the same as the maximum and minimum values. 

27. AB is a diameter of a given circle ; PQ is a chord parallel to 
AB. Prove that the maximum perimeter of the quadrilateral 
APQB is ® AB. 

28. Prove that the area of the greatest rectangle that can be in¬ 
scribed symmetrically in a sector of a circle, radius a, angle 2(1, 
is o 2 tan £/i. 

29. A rectangular sheet of paper OACB is folded over so that the 
comer O just reaches a point P on one of the sides AC, CB ; 
OA = a, OB =b, a<b. Show that as P moves from A through 
C to B the end of the crease is either at A or B when the length 
of the crease is a maximum, and that it is greatest when the 
end is at A or B according as a 2 >or < £(V 5 “ 

30. Prove that the tangent and normal to x 3 =ay(a-x) at 
(\a, \a) form with the x-axis a triangle of area 5a 2 /64. 

31. If the tangent at P to the curve x=acos 3 t ?/=asin 3 * cuts 
Ox at T, and if PN is the ordinate, prove that PT . OT =a . NT. 

32. If the normal at P(x, y) to the curve a 2 /x 2 +b 2 /y 2 = 1 cuts Ox, 
Oy at G, H, prove that PG : PH =a 2 y* : b 2 x A . 

33. Find the length of the subnormal at ( x , y) for the curve 

by 2 =(a +x) 3 . 

34. Find the point where the tangent to y( 1 +x 2 )=2x at x=t 
meets the curve again. What happens when t =31 

35. Prove that the tangent to y 2 =x 3 at x = £ is also a normal to 
the curve. 

36. Prove that the tangents to y 2 (x - 1) =x 2 (x + 1) at the points 
where x =2 intersect at an angle J-. 

37. Find the length of the tangent and find the subtangent at 
(x , y) for the curve y =a log (x 2 - a 2 ). 
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dy 

Find j in terms of x for the relations in Nos. 38, 39 : 
ax 


38. ?/ = (1 +a:) n *log(l +x). 


39. x 


Integrate with respect to x the functions in Nos. 40-45 : 
1 +3x 2x .. 1 


40. 


43. 


x 2 (x + 1)’ 

log X 
y/x ' 


41. 


44. 


(x 2 + l)(x + 1)* 
V(a 2 - x 2 ) 


42. 


x(x 2 +a 2 )' 


x- 


45. r 


1 


sin x + cos x 


r j + sm 

46. Prove that \e x -- dx = c x tan 1 x c. 

J 1 + cos x 

f+i f 1 3 s dr 

47. Evaluate (i) ; (»») -771 -* 7 - 

J -1 Jov(l-^) 

48. Prove that J x log ^1 dx =ss= 1-60. 

49. Find the function /(x)=ax+ 6 , for which /(1) = 1 and 

|/{x) j dx has its minimum value. Prove that f(x) is zero 

J 0 

when x = 1 - \ y/2. 

50. Prove that a cone of base-radius 2 in. and slant height 10 in. 
can just be passed through a loop of string of length 1 ft. 

Prove the results in Nos. 51-55 : 

51 * J o tan ' la:da; =i 7r - & lo g2; (ii) J* e _x (x* - 1) dx = 0. 


52 


53 


•J^ 


dx 




cos x cos a 
dx 


= £- cosec a, 0 < a < 7T. 


x)V* 


= |tt. 


»■ j; 


(a 2 cos 2 x +6 a sin 2 x) 2 ~ 7r ^° 2 + b2 )/(2a 3 6 3 ), o > 0, 5 > 0. 
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r»r/2 

56. ( 1 ) If w n=J o cos" d cos nddd, where n is a positive integer, 

prove that u n =-/2 n+1 by showing that u n . 1 =2u n or 
otherwise. 

cm2 

(ii) If v n = sin nO cos n+1 6 cosec 6 dO , prove that 
v n ~ v n . 1 =7r/2 n+1 , and hence find v n . 

57. Find the area of the loop of a 3 y 2 =x*(2x + a). 

58. Find the area between the curve x(x 2 +y 2 )=y 2 and the 
asymptote x = 1. 

59. Prove that the area between the curve xy 2 = 8(1 - x) and the 
asymptote x =0 is 2-y/2. 

60. v, s, t are connected by the relat ions v =n\/(a 2 - s 2 ), 8 = a sin nt ; 
t'l is the mean value of v with respect to t from t=0 to 
t=7r/(2n) ; v 2 is the mean value of v with respect to 8 from 
5=0 to s = a. Prove that ~ 2 v l = 8v 2 - 

61. If y =a log (1 - x 2 /a 2 ) t prove that 8 + x =a log {(a +x)/(a - x)} 
if 8 =0 when x =0. 

62. Prove that the “length of the tangent” to s =clog (cjy) is 
constant. 

63. A uniform flexible chain of length l hangs between two points 
whoso horizontal and vertical distances apart are a, b re¬ 
spectively, in the curve y =c ch ( x/c ). Prove that 

2c sh (a/2c) = y/(l z - b 2 ). 

dO 

64. A point P moves along r n =a u sin no so that ^ =w where w 

is constant ; prove that the tangent at P rotates with angular 
velocity (n + l)w. 

65. Find p in terms of a, 6 for the curve r cos 2 0=asin 0. 

66. If the p, xp equation of a curve is p n =a n cosnxf., where a > 0, 
prove that the p, xp equation of the pedal with respect to the 
origin can be written p m =a m cos mxj/ where m =n/(n +1). 

67. For r n =a n sin n6, prove that | (n + l)pp \ =r 2 . 

68. For y =c sh (x/c), prove that cy/> = \/(y 2 + 2c 2 ) 3 , if c > 0. 
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69. For r =ae m0 , prove that the chord of curvature through the 
pole is 2r. 

70. For x —a cos 3 1, y =a sin 3 1, prove p = - 3 p. 

71. For y z =c 2 +e 2 , prove | cp | = y 2 . 

72. Find p in terms of A for the curve given by x=a(I - 2A 2 ), 
y=a{ 3A-4A 3 ). 




If the normal at P to the parabola 4«i/=x 2 +4a 2 cuts the 
x-axis at G, prove that the radius of curvature at P equals 


2GP. 

d^r sin 2 */) 

Prove that =- 

ds* r 


sin </> 

• 

P 


Find the value of |p[ at the origin for the curves in Nos. 75-76: 

75. 2x(x + 1) = 5y 2 (y + 1). 

76. 2 x 2 y +xy 2 - 4 y 3 +y 2 - 4x 2 =0. 

77. Prove that the envelope of 

arY(a 3 cos A) +?/ 3 /(6 3 sin A) = 1 where A varies, is x 2 /a 2 + y-/b 2 = 1. 

78. Find the envelope of the line Ax(3 + A 2 ) - 2y = 2a A 3 where A 
varies. Find also the coordinates of the centre of curvature 
at the point of the envelope corresponding to the point A. 

*79. Prove that the evolute of the curve given by 

x = 3 sin t - 2 sin 3 1, y = 3 cos t - 2 cos 3 1 is x 2 / 3 + y 2 l* = 42 / 3 . 

80. Find the evolute of the curve given by 

x=cos* +*sint, i/=sin* - t cost. 

81. Prove that the evolute of r 2 =a 2 cos 20 is 


9(x 2 / 3 +2/ 2 /3 )( x 4/3 _ y4,3 } =4a 2 % 



83. 



Prove that the area of a loop of r=a sin nO +b cos nO where 
n is a positive integer is ~(a 2 +6 2 )/(4n). 

Sketch the curve x =a cost, y =a sin 2t, and prove that the 
area of a loop is 4a 2 /3. 

Prove that the area of the curve x=sint, y =sin t (cos *) 1/2 


85. The thickness of a circular plate of radius a at distance r 
from the centre is c tan-i (r/a). Find the volume of the^Iate. 
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Evaluate the integrals in Nos. 86-89 : 


86 . 


88 . 


rx 


dx 


o _ 


r x 3 


X 

rz 


V(xy)dy. 


87. 


V/2 Ca cos 0 

d6 | r 3 cos2#eir. 
J o 


0 J 


0 


z(x +y)dxdydz. 89. 


■e 

0 


V f27T 


0 J 0 


r 4 cos 2 tfsin 2 <t>drdOd<p, 


90. If z=f(x 2 /y), prove x ?- + 2 =0. 

c'x ^5*/ 

91. If u = log (x 3 + 1/ 3 +z 3 — 3xyz), prove that 


( * +2/ +2) ( + 


5m 5m 5m 
dy + dz 


)=3. 


92. If u =logr and r 2 =x 2 +y 2 + z 2 , prove that 

2 5 2 m 5 2 m 5 2 m\ 
r V5^ 2+ 5p + 5i 2 ^ = 1 * 

93. If z=xV, prove that 

5 2 z 5z 5 2 z 5z _ 1 5z dz 

dxdy dy dy 2 dx~y dx dy 

94. If t =27r^/{l/g) t express dg/g in terms of t, dt, l, dl. 

95. A triangle with unequal sides a, b, c is inscribed in a circle 
of known radius R. Prove that the error in the area A due 
to small errors in b, c is given by 

8A _ 2(a 2 - 6 2 ) 8b 2(a 2 - c 2 ) 8c 
A a 2 - 6 2 + c 2 b + a 2 +b 2 - c 2 c * 

96. If to =f(x, y), x =m 3 - 3 uis 2 , y = 3m 2 u - v 3 , prove that 

/•x o, 2 %\f dw \ dw dw . 

<*) 3(u +v \ u 8i +v by) =u b~u ~ v dv ' 

. o o d 2 w\ d 2 w d 2 ™ 

5m do 

97. If a; =u + e- r sinM, y =v +e' v cosu, prove that =^-« 

98. If y=ax cos (6 +n/x) where a, 6, n are constants, prove that 

x 'z? +n2 y=°- 
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99. Find the curves r =f(0) for which ap 2 =i 3 . 
100. Find the curves r =f(0) for which <f>=nd. 
Solve the differential equations in Nos. 101-110 : 


101. y x =(x + 1 )( 2 / - 1). 

103. y x + y tan x = cos 2 x. 

105. y 2 tan x + y x — 0. 

107. y 2 + 12 y x + 36*/ = 0. 

109. y 2 +3i/j - 4 y =e r . 

111. Evaluate (i) Iim * + COs '■ * . 

<_», tan 2 ~t 

112. Evaluate lim ~ * sin * 

113. Determine a, b, c so that 

lun °( a +^cos 0) 
0-M> f’ 6 


102. yy x +x =sin x. 

104. y 2 cos 2 x — 1. 

106. y 2 - 2j/j - =0. 

108. y 2 + 3y x - 4y =c lx . 
110. y 2 - 12 y x + 3C»/ =e 6x . 

(ii) lim (soo irt - tan rrt). 


- csin 


6 


= 1 . 


114. If n is a positive integer and if y =(x - l)"-> log*, prove that 

2 /n=(n- 1)1 (1 - x’ n )/(x- 1). 

115. If sin 1 y =a +b sin -1 x, prove that, when x =0, 

y,i+ 2 ={n 2 - b 2 )y n . 

116. If y = y/(l - x 2 )sin~ l :r, prove that 

( J “ ~ XX J\ +y= - 2x 

and deduce that 

* 3 x 5 2.4... (2n - 2) x- n+l 


* — «- . - 


3 . 5 ... ( 2 n - 1 ) 2/1 + 1 


117. If yV(l + * 2 )=log{:c +-v/(l + * 2 )}, prove that 

(1 + a? 2 )y x + xy = 1 
and deduce the expansion for y : 

* 3 - 6 . +<-1)+ • • •• 
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118. If {ch' 1 (1 + x)} 2 =^La r x r , prove that 

(n + l)(2n + 1 ) 0 ,,+! + n 2 a n =0 

and find a„. 

119. Sketch the curve x 2 (x +y) =y 2 . 

120. Sketch the curve (x + y) 2 (x - y) = 2xy. 

121. Find the asymptotes of the curve 

xy(x - y) 2 - x 3 +y 3 + 2xy =0. 

122. Find the radii of curvature at the origin of the two branches 
of the curve given by x = 1 - t 2 , y =t - 1 3 . 

123. Trace the curve y 2 (a + x) = x 2 (3a - x) and prove that the area 
of the loop and the area included between the curve and the 
asymptote are both equal to 3a 2 \/3. 

124. A solid of mass M and uniform density is formed by the re¬ 
volution about the ar-axis of the area bounded by the positive 
a;-axis and the curve y =x\/(l - x). Find its moment of 
inertia about Ox. 

125. A rectangular plate, edges 2a, 2b, is of variable thickness kr 2 
where r is the distance of the point from a fixed point distant 
c from the centre of the plate. Prove that the mean thickness 
of the plate is $h(a 2 +b 2 + 3c 2 ). 


ANSWERS TO VOLUME II 

(Constants of integration are usually omitted .) 


Exercise XI a (p. 243) 


1. (2x + l)(x - 3) 6 /14. 

3. - ^(3a^ + 6x + 4)/(x + 2) 3 . 

5. tV(3x-2)V(* + l) 3 . 

7. - l/{16(4x 2 +9) 2 }. 8. 

10. £ tan 4 x. 

12. (3x + 4)(x- 1 ) 6 /21. 

14. - §(8 +x)V(4-x). 

16. | tan’ 1 (2x/3). 

18. - - cos 2 x)\/(cos x). 


2. - £(4x + l)/(2x + l) 2 . 

4. jj(x +4) x /(x- 2). 

6. J(1 + x 2 ) 4 . 

~ § V( 1 ~ x 3 ). 9. -£cos 4 x. 

11. (5x- 2)(x +2) 5 /30. 

13. - £(2x 2 +4x+3)(x+3) -4 . 
15. £ sin" 1 (3x/2). 

17. sin -1 y/x - y/{x - x 2 ). 


Exercise XI b (p. 246) 

1. 0-4. 2. 5£. 3. 32§. 4. 0-2. 

“ V( 1 + x 2 ) 3 -i- (3X 3 ). 6. - cosec -1 x if x > 1 ; + if x < - 1 

7. £ tan -1 x 3 . 8. V2-i\/5. 9. £tt. 10. J-. 

11. tt/ 12. 12.2/99. 13. Jir-JVS. 14.2/15. 

15. 1-^3+^ 16. The second ; £-$7r,*+j7r. 17. k. 

18. Yes, no ; tan* 1 &tt. 


Exercise XI c (p. 250) 

1. ^ (sin 3x - 3x cos 3x). 2. $ (cos 2x + 2xsin 2x). 

3. (x 2 - 2) sin x + 2x cos x. 4. *(2x 2 - 2xsin 2x - cos 2x) 

5. xcos-ix- 6. ^(x 2 + 1) tan* 1 x - ix. 

fT' 4 ' 912-3rr 2 . 10. sin«-Jsin’el. 

12. (sin 4x - 4 sin 2x)/32 - x(cos 4x - 2 cos 2x)/8. 13. (tt - 3)/16. 


Exercise XII a (p. 257) 


2. 2 08, 2-77, 3-47, - 2-08, - 2-77, 
5. 3/x. 6. - 1/x. 7. l/(2x). 

10. - 2 tan x. 11. 4/(4x+3). 

13. 1+logx. 14. (1 — log x)/x 2 . 
18. Jjt, max. ; tan’ 1 2, min. 


-3-47. 3. MO. 4. 1/x. 

8. cot x. 9. — 1/(1 — x). 
12. sec x cosec x. 

15. 1/(1-x 2 ). 17. I/(2e). 
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Exercise XII b (p. 258) 


1. £logla:|. 2. log|l +x|. 

4. | log] 1 + 2 s !. 5. log (3a; 2 + 5x + 7). 

7. log | sin x |. 8. 1 log | sec 2x \. 

10. log (5/3). 11. log (4/3). 12. log 2. 

15. 2-log 2. 17. (H + log 2)a 2 . 


3. - £ log 11 - x 2 \. 

6. £ log x 2 - 4a; + 31 
9. ^ log sin 3x|. 

13. £. 14. 1 - log 2. 


Exercise XII c (p. 259) 

1. 4e 4z . 2. - 2e- 2X . 3. ( l + x)e z . 4. 2xe x \ 

5. e- x (2 sin 3x + 3 cos 3x). 6. (3a; - 1 - x 2 )e~ x . 7. £e»*. 

8. - e' x . 9. 2y/e x . 10. |e*\ 11. log(e* + l). 

12. x - log(e* + 1). 13. 2(e 2 -l). 14. (e 4 - l)/(2e 2 ). 15. e-1. 

17. 1/e. 19. sh 1, (1-18). 20. c( 1 - e'°) ; area —c. 

21. 3, max. ; 0, 3 ± \/3, infl. 22. 1, 3. 23. e, 0. 

24. a/(a 2 + b 2 ) t - bj{a 2 +b 2 ) ; e ax (a sin bx - b cos bx)j{a 2 +b 2 ). 


Exercise XII d (p. 262) 

1. (9a; 2 +34x + 29)(x + 1)(* +2) 2 (x +3) 3 . 

2. (60* 2 +13x+32)(x- l) 4 (3x + 4)/(5x - 2) 4 . 

3. (46a- 2 - 59a; - 90)(x +4) 2 /{6(x - 3) 1 / 2 (2a; + l) 2 /*}. 

4. e x {(sin x +cos x) log x +x~ l sin x). 

5. x 2 e z {(x + 3) sin 2x + 2x cos 2x}. 

6 *e“(7 cos 7* + 2 sin 7x - cos x - 2 sin x). 7. 10* log 10. 

8 ! a:10*(2 + x log 10). 9. l/(x log 10). 10. - e cosx . 

11. 2 x /(log 2). 12. |(loga;) 2 . 13. e l /«. 15. (1-logx)/ , 

(21og*-3)/x». 16. y 2 l(l-xy). 17. -3sin<sin3<. 


1 . 

3. 

6 . 

8 . 

10 . 

12 . 

13. 

14. 
16. 
19. 
21 . 


Exercise XII e (p. 264) 

\x 2 (2 log*- 1). 2. a: tan’ 1 a:- \ log(l +x 2 ). 

e ic (3x-l)/9. 4. e x (x 2 - 2x+2). 5. ^(sin a: - cos 4 

le- x (sin x - cos x). 7. - ( 1 + log x)fx. 

- \e- x (sin 2x + 2 cos 2x). 9. x tan x + log | cos x \ . 

a: tan x + log | cos a; | - 11. e*(sin 2 * - 2 cos 2*)/10. 

e r (5 + cos 2a; +2 sin 2x)fl0. 

e x {(sin 4x - 4 cos 4a;)/34 + (sin 2a;- 2 cos 2a:)/10}. 
a^{9(log a:) 2 - 6 log x + 2}/27. 15. a: 6 (loga; - 1 )/36. 

1. 17. 18. £7r+A log2. 

(ne n ^ + l)/(n + l) 2 , - 1 ; if n = - 1. 20. - 

4— 2 . 22. ( - 1 +e s - 5c 5 log e)/25 ; - 1/25. 
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Exercise XIII a (p. 265) 

1. 0, 1. 7. e* 8. e-L 9. 1. 10. ch 2x. 

11. sh 2x. 12. ch x. 


Exercise XIII b (p. 268) 

13. sh (A - B) =sh A ch B - ch A sh B ; 

sh A - sh B = 2 sh J ( A - B) ch h (A + B ) ; 

ch (A - B) =ch A ch B - sh A sh B. 14. coseeh 2 0 =coth 2 0 - 1. 

15. 2 sh 0 ch </> =sh (tf + </>) +sh (0 - </>). 

16. th (0 - </») =(th 6 - th </>)/( 1 - th 6 tli c/,). 

17. coth (6 +</>) =(coth 0 coth </> + 1 )/(eoth 0 + coth </>). 

18. - sh 2 x. 19. - cosech 2 x. 20. oh 4x. 21. I. 22. th a:. 

23. coth 2 £x. 24. lj. 25. ±2^/2. 26. \^2. 

27. 3 and log 3, or £ and - log 3. 

Exercise XIII c (p. 270) 

1. 2 ch 2a:. 2. 3 sh 3a-. 3. -shxseeh 2 x. 

4. - £ch \x cosech 2 £x. 5. 3shGx. 6. coth x. 

7. 2 secli 2 2x. 8. 2 th xsech 2 x. 9.-1 cosoch 2 hx. 

10. 2cosech 2x. 11. - 4sh 2xsech 3 2x. ‘ 12. coth 2 x. 

13. shxchx. 14. 2 ch £x. 15. J log cli 2x. 16. \ th 2x. 

I 7 ' ~ 2 coth \x. 18. J log | sh 3x |. " 19. i(x + sh x ch x). 

20. £(sh x-x). 21. x - coth x. 22. tan -1 e 2 *. 

23. cosech x, log|th \x\. 

24. ^(ch 4x - 2 ch 2x)“ £(ch 4x + 2 ch 2x). 

25. (sh 5x + 5 sh x)/10, (sh 5x - 5 sh x)/10. 

ob' ^ ~ 1 )/(8e 2 ). 27. xchx-shx. 

28. £x sh 2x - £ ch 2x. 29. x th x - log ch x. 

30. (x 2 +2) sh x - 2x ch x. 


Exercise XIII d (p. 272) 

1. 4. 2. \c\e - e- 1 ). 4. 1/e. 7. 1 - 1/e. 

«. a=0. 9. 2ir th a ; - 2t r. 10. Ar 1 log ch {ckt). 


Exercise XIII e (p. 277) 

J* log 5. 2. log (2 + y/3). 3. i log (9/5). 

o. Always positive and min. at x = 0. 6 1/M 

7. 2/V(4x2+9). 8. 4/V(16 x2-25), 
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9. 3/(1 - 9x 2 ), | x | < £. 10. -l/y/(x*+x 2 ),x*0. 

11. - l/{aV(l " * 2 )}, 0<x<l. 12. -2/(4x 2 - 1), |x|>£. 

13. log (a: -1 + V(1 +x~ 2 )},xj=0. 14. log {a; -1 + y/(x~ 2 - 1)}, 0 <x < 1. 

15. £ log{(x + l)/(x - 1)}, | x \> 1. 17. £log(16/27). 

18. 4 log (1 + y/2). 


Exercise XIII f (p. 280) 

1. sh" 1 £x. 2. ch -1 \x. 3. £ ch -1 §x. 4. £ sh -1 3x. 

5. -^sin^fx. 6. £ sh -1 x 2 . 7. log 3. 8. log (4 --y/U- 

9. tan -1 10. log(5V 2 +3\/5-2V10-6). 

11. sh -1 (p/a) - sh -1 (q/a). 12. £{x-y/(x 2 + 9) + 9 sh -1 £x}. 

13. \{xy/(x 2 - 9) - Oclr^x}. 14. £xV(9* 2 + 16)+2§sh- 1 £x. 
15. )}Xy/(\ + x 2 ) - 1 sh -1 X. 16. {\/(x 2 - l)}/x. 

17. ch' 1 x - {\/(x 2 - l)}/x. 18. ch -1 (x - 1). 

19. £(x - l)\/(x 2 - 2x) - l ch’^x - 1). 20. sh“ 1 (£x+£). 

21. x sh" 1 x - y/( \ + x 2 ). 22. (|x 2 - £) ch" 1 x - \xy/(x 2 - 1). 

23. x th _1 x + £ log (1 - x 2 ). 24. +8 log 2. 

25. 2--v/5+log{J(\/5+l)}. 26. 4 log (2 + -y/3) - 2 y/3. 

28. (log 2)/k, (log 3 )/k. 


Exercise XIV a (p. 284) 


1. (i) a: 2rt+1 /(2n + l),n=* - £, log x if n = - (ii) x l ' n /(l - n), n* 1, 
log x if n = 1 ; (iii) log x + 1/x. 2. ^e 31 , — e x , 2y/e x . 

3. - £ cos 2x, 2 sin \x , £ log | sec 4a: |. 

4. \ tan 3a:, - l cot 2x, 2 log | sin £ x |. 

5. h ch (2x +1)”, £ sh (2x - 1), £ logch(2x +3). 

6. | log | 2x + 3 £ log | 5 - 4x |, £ log (1 + 3a; 2 ). 

7. sin' 1 x ; - \/(l - x 2 ) ; ch" 1 x, x>l, but - ch" 1 ( - x), x < - 

8. \/{x 2 + 1) ; sh” 1 x ; y/(x 2 - 1) 4-ch- 1 x, x> 1, but as in No. 7 


9. 

13. 

15. 

18. 

22 . 

25. 

28. 

33. 

35. 


if x < - 1. 

sec a:. 10. - cosec a;. 11. log|tanx|. 12. tan x - x. 

X tan- 1 lx. 14. ch- 1 £x, x>3, but see No. 7. 

X tan -1 \x. 16. \ sh' 1 §x. 17. - log (1 + cos x). 

log (1 +ch x). 19. I sin- 1 2a:. 20. ch' 1 \x, x > 2, 

but - clr 1 ( - £x), x<-2. 21. - l log | 4 - x 2 \. 

log(l+c*). 23. tan -1 e x . 24. $ tan" 1 3a;. 

I log ch 2a;. 26. - log | sh (1 - x) |. 27 . -sechx. 

- cosech x. 29. log ch x. 30. £ ch" 1 3x, x > ^ 

but -£ch-M-3x), x<-£. 31. £ sin -1 3x. 32 . tan e, 

4V3tan-M(x+2)/V3}. 34. 1 tan-M(x - 3)/5). 

x tan' 1 {(2x + 1 )/3>. 36. sin' 1 £(x - 2). 
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37. ^sin'M^x - 2)/x/o}. 38. £ sin’ 1 |(3x + 1). 39. ch" 1 §(x - 2). 

x > 5 ; - ch‘ l £(2 - x), x < - l. 40. sh" 1 J(x + 2). 

41. slr^x-3)/V3}. 42. £ log|(x - 3)/(x + 3)|. 

43. -.V log| (5 + x)/( 5- x)|. 

44. iv 2 log|(x+3 - V2)/(a:+3 +-v/ 2 )|- 


Exercise XIV b (p. 287) 

!• -^log(4-5x). 2. — log (1 - x) — x. 3. Ax 2 + x + log (x - 1). 

4. ^x 3 - bx 2 +x - log(x + 1). 5. A log{(x- l)/(x + 1)}. 

6. A log (x 2 - 4). 7. log {(3 + x)/(3 - x)}. 

8. 3 log (x - 1) - 2 log x. 9. 2 log (x - 1) + 3 log (x +4). 

10. 3 log (x + 2) + 5/(x + 2). 11. 2 log (x - 4) - log (x +3). 

12. I log{(x +3)/x}- l/(3x). 13. 2 log{(x - 2)/x} - 5/(x - 2). 

14. log (x + 1) - 3 log (x - 1) + 8 log (x - 2). 

15. 2 log{x/(x + 1)} - 1/x. 16. log (x - 3) - (6x - 14)/(x - 3) 2 . 

17. log{x(x + 2)/(x + 1 ) 2 }. 18 Ax 2 + 3x +8 log (x - 2) - log (x - 1). 

19. 2 log{(x - l)/(x+2)}- 3/(x - 1). 20. (1 + x)/<x - x 2 ). 

21. 2 log{x/(x + 1)} + l/(2x 2 ). 22. l/(e c -*- 1). 

23. x + log (1 +e x ) - 2 log (1 + 2e r ). 

24. y ={6 2 /(2a)}log{(x - a)/(x +a)} +c. 


Exercise XIV c <p. 291) 

1. A V 2 tan -1 (x/V 2 )- 2. A log (x 2 + 2). 

3. AV31og{(x-V3)/(x + V3)}. 

4. ^V21og{(xV2- l)/(x V '2 +1)}. 

5. (l/V10)tan- 1 (2x/- v /10). 

6. T V-v/61og{(xV3 - V 2 )/(-*V3 + V 2 )}. 

7. x — 3 tan' 1 ^x. 8. A log(x2 +3) + V3 tair 1 (x/v/3). 

9. £ log (2X 2 + 1) + y/2 taxr 1 (xy/2). 

10. log(2x-f3)-£log(2x-3). 11. x +log(x 2 + 1). 

12. |x 2 -log(x 2 + 2). 13. ilog(x4 + l). 14. A tan* 1 {A(x + 1)} 

15. f V3tan- 1 {(2x + l)/V3}. 16. ^ tan 1 {(2x - 3)/5}. ~ 

18. &v'31og{( v '3-2+x)/( v /3+2-x)}. 

19. 5 log (x 2 + 2x + 10) - l tan- 1 {$(x + 1)}. 

20. x +log (x* - 2x - 2) + iy 3 log{(x - 1 - V 3)/(x - I + V 3)}. 

23 : 22 - Iog{ ^ +1 )>- 

24. ^x 2 + 3x + log (x 2 + 1 ) - 2 ten- 1 x. 

i l°g{(x - l)/(x + 1)}+ ^ tan -1 x. 

n 
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26. £ [log{(a; +l) 2 /(x 2 +1)}- 2/(x + 1)]. 

27. T s T log{(4 + x 2 )/(l - x) 2 }- 1 tan- 1 £x. 

28. {tan - 1 £x + 3x/(x 2 + 9)}/54. 

29. - £(# + 4)/(x 2 + 4) - tail" 1 Ax. 

30. T V tan- 1 {£(x + 1 )> + (x + 1 )/{8(x 2 + 2x + 5)}. 


Exercise XIV d (p. 295) 

1. §(rr+3)V»- 2. f(x - 2)V(* + 1). 3. - 2^/x - log (1 - y/xf. 

4. - §(2x + 1)V(1 “ »)• 5. £-^3 log [{V3 - -v/(l - *)}*/(* +2)]. 

6. T 2 3 (3x 2 +8x+32) v '(*-2). 7. sh' 1 {£(x + 1)}. 

8. sin _1 {£(x - 2)}. 9. ch^f^x +3)}, x> - 1. 

10. ch _1 (2x + 1), x > 0. 11. sin -1 * - 2\/(l - x 2 ). 

12. y/(x 2 +4) + sh _1 £x. 

13. 2y/(x 2 + 3x + 2) - 4 ch -1 (2x +3), a: > - 1. 

14. £ sh _1 {(2x - 1)/V3}- \/(l - x + x 2 ). 

15. £ sin _1 {(2x + \)fy/5}- -y/(l - x - x 2 ). 

16. sin -1 x + \/(l - x 2 ). 17. y/{x 2 + 2x) - ch -1 (x + 1), x > 0. 

18. £(x 2 - 8)\/(x 2 +4) +sh _1 (Ax). 19. -£sh _1 |3/x|. 

20. - £ ch -1 1 3/x |, | x | <3, x =*= 0. 

21. - |- v /3ch- 1 |(2x-l)/(x-2)|, x> 1, x=*=2; 

JV3 ch_1 {(l - 2x)/(2 - x)}, x < - 1. 

22. log{\/(l +x 2 ) - 1}- logx + v'( 1 +x 2 ). 23. £ sh _1 x 2 . 

24. x(l+x 2 ) -1 / 2 . 25. 6h _1 x - x/\/( 1 + x 2 ) if integrand is positive. 

26. ch -1 x + cosec -1 x, x > 1 ; - ch' 1 ( - x) - cosec -1 x, x < - 1. 

27. -{VC 1 +x 2 )}/x. 28. £sh _1 x + Ax\/(1 -f-x 2 ). 

29. £x \/(4 - x 2 ) + 2 sin -1 (Ax). 

30. f {aV(* 2 " 9) ~ 9 ch_1 * > 3. 

31. £x-v/(l + x2 ) ~ £ sh_1 x - 32. ch’ 1 x + -v/(l - x~ 2 ), x> 1. 

33. \ sh' 1 (x+1)+^(x - 3)y/(x 2 +2x+2). 34. cos -1 (5 - 2x). 

35. |(2x - 5) V{(* - 2)(* - 3)} - £ ch' 1 (2x - 5). 


Exercise XIV e (p. 299) 

1. £ log tan (x +£tt). 2. 2 log tan \x. 3. log tan x. 

4. cos x + log tan £x. 5. 2 sin x - log tan (£x +£*-). 

6. 4 cos x + 3 log tan £x. 7. tan lx. 8. -l/(l+sinx). 

9. tan (£x - \n). 10. £ tan' 1 (£ tan £x). 

11. £log{(2+tan£x)/(2-tan£x)}. 12. £ tan' 1 (2 tan Ax). 

13. £x - £ log (cos x +sin x). 14. v'2tan’ 1 {(ta nx)/V 2 }~ x - 

15. | \/2 log tan (£x + £?r). 15* £\/2 tan -1 (\/2 tan x). 

17. x - log (sin x + 2 cos x) 2 . 18. £ tan' 1 {§ tan (£x - £*")}• 


ANSWERS TO VOLUME II 


519 


19. - log (1 + cot lx). 20. i{4x + 3 log (cos x + 2sin x)}. 

21. log {(5 - tan £x)/(5 tan \ x - 1)}. 22. log {x + y/{ 1 + a; 2 )}. 

23. Iog{x + y^x 2 - 4)}. 24. - 2 eh' 1 1 + cos x). 

25. log x — log{l +V( 1 " x 2 )}- (l/*)\/(l " x 2 ). 

Exercise XIV f (p. 300) 

1. ix-|sin4x. 2. -jL (cos 3x - 9 cos x). 

3. jjV- (sin 4x + 8 sin 2x + 12x). 4. I sin 7 a; - ■* sin 9 x. 

5* ,V ( x ~ i sin 4x + £ sin 3 2x). 6. ^ cos 3 x - * cos 5 x. 

7. 4(1 cos 5 x - £ cos 3 x). 8. ,**( 15 sec x - 10 sec 3 x + 3 sec 3 x). 

9. cosec x - £ cosec 3 x. 10. J tan 2 x + log cos x. 

11. £ cos 3 x - £ cos 5 x. 12. I log tan (x + Jt) - \x. 


Exercise XIV g (p. 303) 

{In these answer a, s — slne, c = coa0, t -; tnnff.) 

1. ^e' 2I (2x 4 - 4a: 3 + 6a: 2 - 6x + 3). 

2. 50/16 - c(15s + 10s 3 + 8a G )/48. 3. *(5c 6 + 6c 1 * + 8c 2 + 16)/35. 

4. Is 7 - |s 9 + 

5. (150 + 15sc + 10sc 3 - 40sc 5 - 80s 3 c 5 - 128s 5 c 5 )/1280. 

6. x{(log x) 3 - 3(log x) 2 + 6 log x - 6}. 

7. i* 5 - +1 - 0 ; - i* 2 - log cos 0. 

9. nu n +(n - 1 )u„_ 2 =sh n *~ l x ch x. 10. Y l **( 15 + 10* 2 +3* 4 ) ; 

£ sec 0 tan 0(5+2 tan 2 0) + g log (sec 0 + tan 0). 

12. (x« + 30x 4 + 360x 2 + 720) sh x - 6x(x 4 + 20X 2 + 120) ch x. 

13. (x/384){32(x 2 + 2)" 3 + 20(x2 + 2)' 2 + 15(x 2 + 2)" 1 } + 
{(5- v /2)/2o6}tan- 1 {xfy/2). 

14. (3/16) log{(x + l)/(x - 1)} - ^(3x3 - 5x + 12)(x 2 - l)-«. 

15. 2(n - 1 )m„=(x + l)(x 2 +2x +2) l ~ n +(2?i- 3)}/,,., ; 

${(x + l)(3x2 + 6x + 8)(x 2 + 2x + 2)' 2 + 3 tan" 1 (x + 1)}. 


Exercise XV a (p. 307) 


1. 8/15. 

5. 8/35. 

9. 7tt/2048. 

13. 5tt/256. 

17. ±4/35. 

20. fcr - ^ 

24. Jtt - J log 2 - 7^/32. 
32. (3:r+8)/32. 


2. 3tt/16. 3. 128/315. 4. 35tt/256. 

6. 5-/16. 7. 2/35. 8. 5tt/256. 

10. 16/1155. 11. 5tt/2. 12. 21tt/16. 

14. 3tt/128. 15. (512V2)/315. 16. 1/120. 

18. v n +v n _ 2 = \/(n - l) ; 13/15-Jtt. 19. tt-2. 

21. £tt- log 2. 22. *tt. 23. 32/t r 3 

25. ^7r. 27. 57ra 2 /4. 

34. -Itt. 
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Exercise XV b (p. 311) 


1 . h 2 . 

5. Does not exist. 

9. 1 - \tt. 10. 

13. & log 2. 14. 


Does not exist. 
6 . 1 . 

1 . 11 . I- 

0 . 


3. 7r/6. 4. 0. 

7. £ log 3. 8. 7r. 

12. Does not exist. 


1 . 2y/2. 

4. 6. 5. 7r. 

9. Does not exist. 
12. §. 13. Jtt. 

17. 2. 18. 7T. 

22. 63tt/512. 


Exercise XV c (p. 314) 

2. Does not exist. 3. Does not exist. 

6. 2. 7. 0. 8. Does not exist. 

10. log 2. 11. \i r, a>0; - ^tt, a<0. 

14. - £. 15. log 2-^. 16. t r. 

19. (ii) Does not exist. 21. n! 


Exercise XV d (p. 317) 

1. 2. Tra 2 . 3. 4 t r. 7. 4/3. 

10. 7T. 11. No. 12. 7r. 13. 

15. x=2n/(n + 1), y = !(n 5 - l)/(n 5 - n 3 ); (2, £) ; no. 16. 


( 2 , 0 ). 


Exercise XV e (p. 322) 

0, 57r/16. 2.0,35-/128. 3. Jtt, 0. 4.0,4/35. 

5. 0. 6. 2-. 7. 0. 8. 7T. 

r6 r* 

13. f(x)dx; f{x) dx. 15. £\/ 3 - 16. £tt. 

17. (t - l)/log t. 22. 7T. 

Exercise XVI a (p. 328) 

1. c sh (x/c). 2. 6a. 5. log (sh 6/sh a), (b> a). 

6. s = 8 a sin - \ ~), ( - tt< -), if s = 0 when 0 = 0 . 

7. tan- 1 (V2)-^+V2. 

Exercise XVI b (p. 331) 

5. dx:dy :ds=c:s: y/(c 2 + s 2 ) ; * =csh’ 1 (s/c) ; y = y/(c 2 +s 2 ). 

7 # ( e 2x/a _ i )i/2 # 9. x =2a(cos xf'+\f'sin \^),y =2a(sin^ - ^cos y). 

11. +o log tan \p ; s =£' + a(sec i/- + log tan J^). 


Exercise XVI c (p. 333) 

1. r 2 sin 2# = 2c 2 . 2. r = 2a cos 0. 3. r 2 =2ar cosec 20. 

4. x cos a +y sin a =p. 5. x 2 - y 2 =a 2 . 

6. (x 2 +y 2 ) 2 =2a 2 xy. 7. 8a. 8. aa. 11. 8a/3. 

13. a f ° l (sec 2 6)*l 2 dO, a \ ' (sec 2 0)" 2 dQ ; (-$x<0 l < + £»)• 

Jo , J ° 

15. a(15 + 16 log 2)/32. 
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Exercise XVI d (p. 337) 

1. \6, §0 ; r 3 = 2ap 2 . 2. r+0; r 

3. 20, 30; r*=a 2 p. 6. 7. 

8. aV 2 =/> 2 (2a 2 - r 2 ). 

10. 2ljr =1 - e 2 + 1 2 //) 2 . 


9. pr 


n-l _ a n 


= PV 2. 

r 4 =p 2 (a 2 4 -r 2 ). 


Exercise XVI e (p. 342) 

1. r = 2a cos 3 £0. 3. 2^ = |asin2^|; r = |asin20. 

5. p=a, regarded as a system of lines ; {p 2 =ar is a system of 
parabolas). 

6. p =r sin a. 7. r 5 =aV. 8. ry/2 =ae°+''l*. 

9. r=a(l+cos#). 10, r 2 =a 2 sin20. 11. </>,=</>. 

12. x 2 / 3 +t/ 2 / 3 =(2a) 2 / 3 . 14. r=2asin(0 + v). ' 

15. r =ce ecota . 16. r=a( i + s in(0 + v)>. 


Exercise XVII a (p. 348) 

1. l/(4acosa). 2. c tan a. 3. s+a=ce 2 ^. 

4. -a cosec (x/a). 7. V(a 2 +b 2 ) 2 /(2ab^2). 8 

9. fa sin 2^. 10.2a. 11. 2V5. 12.4/3. 


4a cos If, 
13. 2a 


1. 2 r-y/(r/a). 
4. (sin a)/r. 


Exercise XVII b (p. 351) 

2. - fr 8 / 3 /r 5 / 3 . 3 . 

6. p(l-n 2 ). 11. 


l/(4av/2) 
« = ha\f 2 . 


1. x 2 


Exercise XVII c (p. 354) 

q « 2 , 9 o„* 2- *=acos 3 f, ?/=asin 3 f or x 2 / 3 -f-1/ 2/3 =a 2 / a . 

3. ar/a 2 + y 2 jb 2 = 1. 4. 27t/ 2 =4x 3 . 

5. x 2 + t/ 2 =ax or r=a cos 0. 6. x 1 / 2 + y 1 / 2 =a 1 / 2 . 

• ®- AsforNo - 2 - ^ y=v 2 /(2g)-y x 2 lv 2 . 

10. x=a(0-sinfl), y= a (3+cos 0 ). ‘ 

11. (x 2 +3/ 2 ~ c 2 ) 2 = 4a 2 {(x - c) 2 + 2 / 2 }. 

12. (x 2 + y 2 ) 2 =4a 2 (x 2 - y 2 ) or r 2 =4a 2 cos20. 


Exercise XVII d (p. 359) 

s' m I; li} - * 3 - (2c> 2c) - 4 ' (i- - V3. 1 +log 2 ). 

‘ L 27^=4%-^ =2a<+atS: x ~^ a + 3a( 2 , y = - 2at 3 , that 

12 ' tKnVh 9 - 10. csh 2 1. 11. S =ocot^. 

• P k -£a(9 sin +sin yt) by a change of initial line. 
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Exercise XVIII a (p. 362) 

1. £?ra 2 . 2. 3 tto 2 /8. 3. ll™ 2 . 4. (e 4 - l)/(4e 2 ). 

5. « 2 (4-7r)/8. 6. a 2 log cot ^a. 7. £-(a 2 +6 2 ). 

8. a 2 . 9. ^7ra 2 . 10. a 2 (3~-8)/8. 

11. ia 2 (l - V2 + cot -1 V2). 13. 7—a 2 /1024 each. 

14. a 2 (2-^7r). 15. 7r(a 2 +6 2 )/12. 


1. 07T. 

5. 4a6/3. 
9. 6—a 2 . 


Exercise XVIII b (p. 365) 

2. ^7ra 2 . 3. 8a 2 /15. 

6. 4. 7. 1/60. 

10. 16/35. 11. ~/6. 


4. -J|-7ra 2 . 

8. |tto 2 . 


Exercise XVIII c (p. 367) 

1. 457r/16. 2. 2-ac+7rc 2 sh (2a/c). 

3. H —-y/{a(a+6) 3 } - ®7ra 2 . 4. 37T. 5. 67ra 2 /5. 

6. 64-a 2 /3. 7. 2 ,t{-^ 2+log (V2 + 1)}. 8 . 32tt a 2 /5. 

9. -{2-v/S- \/2 +log(V10- V5 +2V2-2)}. 10. 3 tt 3 


- 16 tt, 


Exercise XVIII d (p. 370) 

1. (2 ay/2)lir ; (4<z t/2)/(3tt). 2. Tra z y/2 t 4ira 2 \/2. 

3. 4tt 2 o6 ; 2ir 2 a 2 b. 4. 4tt 2 o 2 ; 27r 2 a 8 . 5. 4~ 2 a 2 6. 

6. 47ra 2 6/3 ; [4a/(37r), 0]. 7. (3-a/16, 0). 8. (4a/5, 0). 

9. 77r 2 a 3 /2 . 10. (ttcz, 4a/3) ; 32~a 2 /3. 11. 9- 2 a 2 6. 


1 . 6 . 

6 . 1 / 10 . 
9. §. 

12. a 2 (£- 


Exercise XVIII e (p. 377) 

2. \tt. 3. \a A bc. 4. ^tto 3 . 5. 6 r 7 ^. 

7. (6 tt-10V2)/9. 8. £a6c(6 2 +c 2 ). 

10. (3/7, 15/32). 11. 4-a 2 c(2-' V / 3 )- 

y)(sin sin /-?.). 13. 3?rAa 4 /2. 15. 16o 3 (37r 


- 4)/9. 


Exercise XIX a (p. 383) 

1.1 hj,-xly 2 . 2 . 2 ax+2hy, 2hx+2by. 

3. -yl(x 2 +y 2 ), x/(x 2 +y 2 ). 4. 2y/(x +y) 2 , - 2x/(x +y) . 

5. i/v(2 / 2 - * 2 )> - x/(vV(y 2 - * 2 )}’ if y > °- , „ 

6. - x/v(* 2 +y 2 ) 3 > -y/V(* 2 +y 2 ) 3 - 7. o, 1 , 1 , 

8. 6ax +66?/, 66x, 66x, 6c?/. 9. - l/x 2 , 0, 0, - 1/y . 

10. Each is e x+ v. 11. -y cos x, - sin x-sin?/, -sinx-si ny. 


- x cos y. 

12. sh x ch 2?/, 2chxsh2 y, 2chxsh2 y, 4shxch2y. 


13. a/b. 
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Exercise XIX b (p. 388) 

1 . 4* 3 + 6 *- 2 . 

2. (lf\/)dV=(2lx)dx+(3jy)dy ; (l/V)dV = (l/x)dx - (lfy)dy ; 
x 2 (x 2 + y 2 )dV =y 2 (ydx - xdy). 

4. - x?/y 2 . 5. y 2 /x 2 . 6. (?/ cos a: - sin ?/)/(x cos y - sin x). 

7. aia^, +byy x = 1 . 8. xxf 1 /’ + yy^ 1 !* =a 2 < 2 . 

9. x(2 - +i/(2 - Xj/i/j) = x x + j/j. 

~yfvlfx> ~ yfxlfir 11. -3 a*x 2 ly 7 ; £ sh 2y. 

15. - cos B sec C. 16. 0; ~ 3V/2. 


Exercise XIX c (p. 393) 

1. du =(udx +dy)/(u + v), dv ={dy - vdx)f(u +v). 

3. cos 0 ; cos 0 ; -r sin 6 if x =/(r, 0) ; - (sin 0)lr if 0-g(x, y). 

4. xV v - yV x . 6. V r 2 +(l/r 2 )V 0 2. 

7. x = r cos 0 — 0rsin 0, y =r sin 0 + 0r cos 0. 

13. 2 f uu +(u + 2vfu)(f uv +f vu ) + (u 2 +2v+ 2v*Iu*)f„ + 2 U 

16. (± V2, =F V2), (0, 0). 


. d^x 

4 * ^ = “ n2a? * 


7 . 2 / 




dx 2 


+ Q = 


Exercise XX a (p. 397) 

5. xdy=ydx. 6. ^ =0. 

dx i 

°; d+^+2^-0. 


Exercise XX b (p. 401) 


1. 2/ = £x® +c. 

4. x =log (csin y). 

6. 3y =2x3/2 +c, 

9. x«-2xV=c. 

12. xy ~ax +c. 

15. y = ±sin (x - c). 

17. 2/=ix 4 + log(cx). 

20. (1 + x -y)f(l~ x +y) =cc=*. 


2. 12 x+i/- 6 =c. 

5. r0 +cr +k =0. 

7. x 2 +2xi/ =c. 

10. x =tan (c - 1/y). 
13. x+t/=a log(cx). 


3. y —x 1 - § x -' 


+ c. 


8. x 2 - 2xt/ - I/ 2 =c . 
11. (X - a) 2 + j/2 _. c 

14. tan i/ + cot x =c. 
16. x 2 = 2 . 1/2 ^g (cy). 

18. y =<**/* 19. r =<**/*. 

21. tan I(x + y)=x +c. 


22 k = ( -t y +nydx); (w +*)y = ®*+cx-» k*-n ; x n y= i og{cX ) t 
23. y z=k cli {(x - c)jk), a catenary. 
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Exercise XX c (p. 405) 

1. y+l=ce z . 2. y =^e x +ce~ x . 

3. 2 /sin x =c - £ cos 2x. 4. y sec x =log (c sec x) +£ cos 2x. 

5. y = ce x - x - 1. 6. y = \ +x tan x + c sec x. 

7. 2T 3 = 1 +ce u . 8. y 2 =4x/(c - x 4 ). 9. y~ 3 =ce x - x - 1. 

10. = l/(cos x + c sin x). 12. (i) y =cx + ljc ; y 2 =4x; 

(ii) y =cx ± \/(a 2 c 2 +b 2 ) ; x 2 ja 2 +y 2 /b 2 = 1. 


Exercise XX d (p. 407) 

1. x+y=k. 2. xy=k. 3. x 2 -y 2 =k. 4. y 2 +2x 2 =k. 

5. 5 y 2 +x 2 =k. 6. r =ke~ e 'l 2 . 7. r =&(1 - cos 0). 

8. r 2 cos 20. 9. r=fcsin 2 0. 


Exercise XX e (p. 409) 

1. y = - a log a; + Bx + C. 2. y = - (1 /n 2 ) sin nx + Ax + B. 

3. 8^/ = 2ax 2 - a cos 2x + Bx +C. 4. y =e~ x + Bx+C. 

5. ^ = Ash nx + Bch nx. 6. A(?/ 2 - A) =(kx + B) 2 . 

7. y = Be ax + C. 8. y = Ax 3 + B. 9. x = A+B»/-^. 

10. ?/=Alog(Bx). 11. 3y =4c(x + A) 3 / 2 + B. 

12. 2 / = A + log cos (x + B). 13. y = A + B tan" 1 x. 

14 . ?/ 2 _ B 2 = (B 4 - a 4 ) 1/2 sin (2x + C). 

15. tt( 2m±£)/n; 27r(m±£)/n. 16. x =a ch{t\/(2g/l)}. 

17. The conics in No. 6. 


Exercise XX f (p. 415) 


1 . 

4. 

6 . 

8 . 

10 . 

13. 

16. 

19. 

22 . 

24. 


?/ = Ae x + Be 2 *. 2. y = Ae x + Be' 3 *. 3. 2/ = Ae“ + Be' 2 *. 

2 /= A sin 3x + B cos 3x. 5. 2/= ( A * + B ) c3x - 

2 / =(Ax + B)e -2X . 7. 2 / = e~ x (A sin 2x + B cos 2x). 

2 / = e x (A sin x + B cos x). 9. 2 / =e 3j: (A sin 2x + B cos 2x). 

y =e _x / 2 (A sin \xy/3 + B cos lx-y/3). 11. 3£. 12. 4, -6. 

- 4i, - 13i, - 24J. 14. 1 j. 15. - 2/17, - H/85. 

i, - i 17. - 5/9, - 5/9, - 10/27. 18. 1§. 

0, -f. 20. £. 21. y = Ac x + Be 31 + 4. 

y = Ae~ x + Be~ 2x + 2x - 3. 23. y = A e 3 * + B + x + 4X 2 . 

y = Ac x +Be' x +^e 2X . 25. 2 / = Ae M + Be' 3 * + ^e 51 . 


26. y = Ac 3 * + Be" 31 - T \y sin x. 

27. y =A sin 3x + B cos 3x - cos 3x. 

28. y = Ae x + Be 2 * + (cos x - 3 sin x)/10. 
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29. y =(A + Bx + £x 2 )e z . 30. y =(A - x)e 2x + Be 3x . 

31. y = A ch 2x + B sh 2x +C cos 2x +D sin 2x. 

32. y = Ae 2x + Be" 2x + ^ sin a; - £e x . 

33. y = A cos log x + B sin log x ; ?/ = Ax 3 log (Bx) + 2x. 

34. <f)d p dx . 35. y— Ax + B-y/(l +x 2 ). 36. y = Ac x + Bxc - *. 

38. ?/ =(A sin kx + B cos kx)/x. 


Exercise XXI a (p. 423) 

(In Nos. 1-6, r takes the values 1,2,3, . . .) 

1. 1 + 2( - 2*)'/r!; (-2 :x)“e“**/n! 2. 1 + Z( - x 2 )'/(2r) 1 ; 

x n cos (8x + \n-)jn ! 

3. £x 2r-1 /(2r - 1)! ; £x"{e« x - ( - 1 )"e** x }/n ! 

4. - 2x r /r ; - x n /{n( 1 - 0x) n }. 5. cos x + E/i r cos (x + hnrh'r ! 

6. log a +Z( - l) r_1 (l/r)(x/a) r . 15. £. 16. £. 17. 1. 

18* - 19. - 20. 2/7. 21. y= 0 or 1 according 

as x is integral or not. 


1 . 

3. 

4. 
6 . 
8 . 

10 . 

11 . 

12 . 

13. 

14. 
16. 

17. 

18. 

19. 

20 . 


21 . 

23. 

24. 

25. 


Exercise XXI b (p. 426) 

(n + 2)! x 2 /2. 2. ( - 1 )"n! /x"«. 

(_l)»+i 2 »(n-l)!/(2x+3)«. 

(-f)"(2n)!/{n! V(3x+5) 2 "“}. 5. 3"sin (3x + in7r). 

- 2"-i C os(2x + in-). 7. (V2) n e x sin(x +±nir). 

5 n e 3x cos (4x tan* 1 4). 9. i{e x +( - 1)" C - X }. 

i{3 n cos (3x + ^nr) + 3 cos (x + £»«>)}. 

( - l) n n!{(x-a)-"-i - (x + a)-"-‘}/(2a). 

( - l)*n!{(x +l)-«-i - (x + 2) -n-1 }. 

& 3 sin (x + \mr) - 3" sin (3x + £wr)}. 

■£{5»e** + ( - l) n e _x }. 15. 2 n_1 e 2x (2x +n). 

{x 3 + 3nx 2 -f 3n(n - l)x +n(n - l)(n - 2)}c x . 

( - l) n (x 2 - 2nx +n 2 - n)e' x . 

3 n a {(9x 2 - n 2 + n) sin (3x + in-) - 6nxcos (3x +in-)). 

-6(-x)3-n(n_ 4 )j if n>3 

±{x 2 +2nx +n 2 - n + l)c x - - l)"(x 2 - 2nx +n 2 - n + l) e - x . 


(/n Nos. 21-25, r takes the values 1,2,3, . . .) 

(\/2)"e*sin (x + £n7r) ; S(xV2) r (sin ir-)lr\ 
x + 2 4 r (r! ) 2 x 2r+1 /( 2r + 1)! 

x 2 + 2 2 2r+1 (r! ) 2 x 3r+2 /( 2r +2)! 

1 + £p 2 {p 2 +2 2 }-{p 2 + (2r - 2) 2 }x 2f /(2r)! 
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Exercise XXI c (p. 430) 

9. y=x 3 +x 9 . 10.y=x-2x 3 . 11. y = ± xy/x +*x*. 

12. x = y + 2 y 2 , x = - y 2 + y 3 . 13. y = ± (xy/x + \x 2 y/~x). 

14. y = ± xy/x + x 2 . 15. y = x 3 - x 5 , y - - x - 2X 3 . 

16. y= - x+ -~ x 2 . 17. y=x-ix 3 . 18 . y = ± x - x 3 . 

19. y=x± 2xy/x. 20. y = - x + \x 2 , y =x ±\xy/{ 2x). 

21. \. 22. \ y 23. 24. 4y/2, -20^10. 

25. (i) No ; (ii) onlyx=0. 


Exercise XXI d (p. 436) 

1. x = 1, x = - 1, y =0. 2. x=ci. 3. y =2x, y =3x. 

4. y =x - 1, y =2x + 1. 5. y = x, y = 2x, y = 3x. 

6. x = 2, x - - 2, y = x. 7. y = £, y = - y = - 4x. 

8. y+ 4x= 1 ^. 9. y =x +2, y = 2x - 3, y = 4x + 1. 

10. x+y= 2. 11. y — x, y = - x. 12. x = 0,y = l. 

13. x =0, y =x + 2, y = x - 2. 14. y + x =0, y = x + 2, y = x - 2. 

15. y =x + 1, y =x - 1. 16. x=0,y=x+l. 

19. (y +x- 3/32) 2 = £(x- y + 13/128). 

20. </ = l, 2/= - 1, 2/ +x=0 ; x-y 3 . 

21. 1 /=0, y =x + 1, i/=x - 1 ; x = ?/ 3 . 

22. 2 / =2x + 4 ; 2/ 2 = 10x, x 2 = - 5y. 

23. y - x, y = - x ; 2/ = ix 3 . x = - £y 3 . 

24. 2 / + x + 1 =0 ; y =2x + 2}x 2 , y = - 2x + lfx 2 . 

25. 2 / + x- 1 =0, y +x + 1 =0 ; y = - ^x 3 , x = - 

26. x = 1, x = - 1, y = x, y + x = 0 ; origin is isolated point. 

27. x =0, y = x ; y=-x±x 2 y/2. 

28. 2 / =2x - 3, ?/ + 3x = 1, y =5x ; 2y=x- 3, y=x- 4, y = x + l- 

30. 2/(y 2 - x 2 ) + xy - 3y 2 + 2x = 0. 31. y =0, (y^ lfx ± 1/V* 3 )- 

32. No asymptotes. 

Exercise XXII a (p. 440) 

1. *Ma 2 . 2. £M6 2 (3a +b)/(a +b). 3. ^M6 2 . 

4. 4Ma 2 . 5. 6. 3Ma 2 /10. 7. 4Mac/5. 

8. jMac. 9. 7Ma 2 /64. 10. |Mc 2 (20 - sin 2(;)/0. 


Exercise XXII b (p. 445) 

1. £M(2a 2 +ab + 2b 2 ). 2. $M(m 2 +n 2 ). 3. 5Ma 2 /4. 

4. 7Ma 2 /5. 5. £M(a 2 +6 2 ). 6. fM(a 3 - b 5 )/(a 3 - b 3 ). 

7. ^Ma 2 (3a+4fi)/(a+h). 8. M/t 2 (3 tan 2 a+2)/20. 
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9. §MZ 2 ; 2M/ 2 /75. 10. §Ma 2 ; $M a 2 ; <Ma 2 . 

11. Ma 2 (15:r-32)/(12 tt). 12. M(3a 2 +4/< 2 )/12 ; M( 15a 2 + 4A 2 )/12. 

13. M(3a 3 +6a 2 /i +6a/t 2 +4/i 3 )/(12a + 12/0- 14. r 2 . 

15. |Ma 2 . 16. 10Ma 2 /21. 


Exercise XXII c (p. 447) 

1. abhv, 3abho ; \abhv, [\ab 2 tv. 2. 7 ra 3 w ; tt a 2 (a+h)v>. 5a/4 ; 

£(4A 2 +8 ah + 5a 2 )/(a +/<)• 

3. |t4.‘a 3 V3. 4. JA; £(6c 2 + Sch + 3A 2 )/(3c + 2/*). 

5. £tocV(ac) ; 6c/7. "6. j*ay/2. 7. h + a 2 j(4h). 

8. 37ra/16. 10. £(7a 2 + 14a6 -t- 8& 2 )/(a +6). 



ANSWERS 

APPENDIX TO VOLUME II 

(Constants of integration are usually omitted) 

Exercise XI a (p. 449) 

51. (10x+3)(2x- 3) 5 /120. 52. -J( I - 3x)/(x - l) 3 . 

53. - (2/15)(8 + 4x +3x 2 K/(1 - x). 

54. (116x - a)(a + 6x) n /( 1326 2 ). 

55. (2/15)(3x + 5a - 2b)y/(x + 6) 3 . 56. £-v/(l+* 2 ) 3 . 

57. (a +6x 2 ) n+, /{26(n +1)}. 58. - 1 cosec 3 x. 

59. - £ cot 3 x. 60. (1/a) tan -1 (xjn). 

61. -(l/1215)(2+27x2)V(l-Ox 2 ) 3 . 62 . J {tuir 1 x - x/( 1 ♦-x 2 )}. 

63. sin- 1 (x/1 a |). 64. a sin 1 (x/a) - V(a 2 1 * 2 ). 65. sec 1 l.rl. 

66. {(1 - n)bx - a}/{{n - l)(n - 2)6 2 {a + 6x)"->}. 

67. (2/l5)(8 - 4x +3x 2 )V(l +x). 68. (2/13o)(9x - 8)V(3x + 4) 3 . 

69. f,y/{\ + x 3 ) 3 . 70. £ sec 3 x. 71. I tun 3 x. 

72. xj{a 2 (x 2 +a 2 ) 1 / 2 }. 73. - (l/243)(2 + 9x 2 ) Vi 1 - 9x 2 ). 

74. - V(*' 2 -1), if 0 <x< 1. 


Exercise XI b (p. 450) 

51. 2{-v/(o +6) - V«}/6. 52. ((26 - 4a)V(a +6) +4aV«(/(36 2 ). 

11' IK, ? 4 ' 49 / 81 ' 55 ' 56 - **• 57. —/I 2 / 

B9 | ( y, V • 59 - "/, 24 - 60. JV3(-v/5-2). 61.1/10. 

62. iV2cot-i2. 63. J77+JV3. 64. A-. 65. J,rV2. 

66 ‘ -hi- 67. |. 68. J-iV3; \V3-h; -1. 


Exercise XI c (p. 451) 

c!‘ si " nx +cos nx )/” 2 - 52. ^(cos 2x + 2x sin 2x - 2x 2 cos 2x) 

„ (f-«*>Mn*+3(**-2)coBx. 54. i(x 2 + 1 ) tan* 1 x - Ax. 

58 X ~1 * 6 * + ^ * +i*. 57. 5r/32. 

8. 5tt/ 32. 59. (x 4 - 12x 2 + 24) sin x + 4x(x 2 - 6) cos x. 

SfV ^ C ° S * Sin f - n < n ’ > 

f }**-6)sinx-(x 4 - 12x 2 +24) cos x. 


61. <r 2 /10. 
63. 1/1260. 


62. (3xsin3x +cos 3x)/18 =F (5x sin 5x +cos5x)/50. 
66. (n - l)u n =sec n_2 x tan x + (n- 2)i* n _ a . 
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Exercise XII a (p. 452) 

51. n/x. 52. tana:. 53. (cos log x)fx. 

54. 3(log x) 2 /x. 55. (1 - £ log x)/(x\/x). 56. l/(xlogx). 

57. 2 cot 2a:. 58. cot x cos x - sin x log sin x. 

59. 4x/( 1 - x 4 ). 60. 2x/(a 2 + x 2 ). 61. l/y^-l). 

62. sec a:. 63. sec x. 64. l/\/(a 2 +x 2 ). 

65. x TO_1 (ra log x +n)(log x) n ~ l . 67. -1/e; - l/(2e). 

68. ± W(4 + V17), £log(2 +2V17). 72. tan' 1 2. 

Exercise XII b(p. 453) 

51. - 2 log (1 - x). 52. - (l/q)log(p -qx). 

53. I log (a: 2 + 2ax +6). 54. log tan x. 55. £(Iogx) 2 . 

56. log log x. 57. log (6/a), ab > 0. 58. log (6/a), c# 0, a6 > 0. 

59. 1. 60. - log 3. 61. - £ log 2. 62. log (3/2). 

63. 2-log 2. 64. 4- J log 5. “ 65. 1. 66. 1 - 2/e. 

67. |log(8/27). 68. (Itt - 1 +log2)/6. 

69. c 2 log {(<7 - 1 )/(/> - 1)}. "70. £( 1 - log 2). 

71. -ac 2 (A - 1 - log A). 74. ^k log{l +u 2 /(qk)}. 

Exercise XII c (p. 454) 

51. 1. 52. 1. 53. x n ~'e x (x +n). 54. e^ x /(2y/x). 

55. (1 + 2x 2 )e z \ 56. e flz (a cos 6x - 6 sin 6x). 

57. e~ bx (a cos ax - b sin ax). 58. 2e z /(e z + l) 2 . 

59. 4/(e z +e‘ z ) 2 . 60. x 2 ; 2 z /log 2 ; ^x 3 . 61. x 2 . 62. e e . 

63. e z log x. 64. xe zl . 

65. |(e“ - 1) log (1 + e* z ) + £(e z - x). 69. 3,-2. 

71. 7r(3n+l)/(3-v/3). 72. 1/6. 73. ± h 74. ( =c). 

75. (n+£)-/a; e'^/V 2 - 76. T=T 0 e 2 ^r 

Exercise XII d (p. 455) 

51. a z (2x +x 2 log a). 52. (cot x)Jlog p. 53. (ex) z (2 +log x). 

54. (1 +x)"»- 1 {l + m log (1 +x)}. 

55. x n ‘*e z tan x(n + x + 2x cosec 2x). 

56. e _z (x + l) z_1 / 2 {(x +1) log (x + 1) - £}. 57. lO^/log 100. 

58. x(log x - l)/logp. 59. e z tan x. 65. £sin2*. 

Exercise XII e (p. 456) 

51. §(logx-§)x-v/*- 52. x n+, {(n + 1) log x - l}/(n + l) 2 . 

53. e 2z (2 sin 3x - 3 cos 3x)/13. 54. e 2z (2 cos 3 x + 3 sin 3x)/13. 

55. 2{log (ax) - 2}\/x. 56. £x 2 {2 (log x) 2 - 2 log x + 1). 
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57. £e x (cos x +sin x) - e x (coa 5x + 5 sin 5x)/52. 

58. Je x (cos x +sin x) + e x (cos 5x + 5 sin 5x)/52. 

59. a^{9(log x) 2 - 6 log x + 2)121. 

60. a; log {a; + -\/(x 2 - 1)}- -y/ix 2 - 1). 

61. x log (x + 1 /(a 2 + x 2 )} - -y/ (x 2 + a 2 ). 62. x - (sin’ 1 x) V(1 - x 2 ). 

63. j(e 2 - 3)/e 2 . 64. 7 log 2 - 3. 65. & log 4 - 5/18. 

66. (Jr + 1 - log 4)/20. 67. 3 log 3 - 2. 68. w/8. 

72. + nw n -! = x^e*. 


Exercise XIII b(p. 457) 

52. (3 th 0 +th 3 B)j{\ + 3 th 2 6). 53. -2sh 2 x. 54. 2 coth 2x. 

55. ch (x + y) - ch (x - y). 56. £ sh (d + </,) + § sh (0 - </>). 

57. £ch(0 +</>)+1 ch(0- </>). 58. -2shAsh3A. 59. e*. 

60. e™. 61. - coth £x. 62. 2/^/5. 63. 2/v/3. 

64. ± 1)}. 65. (1 +t 2 )f(l - t 2 ). 66.2. 

67. x 2 sech 2 b +y 2 cosech 2 6 = 1. 68. \(x* - 1 )/x ; J(x 2 + l)/x. 

69. sec 0, sin 6; chx=- sec 0,thx = - sin 6 , x =log (tan 6 - sec 0). 
71. - coth |x. 


Exercise XIII c (p. 458) 

51. sh 2x. 62. ch 2x. 53. - ch x cosech 2 x. 

54. - 2 cosech 2 2x. 55. 2 sh 2*. 56. 4 ch 2 x. 57. th x. 

58. sech 2a:. 59. 1. 60. na sh n_1 {ax) ch (ax). 

61. 3 sech x. 62. 2cosxshx. 63. i ch 3x. 

64. 2 log ch £x. 65. I* + (sh Cx)/12. 66. x - I th 2x. 

7 n ll 8 v,c69. £( s h* + J s h5*). 

t * u " sh 2x) - 71. I(lch5x-chx). 72. 2shxcosx 

5 (ch x cos x + sh x sin x). 73. I+sIiUtt). 

77 ( x3+ Msha:-3(>+2)chx. 

77. x 9hx {ch x log x + (sh x)fx). 

78. e«*(a sh 6x - b ch 6x)/(a 2 - 6 2 ). 79. e* th x. 


51. 


Exercise XIII d (p. 459) 


, 54 * (=a) * 55 - sh (x/c). 

It' l //t ~ 67 ‘ */* 

58. y = \/(<z 2 +ax) ; fa 2 . 

60. tt{ 2 log (e*sech k) - th k) ; 7 r(log 4 - 1 ). 
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Exercise XIII e (p. 460) 

51. log 3. 52. £ log 2. 53. log (1 + -y/2). 

57. l/\/(x 2 +x). 58. £ sec x. 59. + 1/V(1 + x 2 ) if *> 0 ; 

-if:r<0. 60. - V 2 /{| 1 +x\ V(1 + x 2 )}. 

61. (lV2)/{( 1 - *)V(1 +*)}• 62. 2/(1 - x 2 ). 

63. (i) | sec x | ; (ii)sec x if tan x> 0, - sec x if tan x< 0; (iii)secx. 

64. 2V(1+* 2 ); W 2 +Jlog(l + V2). 65. 2 . 

66. log (cot 0 — cosec 0). 67. th _1 {(x +y)/(l + x?/)}. 


Exercise XIII f (p. 461) 

51. £sh -1 (§x). 52. ^ch -1 (5x). 

53. - £\/(9 - 4x 2 ) + £ sin -1 (§x). 54. sh -1 £. 

55. ch -1 (3/2) - ch -1 2. 56. £sh _1 l. 

57. sh' 1 x - {\/(l + x 2 )}/x. 58. - cosech -1 x. 

59. - sech" 1 x. 60. ch _1 (£x-l). 

61. J(x + 3)\/(x 2 + 6x) - (9/2) ch- 1 £(x + 3). 

62. |(x + a)y/{[x +a) 2 +b 2 } + i6 2 sh -1 {(x + a)/b}. 

63. xch _1 (|x)- -y/(x 2 -4). 64. £(2x 2 + 1)sh" 1 x ~\xy/(\ +x 2 ). 

65. ^(x 4 -ljth-ix+(3x+x3)/12. 

66. x coth -1 (2x) + £ log (4x 2 - 1). 

67. Jx 3 ch -1 x - ^(x 2 + 2)y/(x 2 - 1). 68. (sir 1 x) V( 1 + * 2 ) - 

69. l/V(a 2 +x 2 ); -l/V(a 2 +x 2 ). 70. 1 l^/(x 2 -a 2 ). 71. No. 

72. - a/{x\/(a 2 - x 2 )}. 73. - a/{x^{x 2 +a 2 )}. 

74. a/(a 2 - x 2 ). 75. 2 V(* 2 - a 2 )- 

76. 2y/(a 2 + x 2 ) if a> 0 ; 2 x 2 /\/(a 2 + x 2 ) if a <0. 77. 1-£V 3 * 

80. (1/A:) ch -1 (6/a). 


Exercise XIV a (p. 462) 

51. \y/x 5 . 52. -2\y/x. 53. log(e x + l). 

54. x - log (e x + 1). 55. -(l/n)cosnx. 

56. (1/n) log | sin nx |. 57. \ th 2x. 58. -2 coth £x. ^ 

59. log (1 - cos x). 60. - log(chx-1). 61. £ log (4+x-). 

62. £(logx) 3 . 63. log log cosec x. 64. log tan 2 \x. 

65. seex. 66. -l/(nsin"x). 67. ^sh’ 1 (4x/5). 

68. - (l/16)-v/( 25 “ 16x2 )- 69. £ sin -1 (4x/5). 

70. l{W(16x 2 +25) +sh- 1 (4x/5)}. 71. logsh 2 |x. 

72. £ log ch (2x +3). 73. £log|thx|. 74. 4 tan' e x ‘ . 

75. | tan -1 (2x + 1). 76. £ log | x/(x + 1) |. 

77. | log | (x+2)/(x + 1) |. 78. £ sh' 1 (2x + 1). 

79. | ch' 1 (2x + 3), x > - 1 ; - £ clr 1 ( - 2x - 3), x < - 2. 
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80. | sin -1 (2x - I). 81. tan* 1 (x 4-1). 

*>-l; -clr 1 (-*-2), *<-3. 


82. eh* 1 (x *- 2), 
83. sin* 1 (x - 2). 

-h; 


84. sh' 1 {(x + A*)/ | a |}. 85. cli* 1 {(x + k)j Jo J}, x > | a 

- ch* 1 { - (x + k)j | a [ }, x < - | a | - k. 

86. sin _1 {(x + k)j \ a | }. 87. A( \ja ) log {(a + k +x)f(a - k - x)}. 

88. cos -1 (x/a). 


Exercise XIV b (p. 463) 

51. - (7/9) log (8 - 9x). 52. - (7/9) log (9x - 8 ). 

53. (5/6) log ( 6 x - 7). 54. - £ log (1 - 2x) - i|x. 

55. x - 2 log (x 4 -1). 56. - 3 log ( 2 - x) - Ax 2 - 2x. 

57. A ax 2 + (6 - ap)x + ( ap 2 - bp +c) log (x +/>). 

58. ix 4 +^x 3 +ix 2 +x+log(x- I). 59. £ log (3x 2 - 5). 

60. tan* 1 x 2 . 61. log (x + 1 ) + 2 /(x + 1 ). 

62. log{(x-3)/(x+3)}. 63. 3 log (x + 1 ) - (5/4) log (4x - 1). 

64. x +log{(x - l)/(x + 1)}. 65. log (2x - 5) - (3/7) log (7x - 3). 

66 . x + 2 log (x - 2) - log (x - 3). 67. x + 2 log {(x - 2)/(x - 3)} 

68 . Iog(x2-x)-3/(x- 1 ). 69. ^x 3 + 2 x + log{(x - 1 )/(x + 1 )}. 

70. (x- +l)/x 4 -logx- 2 1og(x + 1). 71. \ log(x 2 - 1) - Iog(x +2). 

72. (i-x)/(x-l) 2 . 73. § log (x 3 - 1 ). 

74. {log (x - 1) + 9 log (x + 3) - 10 log (x + 5)}/24. 

75. 9 log (x - 3) - 5 log (x - 2) - log (x - 1 ). 

76. £log{(x- l)/(x +1)}- 2/(x- 1). 

77 * ^log{(x- 3)/(x- 1)} +£(2x- l)/(x- l) 2 . 

78. x +{a 2 log (x - a) - 6 2 log (x - b)}/(a - 6 ). 

79. {(pa 4 -g) log (x - a) - (pb + q) log (x - b)}/(u - 6 ). 

80. ^x 3 - £x 2 (a 4 - 6 ) + x(a 2 4 -a 6 4 - 6 2 ) 

- {a 4 log (x -f a) - 6 4 log (x 4-6)}/(a - 6 ). 


Exercise XIV c (p. 463) 

51. d/20) log{(2x-5)/(2x 4-5)}. 

52. J log (4x 2 - 3) - (V3/12) log {(2x - V3)/(2x + ^3)}. 

53. ^6(^+2^- 1) - \/21og{(x 4-1 - V2)/(x 4-1 4-^2)}. 

54. ^ log (x 2 -7). 55. A log (x 2 4-7). 

56. log (x 2 + 7) 4- (3/ y/1) tan* 1 (x/ \/7). 57. x - 2 tan 1 (x 4 -1). 

II' ^ 2 * +6 > + ( 2 /V5)tan- 1 {(x- 1)/V5}. 

61 . r, t 3 Y, 3tan ' 1(x/v,3) - 60 - i log{(x 2 - I)/(x 2 4-l)L 

62 i 8 /o 1 + H° g (1 " f + x2) ~ (l/V3) tan_1 {(2x - 1 >/v 3}. 1 

62. iV2 log {(x + 3 - V2)/(x + 3 4- V2)}. 
tl’ U 5 /^? )1 ° g i {(X+4 "' V'«)/(*+4+^5)}. 

64. (1/-y/5) tan* 1 {(x + 4)fy/5}. 


n 


tr 
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65. A log (x 2 + 8x + 11) - (3-y/5/10) log{(x + 4 - \/5)/(x +4 + y/5)}. 

66. log (x 2 + Sx +21) - •v/5tan _1 {(x + 4)/-y/5). 

67. iV21og{(-v/2 +1 +x)/(V2- 1 -x)}. 68. - £ log (1-2*-s*). 

69. - log (1 - 2x - x 2 ) +£-\/2 l°g{{\/2 + 1 + x)/(V2 - 1 - x)}. 

70. log (1 +x)+2 tan -1 x. 71. A log (1 +x 2 ) - 2 log (1 +x)+tan _1 x. 

72. log x - A log (x 2 + x + 1) - (1/V3) tan -1 {(2x + 1 )/-v/3}. 

73. A {log (f + x' 2 ) - x' 2 }. 

74. x + I {8 log (x - 2) +log (x 2 + 1) - tail' 1 x}. 

75. A log (x 2 + 1) +(2/V3)tan' 1 {(2x + 1)/V3}. 

76. \/2 tan' 1 (x/\/2) - tan' 1 x. 

77. log x - tan" 1 x - (x - 1 )/{x z + 1). 

78. Aa' 3 {tan -1 (x/a) + ax/(x 2 + a 2 )}. 

79. A (6/a 3 ) tan -1 (x/a) + A(6x - a 2 )/(a 4 +a 2 x 2 ). 

80. Ax/(x 2 +2x +3) + £V 2 tan' 1 {(x + 1 )/V 2 )- 


51. 

53. 

55. 

57. 

60. 

61. 

62. 

64. 

65. 

66 . 
68 . 
70. 
71 

72. 

73. 
75. 

77. 

78. 
80. 
81. 
82. 
83. 

85. 

86 . 


Exercise XIV d (p. 464) 

log x +2\/x. 52. A\/21og{(V 2 + V x )/(\/2 - V x ))- 

log{l - V(1 - x)} 2 - logx. 54. log x - 3-y^X. 

- 31og{l +^/(l/x)}. 56. §{\/( x + J ) 3 “ V^ 3 }- 

ch' 1 (x - 1), x > 2. 58. sin" 1 (x - 1). 59. sh _1 (x-l). 

y/ (X 2 - 1) + 2 ell' 1 X, X > 1. 

•y/(x 2 + 2x) - 2 ch' 1 (x + 1), x > 0. 

2y/(x 2 + 3x + 2). 63. 2- v /(x 2 +2.c+2)+sh' 1 (x+ 1). 

y/(x 2 + x + 1) + A sh' 1 {(2x + 1)/V3}. 

2a sin' 1 {(x-a)/|a|}~ y/{2ax- x 2 ). 

^(x 2 - 1) - ch' 1 x, x> 1. 67. sin' 1 x- 2y/(l - ^)- 

-v/(x 2 + 1) + 2 sh' 1 x. 69. 2y/{2 - 1/x), x > £. 

- A\/( 1 + ^/x), x > 0. ,in 

- ch' 1 (2 + 1/x), x > 0 ; - ch' 1 ( - 2 - 1/x), - £ < x < 0 ; 
ch' 1 (2 + 1/x), x < - 1. 

- W 2 sh' 1 {(l-x)/(i+x)}, x> - L 

3sh-‘(i*>-V5sh 1 {(x+4)/(2x-2)}, *>1. y 4 'i s “ ^ 
Asin^x-JxVO-**>• 76 * £ sec -1 x - Ax' 2 \/ (x -l),x> • 

I sec'i x + Ax' 2 \/ ( x 2 - 1), x> 1. 

3 sin' 1 x + (5 - x)\/( 1 - x 2 ). 79. £{ V( x + D 3 + V( x " 

Ax 2 +Ax v /( a;2 - 1) - £ ch' 1 X, X> 1. 

A{3a 2 s"h' 1 (x/|a|) +xV(* 2 +« 2 )}- 
2 a/(x 2 +ax+a 2 )+6sh' 1 {(2x+a) / (a V / 3)}. 

A sh' 1 x 2 + A cosech' 1 x 2 . 84. cos' 1 {(a +b - 2x)/{b a)}. 

I (to - « - 6>v'«* - «)(» - <■» - *(« - *>*«*->«** - » - 6 >/ (a - 6)) 

(6 _ a) tan'VU* " a )/( 6 " *» “ VU& " *>(* “ a "' 
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51. 

54. 

56. 

58. 

60. 

62. 

63. 

64. 
66 . 

67. 

68 . 

69. 

70. 

71. 

73. 

74. 

75. 

77. 

78. 

79. 

80. 


51. 

53. 

54. 

55. 

56. 
58. 


52. 

53. 
56. 

58. 

59. 

60. 
61. 


Exercise XIV e (p. 465) 

-2cot2x. 52. — cot ix. 53. ^ tan 3 x + tan x. 
log (sec x + tan x) - sin x. 55. - coscc x. 

- cot x(l cot 2 x + y t cot 4 x). 57. log (sin x - cos x). 

2\/(l +tan x). 59. (1/6) log (a+6 sin x). 

(1/15) log{(5 tan £x - 3)/(o tan £x +3)}. 61. \ tan -1 (4 tan£x). 

(2/7) cot' 1 {1 tan (£- - £x)}. 

{2x - 3 log (3 cos x +2 sin x)}/13. 

£ l°g{(2 +tan x)/(2 - tan x)}. 65. - log (1 +cot J[x). 

2x + log (3+4 sin x + 5 cos x). 

- £{log (a cos 2 x - b sin 2 x)}/(n + 6). 
x - -} tan £x + £ tan 3 £x. 

3 log (sec x + tan x) + 2 tan x - 2x. 
iV 2 log {(sec x + y/2)/(soc x - y/2)}. 

~ 2 {l°g (a + 6 cos x) +a/(a +6 cos x)}/6 2 . 72. \ cot -1 (cos 2x). 

{tan' 1 (V5 tan x) + £ logfV(5 - 2 cos x)/(2 cos x + \A r >)J}/y'5. 

6 sin -1 {6 sin x/ y/ (a 2 + 6 2 )} + a log { \/(a 2 sec 2 x + 6 2 ) + a tan x}. 
log{x+V(a 2 +x 2 )}. 76. log{x + y/(x? - a 2 )}, x> I a I. 

l°g{l - y/(l - X 2 )}- logx, x> 0. 

2 sin -1 ( y/2 sin £x), cos \x > 0. 

“ £ V 2 ch" 1 {(5 +sin x)/{3 +3 sin x)}. 
y/2 sin -1 (sin x - cos x). 


Exercise XIV f(p. 466) 

- cos *(i - § cos 2 x + 1 cos 4 x). 52. £(x+|sin6x). 

sin 6 (^ - -,-j- sin 2 0 + T 1 7I sin 4 6). 

(4x - sin 2x - sin 4x + j sin 6x)/64. 

(sin 6x + 9 sin 4x + 45 sin 2x + 60x)/l92. 

(cos n+3 x)/(n + 3) - (cos n+1 x)/(n + 1). 57. £ sec 3 x - sec x. 

log tan £x +soc x + £ sec 3 x. 59. \x + £ log tan (£tt + x). 

Exercise XIV g (p. 467) 

(In this erercitc, s=z sin 6, e~ cos $.) 

2 (n- l)a 2 w n =(2?i- 3)u„_, + x(x* + a 2 )*-". 

Hyi+Un-i=(cot”-ix)l(l-n). 55. -c(5«8+6« 4 +8^+161/35 
*c(8c 4 + 10c 2 + 15)/48+5(9/16. 57. s 7 (7c 2 + 2)/63 ' ' 

f (, 384 * 8 " 4856 - 56s 4 - 70s 2 - 105J/3840 + 76/256 

T+e'ZT* tVec' <8 C0Se ° 4 * + 10 0036020 +15)/48 

a^»{m 2 (log x) 2 - 2m log x + 2}/m 3 . 
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62. a 2 u n = ax n sin ax +nx” -1 cos ax - n(n - 1 )u n _ a ; 
i(2a; 4 - 6x 2 + 3) sin 2x + \x(2x 2 - 3) cos 2x. 

63. u n +u n _ 1 =x‘ 2n - l /(2n - 1). 64. nu n = ch n_1 xsha: + (n - l)w n _ a . 

65. (n 2 + l)u n =c z sin n_1 x (sin x - 7icos x) + n(n - 1 )w„. s . 

66. w„ +2 - (n + 1 )(n + 2)ii„ = x n+ 2 ch a: - (n + 2)z" +1 sh x. 

67. (n - 1 )u n =(n - 2)u n _ 2 - cosec"* 2 x{a;cot x + l/(n - 2)}. 

68 . 2nu n+1 - (2n - l)u n =x(l - x 2 y n ; 

ix(5 - 3x 2 )(l - x 2 )- 2 +(3/16) log{(l + x)/(l - x)}. 


Exercise XV a (p. 468) 

51. 128/315. 52. 35tt/256. 53. tt/32. 

54. ?r{(n - 1)!! }/n !!, n even ; 2{(n - 1)! !}/n !!, n odd ; see p. 307. 

55. 27r{(n - 1)! !}/n !!, n even ; 0, n odd ; see p. 307. 

56. £(f 7 r - 2). 57. 8/1287. 58. 5 tt/2048. 59. 63^/8. 

60. 1. 61. 16/105. 62. 2|a| 5 /15. 63. 256(«Va)/3465. 

64. a nf2 /{(n + l)(n +2)}. 65. 28/15. 66. £ 77 -. 67. j. 

68. 3tt/ 64. 69. 2 - 70. (256-v/2)/315. 

71. 5;r/8. 72. 3^/256. 73. (5 - 6 log 2)/12. 

74. £tt- 76/105. 77. tn In'./{(m+n+ 1)12 n+1 ). 

78. KS-v/S-sh' 1 1). 

79. v n =i>n-a - (3/5) n_, /(n - 1) ; log (5/4) - 531/2500. 85. 32/65. 


Exercise XVb(p. 470) 

52. Does not exist. 53. £ log 3. 

55. 1. 56. L 57. tt/6. 

59. Does not exist. 60. £ log 2. 

62. 3/(86"). 


Exercise XV c (p. 470) 

51. 1/(1 -k). 52. Does not exist. 53. 2 y/a. 

54. 1—, a > 0 ; - a < 0. 55. (14\/2)/15. 56. 3-/8. 

57. Does not exist. 58. tt. 59. 1. 60. Does not exist. 

61. 32/33. 62. a(log a - 1), a > 0. 67. 16/35; 5tt/32. 

71. 1 ; no. 

Exercise XV d (p. 472) 

53. 1(4 - ?r)a 2 . 54. b log 2. 55. Exists if k < h ; 7r /( 1 ~ 2k \ 

56. ~. 60. (0, £). 61. Does not exist. 62. -a 


51. l/(k- 1). 

54. 2 log (1 + V 2 ). 
58. ^ log 2. 

61. -\7rl\a\ 3 . 
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51. 

55. 

59. 

65. 

68 . 


51. 

59. 


51. 

56. 


51. 

53. 

54. 


55. 


51. 

54. 

56. 


51. 

55. 

57. 

58. 

59. 
62. 
63. 
69. 
72. 


Exercise XV e (p. 473) 

0. 52. 35-/128. 53. 0. 54. 63-/256. 

\ira{2a 2 +Zb-). 56. 0. 57. n ochl. 

2/ | o | if | a | ^ | 61 ; 2/ | b | if | a | < | 6 |. 64. 3 tt 2 /10. 

^- 77 ( 0 + 6 ). 66. m\n\(b - a) m * ntl /(m +n + 1)!. 

log{(e< - 1 )ft}. 


Exercise XVI a (p. 474) 

54. (0, 0). 

as =4b(a +b) sin {a(ip - ^Tr)/(a +26)}. 60. (6 2 +c 2 ) ,/3 . 


Exercise XVI b(p. 475) 

coth x ; s = log (sh x/sha) where 0 < a < x, if s = 0 when x =tr. 
(cjs)ds, (1 - c 2 8' 2 ) l l 2 d$ ; c log {s/c) ; ±{V(« 2 - c 2 ) - csec -1 {s/c)}. 

Exercise XVI c(p. 476) 

2r(cos 3 9 + sin 3 0) =3a sin 26. 52. x 2 + y 2 =(cx - I)-. 

r = 2a( 1 - cos 6). 

(i) the part of the hyperbola y 2 = (3x + l)(x + 1) for which 
x ^ - ^ ; (ii) the whole of the hyperbola. 

2 J o V(13 + 12 cos 6) dd. 64. t = y/2 - 1. 

Exercise XVI d (p. 478) 

r 2 =ap, (a > 0). 52. pr = 2c 2 . 53. p =r sin a. 

p = |r"+ya"|. 55. 1/p 2 =( 1 - 7i 2 )/r 2 + « 2 /a 2 . 

1 /P 2 =(1 +m 2 )/r 2 ~m 2 fa 2 . 57. - m0/n. 58. W. 


Exercise XVI e (p. 478) 

r=ab sin a e 9 cot « where log 6 = (^tt - a) cot a. 

p =a, (actually tho line r cos d =a). 56. r 4 (r 2 - v 2 ) 

p n+ i = | r 2n+1 fa n I. V)-op. 


r r = “. m - Si a YSr* ~ 6) - Where m =”/(” - >>. and n=£ 1. 

60 - r=/(0 + ^>- “• ** 

f/^ a+ , 2ta T/ l f >2/=6+logchs - 64 * °(V2 + log(l + V / 2U 
jt/r 2 ; kr ; kjr 3 . 71. r =a sec 2 £0 ; r =a cosec 2 10. 

wCf / 4. *■ 
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Exercise XVII a (p. 480) 

52. 3 = a sin if/. 53. s=ce k '/'. 

54. The root has the same sign as c. 55. y/2. 

56. \a\{y/(l +9/ 4 ) 3 }/(60. 57. |a|/6 2 . 58. |6|/a 2 . 

59. |a|(l + t 2 ) 2 . 62. 2; £^2. 65. ||a|V10. 

Exercise XVII b (p. 481) 

51. - mp/(nr 2 ). 52. y/{k(r 2 - a 2 )}. 

54. (r 2 +2a 2 )/V(r 2 + a 2 ) 3 . 55. ± 2/(na). 57. Z, V(1 + e 2 ) 3 , i. 

58. /i =0, point circles (a, 0), (0, - a). 

59. £e^(3 cos \j, - sin if/). 60. f|a|sin 2 £0. 

61. \a |{V(1 + 4 tan 2 0) 3 )J(2 - 3 cos 2 0). 

Exercise XVII c (p. 482) 

51. y 2 =4a(a-x). 52. x~ 2 + y 2 = a~ 2 or x =a sec t, y =a cosect. 

53. x 2 - 2 / 2 = a 2 or x =a sec t, y = - a tan t. 

54. ax: by: c 2 =cos 3 2 : - sin 3 1 : 1 or (ax) 2 / 3 + (by) 2 / 3 = c 4 / 3 . 

55. x=2eye 2C / x . 56. x 4 / 3 + y 4 / 3 = a 4 / 3 or x =ay/cos 3 t, 

y=a-\/s\n 3 t. 57. (x - 2a) 3 =27a 2 y. 58. r=a±b. 

59. x 2 ' 3 + y 2 ' 3 = a 2 ' 3 . 60. x 2 / 3 + y 2 ' 3 = a 2 / 5 . 

61. x =a(2 + 3* 2 ), y =2 at 3 or 4(x - 2a) 3 = 27 ay 2 . 

62. x = - \at 2 (3t 2 +2), y = %at(3t 2 + 1). 

63. (i) the point given by a x x +b x y +Cj =0, a 2 x +b 2 y +c 2 = 0 ; 

(ii) (a x x + b x y + c x )(a 3 x +b 3 y +c 3 ) =(a 2 x +b 2 y + c 2 ) 2 . 

Exercise XVII d (p. 483) 

51. (x 1 +cot x lf y x + 1). 52. {^c(3t x A + 1 )/t x 3 , \c(t x 4 +3)/^}- 

53. {a(6 - sin <>), a(3 +cos 6)}. 54. 2a(2y/2-\). 

56. 3asin*cos*. 57. p =ck sin k(\ir - \f/). 

63. 2r 2 =a 2 + 6 p 2 + V{(« 2 + 4p 2 ) 3 /a 2 }. 

Exercise XVIII a (p. 484) 

51. a 2 +\b 2 . 52. a61og(l +y/2) +-6 2 /8. 53. ra 2 /n. 

54. 5-a 2 /16. 55. a 2 . 56. a 2 ( 1 - £-). 

58. — 3 a 2 /48 ; 61 t: 3 « 2 /48. 

59. la 2 (e b " - l)/b ; £a 2 (e o6>r - e 4 ^)/6. 60. T V\/( jr2 “ 4 ) 3 * 


Exercise XVIII b (p. 485) 

52. 3-ab/S. 53. 8«5/15. 54. §o 2 . 


51. 2§. 
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Exercise XVIII c(p. 486) 

51. 87 r 2 . 52. 2<ra 2 . 53. 8-/3. 54. a 2 . 

55. 7r{V 2 +Iog (1 + V 2 )}- 

56. -{cV(1 +c 2 ) - V 2 +sh -1 c - sh " 1 1}. 

57. -{7V 2 +3 log (I + v /2)}/18. 58. ttc 2 {5 - J V 2 log (1 + V 2 )}- 

59. 2 -/ 2 (secH» - 1). 60. 4- 2 a 2 . 61. 10-/6. 

62. ( 7 r 6 2 /e) log {a( 1 + e)jb} + 7 ra 2 where c = -v/( 1 - b 2 ja 2 ). 


Exercise XVIII d (p. 487) 

51. 2;r 2 a 2 &. 52. 44 t r 2 . 53. 0-7%; 0 02%. 

54. § 7r {/( a )} 3 sin a 6 a. 55. {3 \/ 2 log (1 + V 2 ) - 2 }~fl 3 / 24 - 

56. 7 r 2 a 3 / 8 . 57. 16;ra 3 /15 ; £-a 2 {\/ 2 + 5 log (V 2 + 1 )}. 

58. 2ir 2 abc. 

Exercise XVIII e (p. 487) 

51. §. 52. kab(a +b). 53. Jc 3 ( 1 - cos a). 54. ^e 2 sin 3 a. 

55. \a 2 b 2 c. 56. 1/24. 57. 1/56 ; 7 ra 4 . 58. 7r 2 a 3 /24. 

60. 357rAa 4 /16. 63. 16a 3 /3. 64. 8 a 3 (2 - y/2). 


Exercise XIX a (p. 488) 

51. pxP~'y<i, q X Py *-». 52. y 2 /{x +y) 2 , x?/(x + y)\ 

53. ae? x sin by, be ax cos by. 54. 4 xy 2 f(x 2 +y 2 ) 2 , - 4x 2 y/(x 2 + y 2 ) a . 

55. l/V(x 2 +y 2 ), ~ xj{yy/{x 2 + j/ 2 )}, if y > 0 . 

56. 1 IVi x2 +!/ 2 ), - x/lyy/lx 2 +y 2 )}. 

57. n(n - l)x n - 2 e*', nx n ~ l cV, x n e*. 58. - 1/x 2 - 1 f( x + l) 2 , 0, - 2jy 2 . 

59. - ab 2 sin (bx +cy), - abc sin (bx +cy), - ac 2 sin (bx + cy). 

60. -y/x 2 , l/x, 0 . 61. z{(2x +y) 2 +2}, z{(2x +y)(x +2y) + 1 ), 

z{(x +2y) 2 + 2 } where z = e t * + *v+i'\ 

62. sh x ch ^/, ch x sh y, sh x ch y. 63. (x 2 - y 2 )/(x® +j/ 2 ). 

68 . (n = - £). 

Exercise XIX b (p. 490) 

54. (ay - x 1 )f(y 2 - ax). 55. y*/(x(l - logj/)}. 56. y/x. 

57. (axj +by 1 )x +( 6 x 1 +cy 1 )y = 1 . 

58. xy/{af Xl ) +yV(b/y l ) = 1. 59. pj/x. +?»/»/, =p + 7 . 

60. (x - x 1 )(/ J/)l = (2/ - 2/l )(/ x)l . 61. 2 a 3 xi//(ax - y 2 ) 2 ; 

cy(2x + c)/x 4 . 64. 2 tan A ten B sin C. 

65. (cos B £a + cos A 8b + 2R cos A cos B 8C )/c. 

66 . (l/V)dV =(yjx)dx +log xdy. 

67. <20 - tan 0)/{ (l r - 20) tan 0 - 1 }. 68 . 
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Exercise XIX c (p. 491) 

51 • V ' 2 + ; 52. (r* + r^Hr* + 2rf - rr 2 ) where 

54. V *i\r d f’ etC 5 r v 53 ' (3x22 " x t x ^! x t where x l =dx/dy, etc. 

f ^ 00. V ££ 4- Vy-y.. 

( &Z r) # n # 

61 . (l-u 2 ) ) y2uv~-(u 2 +v 2 )pjj( u 2 -v 2 ) 2 . 

64. 2z uu + 2(u + 2 v/u)z ur + (u 2 + 2r + 2v 2 lu 2 )z co + 2z v . 

65. 108. 66. (3V3)/8. 


54. 

57. 


Exercise XX a (p. 493) 

y 2 2 = ( 1 + 2/i 2 ) 3 - 55. x 2 ?/ 2 - 2XJ/J + 2y = 0 ; xy 2 + ^ = 0. 

y 3 - Sny 2 + 3n 2 y 1 - n 3 y = 0. 


Exercise XX b (p. 494) 

51. y=ax n+1 /(n + 1) + B if n* - 1 ; y =a log* +B if n = - 1. 

52. y l ~ n +a(n - l)x = B if n=*= 1 ; ?/ = Be ax if n = l. 

53. ?icr =6"* + A if n =* 0 ; cr = 0 + A if n = 0. 

54. y 2 =A-2f:/x. 55.y=Ax n . 56. y =\(x + A) 2 . 

57. sin y = A sec x. 58. x = \y + £ sin 2y + A. 

59. y 3 — Ax 3 - 1. 60. y™ =B(a +x)/(a - x) if a*0 ; 

y = Be 1 /* if a =0. 61. x 2 + 2ax +C =2 log (y +6). 

62. log y + x log x —X + A. 63. x+y log (Ax) =0. 

64. x = A sin (y/x). 65. ?/ + x log (Ay) =0. 66. y=ae bx . 

67. r 2 = A sin 20. 68. r =Jfc/(A - 0). 69. i/ 2 =(1 +t/ 2 ) (x + A) 2 . 

70. The circles (x - A) 2 + (y - B) 2 = 1 ; p = l. 

71. The circles (x - A) 2 + (y - B) 2 =c 2 . 

72. x 2 - 2xy - y 2 +2x +6y = A. 73. (2y + x 2 + A)(y - Be x ) =0. 

74. 4y =x 3 + A/x. 75. (xdy - yclx)/x 2 ; x{y 2 +A)=2y. 

76. y = Ax/(1 - x). 77. log (x 2 + y 2 ) =2/c tan -1 (y/x) + A. 

78. (x - A) 2 +y 2 =k 2 . 79. r =k sin (6 +y). 

Exercise XX c (p. 495) 

51. (n +\)y =x n +c/x if n¥= - 1 ; xy =log ( cx) if n = - 1. 

52. (m + n)y =x m +c/x n if m +n ^ 0 ; y =x m log (cx) if m +n =0. 

53. y{\ - x 2 ) =x +c. 54. 16 y cos x = c - cos 4x. 

55. y=x 2 +cc~ z *. 56. (a 2 +c 2 )y = b(ci sin cx - c coscx) + Ae' ax . 

57. y =x th x +c sech x - 1. 58. \jy =x 2 +2x +2 +ce x . 

59. x =e~u(y +c). 60. y =bc x +c - x -\x 2 . 

61. (y - Aar)(l + A) + Ac 2 =0 ; (x + y) 2 - 2c 2 {x - y)+c l =0. 

62. 4 xy =a 2 . 
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Exercise XXd(p. 496) 

51. 4x-3y=A\ 52. x 2 + y 2 = 2k(x + y). 53. y 2 + 2 log sh x — k. 

54. 2 ky=x 2 -k 2 . 55. ny 2 +x 2 =k. 56. r=ke 

57. r 2 =k cos 0. 58. r n =k cos nO. 59. r 4 (3 - cos 40) =k. 

60. r 2 —c cos (2i7 ± «). 


Exercise XX e (p. 496) 

51. y = ax log x -f Bx + C. 52. y =a log cosec x ■+- Bi +C. 

53. ay = B — log (ax +C). 54. y»-" = Ax + B if n* 1 ; 

logy =Ax + B if n = 1. 55. y = A + cos (x + B). 

56. a{n + 2)y={a(n + l)x + B}<««)/(n+D +C if n* - 1, n *= - 2 ; 
2/ = Bc^ + C if n = - 1 ; ay = B - log (ax +C) if n = - 2. 

57. y = Ae*' x + Bx +C. 58. y = lx+B/x+C. 

59. y=A, y + 1 =2A tan (Ax +B),~ 

Ax +B=log{(y +1 - A)/(y +1 + A)}. 

60. x =sin (Ay + B), x =ch (Ay + B). 61. y=log(A+Be x ) 

62. y = B log{(x - 1 )/(x + 1)}+C. 

63. y = A, x = A log (y - A) + y + B. 64. x=A+y+By 2 . 

65. x = A ch my + B sh my +C. 67. (x+A) 2 +y 2 = B 2 

y=Ach(B +x/A). 9 


51. 

53. 

55. 

57. 

61. 

63. 

65. 

67. 

70. 

71. 

72. 

73. 

74. 

75. 

76. 

77. 

78. 
80. 


Exercise XX f (p. 497) 
y = Ae< x +Be-* X . 52. y = (Ax + BJe’ 5 *. 

^A C ox S2 f +Bsin2x * 54 - y =c I {A sh (xy/3) + B ch (x\/ 3)}. 
5/3 - on/(f eX+ ?o 56 - 2/=e' w (Acosx+Bsina:). 

5 I’/t 20 ^ 9 ’ 58 ’ lf “ 59 * ~ 2 - 60. 2. 

- 6/145, - 1/290. 62. A =0, B = - A 

y=x 3 -3x 2 +6. 64. y=-^e 5 - r . 

50y =cos x - 3 sin x. 66. 9y=xc az 

* 7 = °P“ s5x - 4sinS *- «•»-«* 69. = 

y =Ae* x + Be“ + £e* + T I T e-* + (8x 2 + 12x + 7)/64. 

2/ - (A - £x)e 2x + Be 4x -f (sin 2x + 3 cos 2x)/40. 
y =(A +Bx +kx 2 )e-**. ' 

18y = (A + Bx)e -3X + sin 3x - cos 3x. 
y = Ac“ + Be _2x - e*(2 sin x +cos x)/10. 

y ~f Si o 2 * 0 + o B COS 2x +e *( 2 cos * + sin *)/10. 

!/{(6 2 + c 2 - « 2 ) 2 + 4n 2 6 2 } ' 

„ = it ( , P CO& ; ? x + <5 “) + (* 2 + c s - „=) COS M + 2,,6 sin 

S : ( ( P V*%t x : 79 -* = * 2+<a+b -)/-■ 
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Exercise XXI a (p. 498) 

(In Nos. 51-66, 65, r lakes the values, 1, 2,3, . . .) 

51. 1 + 2(ax) r /r !; (ax) n e adz /nl. 

52. 2( - l) r+1 (ax) 2r - 1 /(2r- 1)!; (ax) n sin (aOx +%n-)/n !. 

53. I +2( - l) r {bx)- r /(2r)l; (bx) n cos (bOx + \mr)jn !. 

54. 1 + 2 p(p - 1) ... (p - r + 1 )x r /r !; 

p{p - 1) ... (p - n + l)x n (l + 6x)P~ n /n\. 

55. 1 +£(ax) 2r /(2r)!; i(ax) n {e ate + ( - l)V ato }/n!. 

56. S2x 2r_1 /(2r - 1) ; x"{(l - 6x)~ n + ( - 1 )■*-»( 1 t-0x)-"}/n. 

57. x 4-^x 3 +2x s /15. 58. l+x 2 +§x 4 . 59. x-^x 3 . 

60. 1 +1* 2 + 7x 4 /360. 61. x+afi+iaP. 62. x-^+lx 5 . 

65. chx + 2£{e* + ( - \) T e~ x )h r /r !. 67.1/90. 68.7/360. 

69. £a. 70. -2. 

Exercise XXI b (p. 499) 


(In Nos. 71, 72, 76, r takes the values, 1,2,3, . . .) 

51. a n {ax +b) n (2n)\/n\. 52. ( - £a) n {V( a * + 6)- 2 »- 1 }(2») !/n! 

53. ( - l) n ->(n - l)!{a/(ax +6)} n . 54. m n sin (mx +\mr). 

55. (2n) n cos 2n(x + 56. £e° x {(a + b) n e l ” + (a - b) n e- bx ). 

57. 2 n_2 x{4x 2 - 3n(n - l)}cos (2x +%mr) 

+ 2 n_3 n{ 12x 2 - (n - 1 )(n - 2)} sin (2x + jnir). 

58. {x 4 - 6 n{n- l)x 2 + n(n- l)(n - 2)(n - 3)}sin (x + iriTr) 

- 4nx{x 2 - (n - 1 )(n - 2)} cos (x + *n;r). 

59. 2 n ' 3 [{n(n - 1) - 4x 2 } cos (2x + in;r) - 4nx sin (2x + \ni r)] if n > 2. 


60. 

61. 

62. 

63. 

64. 

65. 

66 . 

67. 

68 . 

71. 

72. 
74. 
76. 


! Hog x+l+£+£ + 




£( - l)"n!{(n +1 )(n +2)x 2 - 2n(n + l)x +n(n- 1)}. 

(\/2 n )e x cos (x +£n7r). 

£e*{x 2 + <2n +l)x + n 2 +1> + J( - l)"e-*{* 2 - (2n - l)x+(n- l) 2 }. 

£{3 sin (x + \mr) - 3 n sin (3x + ^mr)}. 

xf(n) +nf(n- 1) where f(n) is the answer to No. 64. 

2”' 1 cos (2x +%mr) + 2 2n - 3 cos(4x + \mr). 

1 (- l) n n!{l/(*-2)»«- 1 /(x + 1 ) n+1 ). 

5"e»sin{4x + ntan- l $>. 69. 1 + Z(**v/2)"(cos *»*■)/»!• 

2( - l) r ' 1 l 2 .3 2 .5 2 . . . (2r - 3) 2 x 2r -*/(2r - 1)!. 
mx+Sm(l 2 -m 2 )(3 2 -m 2 ) . . .{(2r- l)*-m 2 }x* r+1 /(2r +1)!. 

i 7 ry 2 + iy 3 . 75. z - 2z 2 + 2z 3 where z = x - j". 

1 + £x + L(2 A /2'){sin (^r- + £7r)}(2r)! (£*) r+1 /{r! (r + 1)' 


Exercise XXI c(p. 500) 

61. x = ± uVu + i ? A y = ± + I* 4 * 

63. y=x 2 ± x 2 \/x. 


60. x=y±y\/y- 

62. y=x 3 +2x 4 . 
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64. y —x - \\x 2 ,y — -x+£x 2 . 65. Origin isolated. 

66. ±y =x\/x + x 2 \/x. 67. x = iy 3 - jy 5 . 

68. 2x = ± y V(2.'/) - by 2 - 69. y=-lx 2 +ix 3 . 

70. x = - \y 2 + \y z . 71. y=x+£x 2 . 72. 2|a|. 

73. 0, (infl"). 74. fV2, i\/2. 75. 1/(2 |a|). 

76. JV2; 1/(30V10). 77. -y/2. 


Exercise XXI d (p. 500) 

51. x =b, x - - b, y =a, y = - a. 52. x = - 1, x = 2, y = 1, y = x. 

53. y = 0, y = x, y = - x. 54. x = - 1, x - y = I, x + y - 1. 

55. y = - 1, x = 2, y - x = 3. 56. x - y = \, x + y = %. 

57. x=0, x=y t x +y=0. 58. y-2x = f. 59 .y-x = \, 

y +x = h 60. x=0, x = - 1, y—x- 2. 61. y+2x=0, 

y =ar + J V 6 » y—x - £V 6 - 62. y = a: ~ 1, y =x - £. 

66. A = 1, B = - £, C =5/32. 69. (x 2 + 6y 2 = 25). 

70. 2(y - 1)(?/ - x - 4)(y + x - 4) = 3(y - 2x - 3). 71. x = l,y=0, 

y=x+2. 72. y=0, x=0, y = x. 73. 2i/ + 2x =5, 

2»/-2x = l, y-x = l. 74. y- - 2 \ (x 2 = 2 y). 

75. y-x + 1 = ±V5; (y 2 =a;). 76. x=2,y=3; (y 2 =x). 

77. None. 78. (x 4 =ay 3 ). 79. y + a; =0, 2y + x =0, x =0. 

80. y = l; {(x - y) 2 = \x). 


Exercise XXII a (p. 502) 

51. *Ma 2 sin 2 a. 52. M(£a 2 + c 2 ). 53. jM(o 2 + 6 2 ). 

54. 29835-/256, (oz., in units). 55. 8Mc 2 /3 ; 24Mc 2 /25. 
56. 5M6 3 /(33a). 57. M6(20a 2 - 15a/i -f 36 2 )/{ 10(3a - A)}. 

58. 8M6 2 /35. 59. 7Ma 6 /26. 60. M(6 2 +|a 2 ). 


Exercise XXII b (p. 502) 

51. £Ma 2 . 52. £M(a 2 +6 2 ). 53. 129M/4. 

54. M(£a 2 + 6 2 ), M( ; *a 2 + 6 2 ), where PN =6. 55. 7M/ 2 /9. 

56. |Ma 2 . 57. j:Ma 2 . 58. 13Ma 2 /20. 59. \Mh 2 , MA 2 /18, 

tMh 2 61. §Ma 2 . 62. M(;',‘a 2 +6 2 ). 64. _ 4Ma 2 /9, 

13Ma 2 /9. 65. 48Ma 2 /25 ; 288Ma 2 /175. 

66. £M(fc 2 + 2c 2 ). 

Exercise XXII c (p. 504) 

51. £ way down median. 52. mid point of median. 

54. 46/3. 55. £6 cos a. 56. £a(15;r - 32)/(3?r - 4). 
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Miscellaneous Examples (p. 504) 

1. - 3sin x/(2 +cos x) 2 . 2. - 2n(l - x) n_l /(l + ®) nrt . 

3. x n-1 (x cos 2x + 4/t sin 2x). 4. - l/{2-v/(l - a; 2 )}, |x| < 1. 

5. H{xy/(x- 2 - 1)}, |x|< 1. 6. -1 ,x=t(n-±)ir. 

7. 0 if x 2 < 2 but x 2 =£ 1, 4(x 2 + 2)/(x 4 +4) if x 2 > 2. 

/(x) = 0 if | x | < 1 ; /(x) = — 7T if 1 < x < V 2 ; 

/(x) =2tan- 1 {2x_/(2 - x 2 )} if x > V 2 i /( - x) = -/(*). 

8. (2x/a 2 ){l - x 2 / \/(x* - a 4 )}. 9. - (6/a) cosec 3 £. 10. - j sec 4 

11. - {(a + 6)/(4a6)} cosec 3 {(a + &)£/( 26)} cosec {(a - b)t/(2b)}. 

14. 1,-1. 15. 1 if x < 0, 0 if 0 < x< 1, 4(x - 1) if x > 1. 

16. Yes, no. 19. c 2 + y/{c* + 1), max. ; c 2 - y/(c A + 1), min. 
20. 0, min. ; 6/5, max. 21. Least, x = - 1 ; greatest, x —1. 
22. (i) (3a +2 6)/5, max. ; a, min. ; (ii) none ; (iii) a, max. ; 

(3a+26)/5, min. 23. £-/6(mod 27r) ; k = 1, 3, 5, 8, 10, 
max. ; k= 2, 4, 7, 9, 11, min. 25. 1, 2. 26. 2, § ; 

max. 2, min. § and \/3- 33. 3(a +x) 2 /(2&). 

34. x=2t/(t 2 -l); inflexion at x = ± \/3. 37. y{x 2 +a 2 )/{2ax); 

y(x 2 - a 2 )/(2ax). 38. (1 +x) tn ~ 1 {m log (1 +x) + 1}. 

39. (l-logx)/x 2 . 40. c-l/x- log(l+I/x) 2 . 

41. £ log{(x 2 + l)/{x + 1 ) 2 } + tan -1 x +c. 

42. |(l/a 2 ) log{x 2 /(x 2 + a 2 )} +c. 43. (2-v/^Xlog * - 2 )+ c - 

44. c - sin* 1 (x/ | a | ) - (1 /x)^/{a 2 - x 2 ). 

45. £\/2 lo g tan2 + 4 71 ") + c * §• 

48. (8 log 2 -4£ log 3 +1). 49. xy/2 + 1 - y/2. 

56. - 7r/2 n+1 . 57. 4a 2 /105. 58. £-. 

59. 2iry/2. 62. (| c |). 65. | a | tan 2 0/ y/( 1 + 4 tan 2 0). 

72. {|a|V(9-56A 2 + 144A 4 ) 3 }/{12(l +4A 2 )). 75.*. 

76. (5-v/5)/12, (5-v/5)/16. 78. x(x 2 +t/ 2 ) =2a?/ 2 ; - £aA 2 (6 + A-), 

8aA/3. 80. r = l. 85. *7r(7r - 2)a 2 c. 86. -1/9. 

87. ira*/32. 88. 13£. 89. irV/10. 94. (dl)/l - 2(dt)/t. 

99. 2r/a = 1 + cos (6 - y). 100. r n =cs\i\n9. 

101. log( 2 /- l)=£x 2 +x+A. 102. y 2 = A - x 2 - 2 cos x. 

103. t/ =cos x (A + sin x). 104. ?/ = Ax + B + log sec x. 

105. y= A+Blogtan^x. 106. y = Ae* x +Be™. 

107 u=(Ax+B)e' w . 108. y = Ae x + Be~* x + £e™. 

109. v=(A +\x)e x +Be-**. 110. y =(\x 2 + Ax+B)e“. 

Ill 4- 0 112. |(sinx-xcosx). 113. 120,60,180. 

118' (-2)"«{(n-l)!>7(2n)!. 121. x = - 1, y = l, x-y = \, 

x - v = 2. 122. 2-y/ 2 for each. 124. 2M/35. 
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Abscissa, 1 
Acceleration, 42, 68 
Anchor-ring, 370 
Approximations— 

areas and integrals, 106 
asymptotes, 431 
Sf(x), 29, 128 
Maclaurin’s series, 418 
near the origin, 427 
Arbitrary constant, 83, 281, 398 
Arc, see Length 
Area— 

approximate, 105 
by calculation, 93, 102, 131, 133 
generalised, 316 
of sector, 361, 363 
of sector of hyperbola, 272, 
363 

of sphere, 367 
of surface, 366, 368 
Astroid, 328, 342, 354 
Asymptotes—431 
curvilinear, 436 
directions of, 434 
parallel to axis, 435 
use in curve tracing, 364, 431 
Axes, 1 

Cardioid, 333, 336, 338, 340, 342, 
350, 370 

Catenary, 328, 331, 345, 360 
Centre of Gravity, 143 
Centre of Mass—140 
of circlo, 145, 369 
of hemisphere, 144 
of parabola, 142 
use by Pappus, 368 
Centre of Pressure, 446 
Circular Measure, 112 
Complementary Function (C.F.). 
411 


Complete primitive, 398, 411 
Concave, 71, 346 
Cone, 137 (No. 11), 366 
Constant of integration, 83, 281 
Coordinates— 
cartesian, 1, 371 
cylindrical, 375 
polar, 331 

spherical polar, 375 
Curvature—343 

at multiple point, 429 
at origin, 346 
ccntro of, circlo of, 345 
for s=J(xf / ), 344 
for y = f(x), 346 
for x=f(t), y = g(t), 346 
for r —f(p), 349 
for r=/( 0 ), 350 
for p =/(+), 350, 359 
locus of centre of, 355 
Curvo tracing— 
examples, 364, 431 
near origin, 427 
x, y large, 431 
Cusp, 429 

Cycloid, 327, 330, 360, 370 

Derivative, 17, 45, 423 
Differentials. 25, 27, 385, 390 
Differential coefficient—27 
1/x, 19 
x", 21, 62 
/{<?(*)}, 50 
uv, uvw, 61, 260 
u/v, 62 

sinx etc., 114-121 
sin" 1 x etc., 123 
log x, 255 
e*, 259 
shx etc., 269 
sh~*x etc., 276 
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Differential equations—396 
Clairaut’s form, 405 
construction of, 84, 396 
exact, 403 
homogeneous, 400 
linear, 402, 410 
one variable absent, 398, 403 
separable variables. 399 
Differential Geometry, 329, 334 
Double integral, 372 
Double point, 428 

e, e x , 253, 259, 420 
Ellipse, 273 (No. 6), 339, 356, 360, 
370 

Envelopes. 352, 359 
Equation of curve- 
cartesian, 2 
intrinsic, 326 
parametric, 66 
parametric from p, \f/, 341 
polar, 332 
polar from p, r, 341 
p, r, and p, i/s 336, 338 
x, y from s, 330 
Errors, 128, 387 

Euler, homogeneous functions, 386 
Evolute, 355, 357 
Expansion, 417 

Function— 

decreasing, increasing, 31 
inverse, 122, 273, 275 
of a function, 50 
of two variables, 379 
of three variables, 381 
rational, 285 

Gradient—3, 14 

of curve, 6, 8, 25, 66 
of function, 15 
of line, 3 

of perpendicular, 39 
use of, 10 

Harmonic motion, 409 
Hyperbola, 271, 334, 360, 363 

Increment, 11, 25, 29 


Inflexion, 32, 36, 71, 73 
Integral— 

approximate value, 109 
as a sum, 131 
definite, 97, 132, 304, 318 
double, 372 

general properties, 102, 318 
indefinite, 89 
infinite, 309, 311 
limits of, 98, 309 
mean-value theorem, 320 
of first, second kind. 316 
standard forms, 281 
triple, 376 
Integrand, 89 
Integrating factor, 403 
Integration— 

by parts, 248, 250 
by reduction formula, 301 
by substitution, 241, 279, 

313 

by systematic methods, 281 
standard forms : 

Jx n dx, 90 

fl/xdx, 109, 251, 254 
J sinxrfx etc., 115 
)e x dx, 259 
je ax sin bx dx, 263 
J cosec x dx otc., 297 
J sh x dx etc., 269 
Jsechxc/x etc., 270, 297 
J sin m 0 cos" Odd, 299, 302, 304 
)dxJy/( 1 -x 2 )./dx/( 1 + x*), 125 

IV( 1 " **> dx ' 242 

\dx\^/(x* ± 1), 276 
]<p'(x)dx!<p(x), 257 
J/(sinx, cosx)dx, 296 
Involute, 357, 358 
Isolated point, 429 

Kinematics, 42, 58 

Leibniz’ theorem, 424 
Lemniscate, 334, 361 
Length of arc—324 
in cartesians, 325 
in polars, 332 
of evolute, 357 
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Limits— 

general theorem, 422 
(sin x)jx for x -> 0, 113 
Logarithms—254 

general properties, 256 
inverse hyperbolic functions as, 
275 

use in differentiation, 260 


Maximum, 32, 48, 68, 69, 73 
Mean value of function, 13S 
Mean-value theorems, 129, 320 
Minimum, 32, 48, 68, 70, 73 
Moment of Inertia—438 
general theorems, 441 
of circle, 439, 443 
of rectangle, 439, 442 
of sphere, 443 
Routh’s rule, 444 
Multiple point, 430 


Newton’s formula for *, 347 
Normal— 

equation of, 40 
length of, 40 
positive direction of, 344 
Notation— 


a, 43, 46, 68 

ox, Sy, 11 

D, D x , D„ 17 

clx, dy, 25, 329, 385, 390 

os, ds, 329, 332, 335 

dr, dO, 332 



Cx’ 

/'(C), 18 
/"(x), 423 
/„ 379 

P, t, 336, 339, 359 
VL <t>, 26, 324, 334 
k, 343 

P, 344 
f, 89. 132 
V x > i-o. | x 1 / 2 1, 22 
nil, 307 


v, vdvjds, 43, 68 
121, 256 


Ordinate, 1 

Orthogonal curves, 406 
Osborn’s rule, 267 

Pappus’ theorems, 368 
Parabola, 66, 96, 328, 333, 347. 
351, 360, 400 

Parabolic approximations, 436 
Parametric notation, 66, 364, 433 
Partial derivative—379 
calculation of, 381, 390 
successive, 380 
transformation of, 392 
Partial fractions, 285 
Particular integral, 411, 413 
Pedal curve, 340 
p, r equation, 336 
p, \f/ equation, 338 
Power series— 
e x , log (1 -fa:), 420 
Maclaurin’s, 418, 425 
remainder after n terms, 417 
Taylor’s, 421 
Primitive function, 92 
Principal value, 123, 274 

Radius of curvature, 345 
Radius of gyration, 438 
Rate of change, 55 
Reduction formulae, 301 
Rhamphoid cusp, 429 

.Sector, 361, 363 
Simpson’s rule, 106, 109 
Singular solution, 405 
Sphere, 137 (No. 12), 367 
Stationary value, 33, 395 
Subnormal, 40 
Subtangent, 40 
Successive derivative, 45, 380 
Summation method, 131 

Tangent— 
at origin, 428 
equation of, 40, 387 
indexional, 72 
length of, 40 
positive direction of, 324 
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Tangential polar equation, 338 
Total variation, 384 
Triple integral, 376 
Tur nin g point, value, 32 

Velocity, 42 
v dv/ds, 58 


Volume— 

by double integration, 372 
by Pappus’ theorem. 368 
generalised, 316 
in cylindrical coordinates, 375 
in spherical polars, 376 
of solid of revolution, 134 



